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Hubble’s law reveals how the components of the universe adhere to overarching dynamical rules on a cosmological scale. While it is
most renowned for describing the universe’s expansion, a general displacement equation derived in alignment with this law, along with
a general equation of converging displacement, has been applied to estimate the time remaining before the Milky Way and Andromeda
collide. This estimate closely aligns with results from numerical simulations of other studies. Additionally, the implications of this
generalized equation provide valuable insights into key cosmological enigmas, including the time variation of the Hubble parameter, the
cosmological past incompleteness, and the enduring mystery of the relationship between the subtle value of the cosmological constant
and the quantum zero-point energy of the vacuum. It has also been successful in explaining the structure of spiral galaxies.

Keywords: Hubble’s Law, Galaxy Collision, Cosmological Constant,Vacuum’s energy, Spiral Galaxy Structure

PACS: specify the PACS code(s) here

1. INTRODUCTION

Galileo famously demonstrated in a public experiment that, in the uniform gravitational field produced by Earth,
all objects fall at the same rate, regardless of their weight. Later, E6tvos provided evidence that gravitational mass and
inertial mass are equivalent. Kepler’s laws also describe the motion of planets in terms of geometric principles, with the
motion being independent of the planets’ masses but dependent on the Sun’s gravitational influence. These intriguing
natural phenomena likely influenced Einstein, who developed the theory of general relativity, positing that gravity is
fundamentally connected to the geometry of space and time. This is why it’s reasonable to say that gravity is, in essence,
geometry [1, 2]. Therefore, if it can be established that an object’s motion is influenced solely by a specific gravitational
field, we can derive a general displacement relation that depends only on time, regardless of the object’s mass or chemistry.

Utilizing a fundamental mathematical approach, a general displacement relation was formulated as a power series
[3, 4, 5]. By applying Taylor’s expansion around the initial point or origin, specifically, the Maclaurin expansion [3, 4],
it was ultimately shown that displacement can be described as an exponential function of time, thereby supporting the
theoretical foundation of Hubble’s relation. The well-known Hubble’s relation, as of now, has been established solely
through observational evidence. However, with the advent of the general displacement equation, a theoretical foundation
has been established for Hubble’s relation, complementing the empirical observations.

Here, the general displacement is derived based on plausible mathematical and physical assumptions, ultimately
leading to Hubble’s relation, which is consistently and unambiguously supported by numerous empirical observations
of large-scale cosmic dynamics [6, 7, 8, 9, 10, 11, 12, 13]. Furthermore, the general displacement relation provides
a mathematical explanation to address a cosmic initial incompleteness. This incompleteness is merely an unavoidable
mathematical outcome; however, it holds no physical significance. The mathematical inevitability of the cosmic initial
incompleteness inherent in the general relativistic approach is re-evaluated using the time exponential expansion of the
universe, as inferred from the isotropic and uniform cosmic diverging displacement.

The universe is full of phenomena, many of which remain beyond our current understanding or the scientific
models we’ve developed. However, the general displacement relation has proven quite useful in explaining certain
enigmatic cosmic phenomena, particularly those related to large distant gravitational interactions.A similar mathematical
and physically plausible approach is employed to derive the general equation for converging dynamical displacement. This
approach is further validated by consistently estimating the time required for the upcoming collision between the Milky
Way (MW) and Andromeda (M31). It has been effective in estimating the time remaining before the imminent collision
between these two galaxies, with results that align with previous numerically simulated analyses where the technique of
N-body simulation is employed to estimate the imminent collision. [14, 15].

The general time exponential displacement relation was applied in a quasi-quantum model, serving as the amplitude
of classical harmonic oscillation to determine a finite and specific frequency. This frequency was then used to calculate the
lowest state energy of the oscillator, modeled as a quantum harmonic oscillator. Since the time-exponential displacement
equation is not a periodic function, Fourier transformation is applied to determine the characteristic frequency of the
oscillation when the amplitude is modeled as an exponential function of time. This approach proved instrumental in
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demonstrating the consistency between the subtle observational value of the cosmological constant and the zero-point
energy of the vacuum. This classical general relationship demonstrates consistency between value of the cosmological
constant and the quantum ground-state energy of the vacuum through a quasi-quantum technique. While the quantum field
theoretical prediction for the cosmological constant shows a significant degree of inconsistency with observed values.

In addition to the aforementioned applications, one notable application of the time exponential general displacement
equation is its use in providing a mathematical explanation for the structure of spiral galaxies.

2. HUBBLE’S LAW AND ITS GENERALIZATION

Edwin Hubble’s prolonged observations have unveiled a crucial discovery, indicating that in expansive cosmic
distances, celestial units like galaxies are steadily moving away from each other, and this motion is directly and linearly
linked to the distances that exist between them [6, 7, 8]. This outcome, subsequently analyzed through numerous further
observations, has provided deeper insights into the dynamic relationships between celestial units and their velocities in the
vast cosmic distances [9, 10, 11, 12, 13]. Which can be summarized as a simple equation for recession velocity:[16, 17]

dl

— =v =HI 1

¥ (1
By avoiding the negative and complex solutions, a solution for the above equation can be found by rearranging the terms
involved followed by integrating both sides, with respect to the relevant variables as:

[ = lpe'" )

The above relation shows a non-degenerate relation, since by differentiating the sides of Hubble’s law, we can find
the general relation for the time derivatives of displacement variable as: [ o [, [ o I, andsoon. This implies
that the time derivatives of acceleration do not vanish. The third and fourth derivatives of position are known as
the jerk and snap, respectively [18]. Furthermore, higher-order time derivatives are a conventional concept in the
study of robotics dynamics [19] and aerodynamics. Jerk and snap were also used as higher-order derivatives of the
Friedmann-Lemaitre-Robertson—Walker (FLRW) scale factor [20]. The term on the right-hand side of equation (2) is
differentiable up to infinite order and continuous with respect to time. Importantly, the motion described by equation
(2) is general and independent of the individual mass. As a result, developing a Hamiltonian formulation is unnecessary
for our mass-independent motion analysis, and therefore any subsequent unbounded Hamiltonian is irrelevant. We will
thoroughly examine the mathematical feasibility of equation (2) in principle in the following subsection 2.1. This simple
relation is powerful enough to reshape our classical understanding of dynamics, particularly when applied to long-distance
motion.

