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INPUT CHARACTERISTICS OF ELECTRICALLY THIN DIPOLE WITH VARIABLE RADIUS
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An approximate analytical solution to the problem of radiation (diffraction) of electromagnetic waves by dipole (monopole) with
variable radius along antenna length is presented. The solution was carried out using generalized method of induced electromotive
forces (EMF). An influence of the change of monopole radius upon input characteristics is numerically studied. Theoretical results