2.1. General equation for diverging displacement
Consider an object with an initial position xg, defined within an inertial reference frame. After a time interval 7,
measured in the same frame, the object’s position becomes x. Hubble’s law, which establishes a proportionality between
velocity and distance, implies that displacement can be described as a higher-order function of time. Let us express this
displacement using a higher-order series expansion as a function of time:

(o)

x= () =) xat" (3)

n=0

Using the Maclaurin expansion, we can express the displacement x () as a higher-order series in terms of time 7. The
Maclaurin series expands a function about ¢ = 0, leading to the following expression:
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We define the velocity v, acceleration a, the third derivative term a, and similarly, the n-th derivative term as ‘5;3,‘ =da,_2,

with any zero subscripts representing the initial values:
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Here we assume x¢ > 0.
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In this expression, the coefficients of each time-dependent term are defined using the initial kinematic quantities, such
as the initial velocity vo, acceleration ag, and higher derivatives [a,-2],-9. By dimensional analysis, each of these
coefficients must have the dimension of inverse time, [7~'], which suggests a common physical scaling factor. If we
interpret this displacement as occurring within a homogeneous and isotropic system, i.e., one that is directionally invariant
and uniformly distributed, then the rate of displacement or expansion must also exhibit isotropic scaling. This concept is
well aligned with the cosmological principle employed in Friedmann’s models of the universe. In cosmology, under the
assumptions of homogeneity and isotropy, the Friedmann—Lemaitre—Robertson—Walker (FLRW) metric leads to a scale
factor a(f) whose rate of change defines the Hubble parameter: H = (—‘t This formulation implies an exponential-like
evolution under certain energy conditions, and hence supports the plausibility of uniform time scaling in the displacement
function. Therefore, if the displacement depends only on time, and the system remains homogeneous and isotropic during
its evolution, it is physically reasonable to assign the same constant value to all coefficients of the time powers in the
expansion. At any given epoch or over a small time interval, we can thus define a single inverse time constant £, such that:

£ = Yo _ ,/40 _ =« (an-2)1=0
X0 X0 X0

1 1
X =Xg 1+gt+i(g;)2+---+z_;a(m"

and using equation (4), we can get:

x = xgpet! (5)

From this, Hubble’s relation can be easily derived as: X = {x or X « x. Indeed, our defined constant { is equivalent to
the Hubble parameter H in case of displacement due to cosmic expansion, which can be regarded as the constant Hy for a
particular epoch of cosmic time. Equation ( 5) is identical and equivalent to equation (2) as follows, and it represents the
general equation for cosmological diverging displacement:

x = xgeto! (6)

In the Maclaurin expansion, it is important to note that we expand the displacement function from an initial point in
time. This approach is essential since time is the only independent variable in the function defined by equation (6). For
measurement purposes, we must define a reference point, and the most convenient choice is our current cosmological
spacetime point, defined as (¢ = 0, x = x¢). Future time corresponds to positive ¢, while past time corresponds to negative
t, relative to this arbitrarily and conveniently chosen origin of measurement. The Hubble constant is determined by
observing the current velocity and distance of cosmic objects with respect to this reference point. As time progresses over
anontrivial interval (e.g., tr), velocity measurements will no longer be referenced to the initial fixed origin. Instead, they
must be referenced to a transformed origin that shifts along the spatial axis as time changes. As a result, the transformed
displacement will be:
Xf0 = erHotf.
Given an initial value for velocity, namely the present-time velocity v, the resulting transformed velocity is expressed as:

dQXfo
a2 tr.

Vyo = Vo t+

Vo = Vo + tfxOH(z)eHOtf.
The Hubble parameter at this future point will then be measured as:
vio Vot thngeHotf vo 1

Hpo= - = =— +trHp,
f xfO erHotf xO eHQIf f

which is evidently # ;—g The above argument regarding the inequality of the Hubble parameter across different cosmic
epochs, commonly referred to as the Hubble tension, is similarly applicable to the distant past if the Hubble parameter
were to be measured. This argument provides a straightforward explanation of the enigmatic concept known as the Hubble
tension. The time dependency of the Hubble parameter can be well comprehended through general relativity, in connection
with the FLRW scale factor, as a result of employing the FLRW metric in Einstein’s field equations, which we will examine
in Section 5.
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2.2. General equation for converging displacement

Now consider an object with an initial position x, defined within an inertial reference frame. After a time interval ¢,

measured in the same frame, the object’s position becomes x. In this scenario, as time increases, x decreases. As a result,

the time derivatives of displacement, such as ”gll—’;, %, and so forth, along with their initial values, will have negative signs.

Therefore, the Maclaurin series expansion of the general converging displacement will be:
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Defining the constant for converging displacement as
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we obtain
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The aforementioned equation (7) was derived by considering the convergence of two masses, ignoring any external
perturbations, and assuming that the motion is dominated by the center of mass. Therefore, this relation applies to cases
of interacting motion between galaxies with well-defined geometric shapes, supported by the presence of significant
amounts of non-baryonic dark matter. In these cases, the constituents are strongly bound to the galactic nucleus, which
can reasonably be assumed to contain a supermassive black hole.

3. ESTIMATING THE TIME REMAINING FOR MILKY WAY AND ANDROMEDA COLLISION

Contemporary observations confirm that the Andromeda Galaxy is directly approaching the Milky Way, making
their collision inevitable [14, 21, 22, 23, 24, 25, 26]. Assuming a direct approach, the time remaining until the collision
can be estimated using equation (7). This time represents the duration required for the distance between the two galaxies
to decrease from the current initial distance, defined as x, to zero, given the current approach velocity of Andromeda,
represented as vg. From equation (7), setting x = 0, we calculate the time:

0=xp (2—e§t)

In2
t= —
&

Where & = f(—?) and considered conversion for lyear = 365.25 days. Using the current data on M31’s approaching velocity
and distance, the estimated time remaining until the collision is summarized in the Table 1.

®)

Table 1. Assessment of remaining time for collision between the Milky Way and Andromeda using data from different
studies.

Current Radial Velocity, vy (km/s) | Current Distance, xo Mpc) | & (km/s/Mpc) | Remaining Time for Collision, t = % (Gyr)
120 [22] 0.78 [21] 153.846 4.405
110 [23] 0.785 [27] 140.127 4.837
115.7 [15] 0.761 [28] 152.037 4.458
109.3 [25] 0.77 [14] 141.948 4.775
110 [23] 0.8 [24] 137.5 4.929

It is important to clarify that the present analysis considers only a single degree of freedom, the radial component
of M31’s motion. While it is true that M31 also has a tangential velocity component, the radial and tangential motions
can be treated as dynamically independent, much like two-dimensional motion under the influence of a potential field.
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Furthermore, the effects of dynamical friction and gravitational perturbations from neighboring galaxies tend to moderate
the radial motion, making it approximately constant over large timescales. However, the system still evolves dynamically
through a spiral infall trajectory, resulting from the continuous interplay between radial decay and angular momentum
loss. An analogous coplanar spiral motion, commonly observed within disk galaxies, will be further discussed in section
6.

Since ¢ is defined as a constant, the remaining time for collision, ¢ = % ,is likewise a fixed quantity. Thisis reasonable,
as it aligns with our understanding that the unperturbed gravitational interaction time under a given gravitational field is
also definite. From Table 1, the estimated time remaining until the upcoming collision between the Milky Way (MW)
and Andromeda Galaxy (M31) is approximately 4.4 to 4.93 billion years, aligning closely with contemporary estimates
derived from numerical simulation data. For example [14] reported a collision timeline of approximately 4.5 billion years,
based on precise measurements of galactic motions. Furthermore, this estimate is also consistent with the timeline of 4 to
5 billion years suggested by [15], which was derived using numerical N-body simulation data.

4. COSMOLOGICAL CONSTANT AND QUANTUM ZERO-POINT ENERGY

The relationship between the cosmological constant and vacuum energy density, interpreted as quantum zero-point
energy, was discussed in the seminal work by Zel’dovich [29]. Notable recent studies [30, 31, 32, 33] have further explored
this correlation. Notable references can be found in the comprehensive book authored by Hobson [34], and Carroll [35],
and the influential article by Steven Weinberg [36] about the cosmological constant value. By employing the concept that
vacuum pressure is analogous to perfect fluid pressure [29, 34, 35, 37, 38], the cosmological constant was derived as:

— 877Gpvac

A
2

)
This can be achieved through mathematically straightforward and physically plausible assumptions by utilizing Einstein’s
field equation for empty space with the presence of the cosmological constant. Einstein field equation in covariant form
in the presence of matter and employing the cosmological constant [34, 37]:

1
Ry — Eng, + Aguy = —KkTyy (10)

By decomposing the energy-momentum tensor Ty, into components for matter, [T}, ], and vacuum, [T} ]vac, and
considering the context of flat spacetime without matter, we set the Einstein tensor, R, — %Rg,“, = 0. Factoring out the
[T,y ]m term for the vacuum, the above equation (10) becomes:

/\g,w = _K[T,uv]vac = _K[Too]g,uv

By utilizing the negative energy property of the vacuum, we obtain from the above equation:

2
Agﬂv = KPvacC &uv
By substituting the value of the constant «, the above equation becomes:

_ 871G Pyac

A 2

Cc

Thus, it can be concluded that equation (9) represents a form of Einstein’s field equation under the conditions of empty
space, where the energy-momentum tensor does not vanish but is present in the form of vacuum energy, and in the presence
of cosmological constant. Applying the Jeans instability condition [22, 39, 40, 41, 42] considering the fluid mechanical
analogy to the entire universe reveals that for stability, the universe must be homogeneous and isotropic, without a specific
center. Mathematically, it can be demonstrated that for a stable universe, the unperturbed density must be zero for the
homogeneous and isotropic static universe with a sufficient extent [22, 40, 41, 42]. While some, like James Binney, have
termed this as a ”swindle,”[22, 39, 42] several analyses have validated it as a mathematical fact [39, 42, 43]. This concept
aligns with the zero-energy density (or zero-mass density) feature of a de Sitter universe, where the cosmological constant
dominates and drives an accelerated expansion, resulting in a universe with a constant energy density. It’s also noteworthy
that the quantum wave function of the entire universe, when in its ground state and under classical conditions, corresponds
with the zero-mass density phenomenon of the de Sitter universe [44]. Time exponential equation of cosmic scale factor
is in fact a property of de Sitter universe [45].

We will now model the vacuum as a classical harmonic oscillator instead of modeling the oscillation of the entire
universe. Since the equations governing harmonic oscillation require oscillation around a center, this could lead to
instability arising from the assumption of a specific center for the universe, as previously discussed.

We recall the fundamental equation of classical harmonic oscillator [46]:

mx = —kx (11
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To model the vacuum as an oscillator, we will consider the vacuum’s constituent point mass mg and the stiffness of its
oscillation kg. Using equation (6) along with the equation for the classical harmonic oscillator mentioned above equation

(11):

moon(z)eHot = —koxoeHOt

m0H2 = —ko

3
Hy=iy|— = iw (12)
mo

Where w represents the angular frequency of the oscillator. The general solution for equation (11) in exponential form,
with C; and C, as constant coeflicients, is: . _
x(f) = C1e'“" + Cre "

Using Equation (12), the general solution becomes:
x(1) = Cref! 4+ Cre~Ho! (13)

The above equation (13) is evidently not a periodic function. Therefore, to determine the characteristic angular frequency
in relation to Hubble constant, we can analyze the Fourier transformation of the function represented by equation (13).
Now the Fourier transformation [47] of x(t) will be as below:

fx) = / (CleH"’ + Cze_H‘)t) et dr

f(x)zCI/ et (Homiew) dt+C2/ e ! Ho¥iw) gy (14)

(o)

Since e’ grows exponentially as ¢ approaches oo, its transformation converges only when t — —co. Similarly,
e~Ho! grows exponentially as ¢ approaches —co, so its transformation converges only when ¢ — co. Therefore, for Hy > 0,
equation (14) takes the following form:

0 [ee)
f(x) = Cl/ et(Ho—iu)) dt + CZ/ e—t(H0+iw) dt
- 0

[e9)

N C C
= +
FO) = e T Ho+ e

As Hubble constant has a real value, therefore in accordance to equation (12), we cannot determine a conventional
real-valued frequency like that of an ordinary oscillating system; instead, we can evaluate the characteristic frequency.
The characteristic frequency corresponds to the frequency scale where the real and imaginary parts of the denominator
are comparable. The real part is Hy and the imaginary part is w, therefore the characteristic angular frequency is :

we = |Hy.
By applying Euler’s formula to Equation (13), we obtain:
x(1) = Cy [Cos(wt) + isin(a)t)] +C; [cos(a)t) —i sin(wt)],
x(1) = (Cy + Cy) cos(wt) +i(Cy — Cy) sin(wt),
Which is a periodic function having the characteristic frequency
we = |Hol.

It has been demonstrated that when modeling the vacuum as an ordinary harmonic oscillator, an imaginary frequency
emerges instead of a real one. However, we can define a characteristic frequency with a value equal to Hy. The vacuum is
not ordinary, and the challenge of obtaining a real frequency can be resolved through the well-established property of the
vacuum’s extraordinary negative energy. We can formulate the Lagrangian for the vacuum as:

Lyac = Tyac — Vvacs
where Ty, represents the negative kinetic energy of the vacuum, defined as

1 )
Tyac = —zmox”,

2
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and the displacement-dependent potential is given by

1
Vvac = - 5 k0x2 .

Using these relations, the Euler—Lagrange equation for the vacuum becomes:

aLvac_i aLvac =0
ox dr\ ox |7

which yields
—kox + mox = 0. (15)

By applying the exponential time-dependent amplitude solution, we have:

moxoHZ ™" = koxoe™, Hoy = ko _ w.
mo
Thus, by leveraging the vacuum’s negative energy property, we obtain a real-valued frequency, which matches the
characteristic frequency determined earlier.
If we align with the de Sitter universe, assuming the entire universe is a vast vacuum with a constant energy density
&vae and mass density py,c, the first Friedmann equation with the cosmological constant term A results in the following
equation for the cosmic scale factor @: [34]

4rG 3 1
&= - (pvac + —f) a+ gAcza. (16)
By substituting the perfect fluid analog of vacuum, where the energy exerts negative pressure, i.e., p = —Eyac = —PyacC
into the above equation (16), we obtain:
4nG 1
@ = ——— (Pvac = 3Pvac) @ + _ACZCV,
3 3
8nG 1
@ - %a - §Acza =0. (17)

By defining the quantity

1 811G
Hy = \/ A+ %,
the equation (17) becomes:

c"k—H/z\a:O.

Thus, a general solution for equation (17) can be determined, which is analogous to equation (13), as follows with scalar
constants C3 and Cy:
a(t) = Cze"™ + Cpe™HN (18)

Another form of the solution can be expressed in terms of hyperbolic trigonometric functions:

cy(t)z C3+Cy

5 cosh(Har) + % sinh(Hat) (19)

Form of the equation (18) is similar to the displacement solution expressed in equation (13). This similarity further
demonstrates the consistency between the solution for the Hubble parameter in equation (2) and that in equation (25),
expressed in terms of distance and the cosmic scale factor, respectively. We have already shown that in the displacement-
based solution with referencing equation (13), Hy cannot be equal to an ordinary real frequency of a harmonic oscillation;
a similar argument applies to the scale factor—based solution, that is, the equations (18) and (19) do not allow Hy to be
interpreted as a direct harmonic oscillation frequency. After applying a Fourier transformation, Hx can be regarded as a
characteristic frequency, which in this case is real. Therefore, corresponding to the equation (17), if we model the universe
as an undamped free harmonic oscillator, the characteristic angular frequency can be given by:

I 87G
HA=,/§AC2+%.
[162G
Hy = % (20)

Using equation (9) for A, we can derive:
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This is equivalent to the expression for the Hubble constant, Hy, in a flat, exponentially expanding universe and can be
verified numerically using observational data [48, 49]. Equations (18) and (19) present fascinating results, as they indicate
that the cosmic scale factor remains non-zero for any finite time variable domain. This implies a cosmic solution for an
eternal universe without spacetime incompleteness. Unlike a comoving solution, this result is derived relative to a fixed
spacetime framework. In this type of oscillating cosmic model, each cycle of expansion, from a non-zero minimum to a
maximum, and subsequent contraction back to the minimum point will have a defined period:

Th = 2r =2r 3
ANTHLY T 167G pyac’
1 RV
Ty = -,/ Q21
A 2\ Gpyac

Equation (21) is valid only if the harmonically oscillating model of an exponentially expanding universe is assumed
through utilizing the Fourier transformation, rather than the standard exponentially ever-expanding de Sitter universe.
Any model that introduces a fixed cosmic spacetime center directly contradicts the standard cosmological principle.
Additionally, this type of oscillation conflicts with the second law of thermodynamics, which states that the entropy of the
universe must increase over time. Thus, it is more reasonable to associate this undamped constant oscillation frequency,
w = Hy, as derived from the equation (15) by using the general displacement equation, with the vacuum rather than with
the entire universe.

It is worth noting that the cyclic model of the universe has been regarded as a fascinating theory in science, philosophy,
and even in common-sense interpretations, as it suggests cosmic perpetuity. Various versions of the cyclic model were
discussed by Kragh, including a constant cyclic period proposed by Einstein and Friedmann, as well as a varying period
of oscillation proposed by Tolman, Zanstra, and many others between 1922 and 1960 [50]. In a more recent work, [jjas &
Steinhardt proposes a novel cyclic model in which the scale factor grows exponentially with each cycle, addressing several
unresolved cosmological problems, notably flatness, the monopole problem, initial conditions, and singularity [51].

Up until now, we have been analyzing using classical methods. Now, we will shift to a quantum approach to
directly achieve consistency between the value of the cosmological constant derived from analogy with the negative
vacuum pressure and the lowest, or zero-point, energy of the quantum harmonic oscillator. Writing the time-independent
Schrodinger equation for a harmonic oscillator with frequency Hy and wavefunction ¢ :

W odiy 1 -
——— "+ —mpH, =E 22
g a2 T 2moflox Yo = Eodo (22)

Using standard techniques, we obtain the solution for the vacuum eigen wavefunction:

(23)
And the lowest or zero-point energy of the vacuum:
1
EO = EhHO (24)
While the general equation for the quantum harmonic oscillator’s eigen wave function is [52, 53]:

1 /mw\4 _mwx? mw
)=\ () " ().

where H,, is the nth Hermite polynomial. The parameters in equations (9) and (24) were observationally determined to be
constants, allowing for the numerical evaluation of A using the value pya. = 60.3 x 1072 kg m™> as shown below [48]:

_ 87Gpyac _ 8%3.1416 X 6.67 X 107" Nm?kg ™! x60.3 x 1072 kgm™3 11947 % 10 m-2.

A
2 (2.9979 x 108 ms~1)2

And the numerical value of E( using Hy = 69.8 km s7! Mpc_1 =2.2615x 10"18 571 [49]:

1 1
Ey = ShHy = 5 x 1.05 10734 Js x 2.2615x 1078571 = 1.1873 x 1072 J.

Since this analysis is based on the vacuum, flat, homogeneous, and isotropic Einstein field equations consistent with a de
Sitter universe, it does not constitute a conventional model of quantum field theory in curved spacetime. Rather, it can be
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described as a quasi-quantum model aimed at deriving the vacuum’s zero-point energy. Despite its straightforward nature,
this model demonstrates remarkable consistency with observational data, as illustrated in the earlier numerical comparison
between the cosmological constant A and the vacuum energy density Ej.

To determine a specific angular frequency of oscillation, we began with the classical harmonic oscillator equation
rather than considering the infinite modes of oscillation associated with the continual creation and annihilation of vacuum
particles. This approach was chosen to avoid the so-called “worst theoretical prediction.” Subsequently, we utilized
the equation for the lowest energy eigenvalue of the quantum harmonic oscillator, leading to a well-aligned theoretical
prediction. The obtained numerical values 1.1247 x 1072 m~? for the cosmological constant A, and 1.1873 x 1072 J for
Ey, representing the modeled energy of a quasi-quantum harmonically oscillating vacuum, are remarkably close. There
exists a coupling constant with the unit J-m? and a value very close to unity:

1.1873 x 107>27J
1.1247 x 10-2 m~2

An expression for this coupling constant can be derived using equations (24) and (20), considering equivalence between
Hp and H), as follows:

= 1.05566 J m°.

Eo 1 hc?

A 21276 pyac
Since the properties of a vacuum can be effectively explained through its fluid-mechanical similarities, it is not surprising
to find a relationship between its intrinsic curvature and its energy. Just as any external force acting on a continuum
mechanical body results in the development of internal energy and bending, the curvature in a vacuum arises from the
energy associated with its own mass,that is energy of the lowest possible or ground state undamped free vibration. In this
scenario, the cosmological constant, represented by the vacuum’s curvature, corresponds to its geometric curvature per
unit length.

5. USING GENERAL EQUATION OF COSMIC EXPANSION TO REVIEW THE REAL COSMIC PAST
INCOMPLETENESS

Hubble’s law, based on observations, fundamentally describes the dynamics of cosmic structures. This relationship,
where distances between cosmic structures grow over time, reflects the expansion of the universe [54]. Since the universe
encompasses everything, its expansion can only be understood and measured internally, through its own inherent dynamics.
However, this expansion preserves the universe’s large-scale homogeneity and isotropy while maintaining short-distance
inhomogeneity and anisotropy. Using equation (2) and an equivalent to the equation (3), we can clearly express the
equation for the cosmic scale factor as:

a = ape'’ (25)

The above equation (25) can also be derived by exploring the relationship between the Hubble constant H and the scale
factor « [16, 17, 55]:
@
H=—
a
For the mathematical validity of the above relationship in equation (25), it is crucial that the Hubble parameter H remains
constant. In the derivation of the general equation for diverging displacement in subsection 2.1 , we demonstrated that
H is indeed constant when measured relative to a fixed cosmic space-time point of origin. This constancy holds true
for a specific cosmic epoch, such as the current epoch of the universe. This relation (equation 25) is consistent with the
exponential cosmic expansion predicted in the de Sitter universe model [17, 56, 57, 58, 59] and aligns with the inflationary
solutions for the evolution of the universe [45, 60] and expanding steady state theory of Bondi & Gold [61].
While addressing the metric of the maximally symmetric universe, known as the Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric [59, 62] in a temporal (¢) and comoving spatial spherical polar coordinate system (r, 6, ¢), with
Gaussian curvature constant, k :

ds® = (c dt)? - a? { +1? (d92 + sin? 9d¢>2)}

1—kr?

Expressing the time-exponential cosmic scale factor a, allows us to rewrite the FLRW metric:

2( dr?
ds® = (cdr)® - (a/oeH’) { ] rk 5+ r? (dé’2 + sin® 9d¢2)} (26)
— kr
The corresponding covariant metric tensor is:
c? 0 0 0
0 - (”OEH?Z 0 0
g = 1-kr

o 0 - (aoth)z r? 0

0 0 0 — (aget!')* ¥ sin% g
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And the resulting contravariant metric tensor is:

% 0 0 0

(1-kr?)
g = 0 —faeerm2 01 0
0 0 0 !

(apeH!)2r2 sin 0

Here pv represents permutations of coordinates labeled as [0, 1,2, 3], with the coordinates conventionally defined as

(x0 =t,x' =r, x2 = 6’,x3 = ¢). Now, it is straightforward, though tedious, to find the non-zero Christoftfel symbol terms
0 10 70 11 11 1 1L 71 12 12 12 13 13 T3 ned : .

Fn’ F22, F33, FOI, FOI, F“, Fzz’ F33, F02’ F12’ F33, Fos’ FB, F23 using the equation below [36]:

0 0 0
A re A r

We can evaluate the non-zero Christoffel symbol terms using the above equation:

ate®™ (H +tH) ate’™ (H + tH)r?

a'(z)(H +1H)e2 2 sin? g

o - 0 _ 0 _
= c2(1—kr?) ~ 2 c? ’ 3 c?
. kr
1 _pl 12 _12 _13 _13 _ 1 _ 1 _ 2 1_ 2y in2
Ty =Ty=Tn=T=Tn=T3y=H+tH, I} = T2 [y =—=r(1=kr?), Ts3=-r(1-kr°)sin”6,
1
F122=F§1=Ff3=l“§1=;, Féz—sin@cosﬂ, F§3=F§2=cot9.

Utilizing the Christoffel symbols as determined above, one can readily obtain the non-zero Ricci curvature tensor com-
ponents (Roo, Ri1, Roz, R33) from the equation by contracting the Riemann tensor by raising the index o as Ry, =
Ry, [63]:

0 0 o o
R'uy = ax_UF’(‘r" - WFIS-‘T + F#VF;)TO_ - Fﬂ(,rg; (27)

Evaluating Ry using equation (27) yields:

0 0
Roo = =T = 55100 + LY D W (28)

From equation (28) we obtain for the relevant non-zero terms for the o~ and p indices:

Roo = -3{(2H +tH) + (H + tH)*}. (29)

In a similar manner, utilizing equation (27) yields further Ricci curvature tensor components:

aZeZHt chz
Rij=—2 3(H+tH)?+2H +tH + 30
1 c2(1 - kr?) ( ) ageZH’ 60
ger? . )
Ry = ~C o J3(H +tH)? +2H + tH + —— 31)
c et
a2e?Ht 2 gin? g - ) .. 2kc?
R33 = 5 3(H+tH)”+2H +tH + — 5 (32)
¢ aZe2Ht

The Ricci curvature scalar, R, is obtained by summing the non-zero covariant Riemann tensor and the contravariant metric
tensor over the repeated indices:

R =¢" Ruy = g"Roo+ ¢ Ri1 + g7 Ry + g7 Ra3.

In this case, after simplifying:

3 L . 3 . .. 2kc?
R=- (2H+tH)+(H+tH)2}——2{3(H+tH)2+2H+tH+ miad } (33)
c c aOeZHI
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The above equation (33) represents the Ricci curvature scalar in terms of the time-varying Hubble parameter. As previously
explained, the time dependency of the Hubble parameter arises from its measurement based on the recession velocities
and distances of cosmic objects at different cosmic comoving epochs. However, if the Hubble parameter is measured at
a fixed point in spacetime or within a specific cosmic epoch, the equation (33) can be rewritten in terms of the Hubble
constant, with its time derivatives vanishing, as follows:

3H2 {3Hg 2%k }

R=-—-3{—+
c? c? (aOeHO’)Z
12H? 6k
R=-—"- 5 (34)
C ( o eH[)t )
The negative sign of the Ricci curvature scalar, as determined above, arises from the contraction of the Riemann tensor
using Ry, = R/, as referenced in [63]. However, if the contraction Ry, = R, = =R/, as referenced in [3], were

used instead, the value of R would be the same but with a positive sign. This is not a contradiction, as both approaches
yield the same magnitude; the difference in sign simply reflects the choice of convention or the system from which the
curvature is measured.

Importantly, whether considering the time-dependent case (33) or the time-independent case (34) of the Hubble
parameter, the Ricci curvature scalar R remains finite for any finite value of the time variable. The only exception occurs
at t = —oo, which represents the sole instance of past incompleteness. However, this incompleteness is not related to any
real domain of the time coordinate, which serves as the sole independent variable in the continuous function of the Ricci
curvature scalar. Therefore, this past incompleteness is not a physical reality for this type of exponentially expanding
cosmological solution but rather an unavoidable mathematical artifact, as highlighted by the Borde—~Guth—Vilenkin (BGV)
theorem [64]. Optionally, for a spatially flat universe (k = 0), equation (34) indicates a constant cosmic Ricci curvature
scalar.

6. GENERAL EQUATION OF DISPLACEMENT AND LOGARITHMIC SPIRAL MOTION IN SPIRAL
GALAXY

It is fascinating to realize that the equation for a logarithmic, or equiangular, spiral is an alternative expression of our
time-based exponential general displacement equation. It is worth noting that, despite having a uniform linear velocity, an
object can still experience continuously varying acceleration, as well as higher-order time derivatives of displacement, by
continuously changing its orbital distance from its center. This is the key insight when drawing a correlation between the
time-exponential displacement equation and the logarithmic spiral equation.

In a system following a spiral trajectory defined by an angle 6 measured relative to its center, a growth or decay rate
K, and a varying radius r, the equation of the logarithmic spiral is [65]:

r(8) = roeX? (35)

In terms of 7 with uniform angular velocity 6, the above equation becomes:

r(t) = roeX % (36)

In the equation above, K = tan @, where « is referred to as the pitch angle. This angle is defined as the constant angle
between the tangent to the spiral at any given radial distance from the spiral’s center and the tangent to the circle at the point
of intersection with the same radius. For a logarithmic spiral, this angle remains constant, which is why logarithmic spirals
are also called equiangular spirals. Consequently, the growth rate K is also constant. If we represent the time-exponential
displacement equation (5) with the displacement being radial, it can be written as:

r = roet! 37

In the equation of the logarithmic spiral, the growth rate K and angular velocity 6 are both treated as constants, similar to
the constant £ in the case of radial displacement. By comparing equations (36) and (37), we can establish the equivalent
relationship:

. =K©0 (38)

Therefore, the logarithmic spiral displacement equation can be interpreted as a transformed two-dimensional displacement
equation in a coplanar polar coordinate system. This transformation originates from the one-degree-of-freedom time-
exponential displacement equation, which describes the motion of an object orbiting a fixed center.

In the Cartesian coordinate system, the equation = rge4’ can be re-expressed in the polar coordinate system as two
distinct components using equation (35), as a matrix representation shown below:

[x B [cos(ét) 0]
o=

roekot| roeK 0 cos(6t)
sin(fr) 0 -

0 roeK 9" sin(6r) |
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Using the above relations and the fact that the locus of the coordinate (x, y) forms a circle , one can easily derive the
relation presented in equation (36) as below:

r? = x? +y? = r5e* 0 {cos?(61) +sin? (1)},
r = roeX?.

For a non-periodic angular motion in which the angle continuously increases with time and is not limited to 4, an object

will follow a logarithmic spiral trajectory instead of a circular one .In terms of the measured angle considering the center

as the origin of the polar coordinate system, the above equation becomes:
r(8) = roe?, r(8) = roe™@? 39)

The above equation (39) is a general expression for a logarithmic spiral or equiangular spiral. The radial distance r
progressively changes over time, following spiral trajectories.

Logarithmic spiral geometries naturally occur in numerous living and inanimate phenomena, including in spiral
galaxies, seashells, hurricanes, and the growth patterns of plants, such as sunflower seeds and pinecones [66, 67, 68].
Notably, in the asymptotic limit, the ratio of successive radii in a logarithmic spiral converges to the same value as the
ratio of consecutive Fibonacci numbers, namely the golden ratio or golden mean. These spirals are often observed in
nature due to their efficient growth patterns, optimizing space and resources. The same geometric principles expressed
mathematically by equations (36), (37), and (39) can be applied to describe the structure of spiral galaxies. The logarithmic
spiral provides a reasonable approximation for the structure of galactic spiral arms [69, 70]. In these galaxies, the arms
follow a logarithmic spiral pattern, giving rise to the term “Galactic spiral.” Approximately 60% of galaxies in the local
universe are spiral galaxies [71].

In spiral galaxies such as our MW and its closest neighbor, M31, the spiral arms form in regions where stars and
their systems are sufficiently far from the galactic center. In these regions, the gravitational pull toward the center becomes
negligible compared to the frictional drag experienced by the stars. This frictional drag causes the stars to orbit at nearly
uniform velocities, regardless of their distance from the center. In this scenario, acceleration is achieved through the
continual change in distance from the galactic center, which aids in the formation of spiral trajectories.

Moreover, the relatively homogeneous nature of the galaxy, where gravitational forces dominate locally but diminish at
larger distances, results in the galaxy behaving continuum-mechanically, like a rotating disk. These combined phenomena
lead to a fluid-mechanical analogy, where the spiral arms eject along an equiangular spiral trajectory, as described by
equations (36), (37), and (39). It is important to note that dark matter plays a crucial role in forming gravitationally bound,
stiff, and geometrically well-defined galaxies. This stands in contrast to the expected pattern of decreasing rotational
velocity with distance from the galactic center, as predicted by the Newton-Keplerian model, which is inconsistent with
observational data.

The logarithmic spiral trajectory is also consistent with explaining the radial migration of constituents, such as stars
or star systems, which move outward from the more unstable central region to more stable locations, following a spiral
path within their host galaxy. For example, the radial migration concept suggests that the Solar System, including Earth,
may have originally formed comparatively closer to the Milky Way’s central region, around 5 kpc from MW’s center,
and later migrated to its present location, approximately 8.5 ~ 9 kpc from the galactic center, thereby avoiding any major
destructive collisions [72].

7. RESULTS AND DISCUSSION

We began with a power series approximation of the displacement function, using time as the independent variable.
From this, we derived the time exponential displacement relation, which aligns with large-distance observational cosmic
motion. In contrast, the short-distance motions we experience in everyday life are simply lower-order approximations of this
exponential relation, which is particularly significant for large-scale motion. This general time exponential displacement
relation was directly applied to derive Hubble’s relation, an equation describing cosmic diverging displacement and
providing a plausible explanation for cosmic expansion. The recession of cosmic units due to cosmic expansion is
significant for large-scale cosmic motion. In contrast, at shorter distances, the attractive gravitational force dominates.

We then derived a general equation for time exponential converging displacement in a manner similar to how the
general equation for time exponential diverging displacement was formulated. This converging relation was then utilized
to estimate in principle the time required for the upcoming collision between the Milky Way and Andromeda. The result
obtained, ranging from 4.4 to 4.9 billion years, was highly consistent with the findings of 4 to 5 billion years from numerical
simulations based on observational data.

A noteworthy application of the general diverging equation is to derive the subtle value of energy for a vacuum unit,
considering it as quantum harmonically oscillated in a quasi-quantum approach. This gives a value of 1.1873 x 1072 ],
which is very close to the value determined from the general relativistic approach, 1.1247 x 1072 m~2. Therefore, the
coupling constant relating the vacuum unit’s energy to the curvature of the vacuum has a value very close to unity. By
relating the large-scale cosmic receding distances to the cosmic expansion scale factor, a general relativistic mathematical
approach is reviewed to avoid a physical past incompleteness while addressing an unphysical mathematical singularity.
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Lastly, the general time exponential displacement was applied to explain the spiraling motion of galactic units in spiral
galaxies. This spiral motion can also account for the radial migration of a galaxy’s constituents, providing support for the
radial migration theory of the solar system.

Despite several successful applications of the general time exponential motion, it does have some limitations. During
its derivation, the Maclaurin series was employed, which requires a fixed space-time coordinate origin around which
the series expansion is performed. This necessitates assuming the Hubble parameter is constant to derive the time
exponential equation. However, in any comoving coordinate system, the Hubble parameter must be time-dependent. This
time dependency was addressed during the derivation and was considered in the context of reviewing the cosmic past
incompleteness. Another limitation arises from the uncertainty during the final stages of galaxy merging. At this stage,
tidal effects, frictional interactions between galaxy constituents, and the influence of nearby cosmic neighbors may impact
the time estimation. However, the consistency of the estimated time for the Milky Way (MW) and Andromeda (M31)
collision with results from numerical simulations suggests that our model, which neglects perturbations, is reasonable.
This is because galactic motion is primarily dominated by their centers, and during galaxy merging, the likelihood of
individual components colliding is very low.

8. CONCLUSION

The cosmos is infinite, so it’s natural that no finite set of principles can fully explain its phenomena. It’s also
sensible to expect the universe to have infinite spatial and temporal dimensions. We reasonably assumed the infinite
order differentiability of displacement with respect to time and subsequently formulated a time-exponential relation for
displacement. This formulation is shown to be consistent with Hubble’s law and provides a plausible explanation for the
time dependency of the Hubble parameter. This relation proved to be valuable in understanding the infinite cosmic past
and future, as well as in explaining the structure of spiral galaxies. Additionally, it provided insights into the enigmatic
relationship between the quantum harmonically oscillating vacuum’s zero-point energy and the cosmological constant.
Furthermore, it was applied to estimate the timing of a significant cosmic event: the collision between the Milky Way and
Andromeda.
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3AKOH I'ABBJIA TA HOT'O EKCIIOHEHIIAJIBHE Y3ATAJIBHEHHA 3 KOCMOJIOTTYHUMHA
3ACTOCYBAHHAMU
Ampadcpya Iciam
Hinnon Koeii banznadew Jlimimeo, [laowa 11/A, dopoea 48, I'yavwan-2, Jlakka-1212, bBaneaadew
3akon ['a061a oKasye, K KOMIOHEHTH BCecBiTy TOTPUMYIOThCS 3arajlbHUX JUHAMIYHUX MPABUJI y KOCMOJIOTiYHOMY MacinTabi. Xoua
BiH HaiO1JIbIN BiZIOMUI JIJIs1 OIKCY pO3IIMpPeHHs BeecBiTy, 3araibHe piBHSIHHS 3MillleHHsI, OTPUMAaHe Bi/IMOBIIHO JIO IIbOTO 3aKOHY, pa3oM
13 3araJIbHUM PiBHSIHHSIM 301:KHOTO 3MillleHHsI, 0YJIO 3aCTOCOBAHO ISl OL[iHKH Yacy, 10 3aJUIIUBCS 10 3iTKHeHHs Yymanpkoro Hnsxy
Ta AHzpomenn. Ls omiHKa TICHO y3romKyeThCs 3 pe3yabTaTaMy YHCIOBOIO MOJENIOBAaHHS iHIMX AociigkeHb. Kpim Toro, Hacmigku
L[bOTO y3arajbHeHOro PiBHSHHS JAIOTh LiHHE PO3YMiHHS KJIOYOBMX KOCMOJIOTIYHHX 3araoK, BKJIIOYaloun 3MiHy mapameTpa [a66ma 3
9acoM, HEMOBHOTY KOCMOJIOTIYHOI'O MUHYJIOTO TA HE3MiHHY TAEMHULIO 3B’ 13Ky Mi’K TOHKMM 3HAY€HHSM KOCMOJIOTIYHOI KOHCTaHTH Ta
KBaHTOBOIO HEPri€lo Hy/IbOBOI TOYKM BaKyyMy. BiH TakoX YCITIIIHO MOSICHIOE CTPYKTYPY CIipaJIbHUX TaJIaKTUK.
Kurrouosi ciioBa: s3axon [a60na; 3imkHents 2anakmuk,; KOCMOAOZIYHA CIANG; eHeP2isi aKYYMY; CMPYKMYpa CRipAAbHOL 2aNaKMUKU
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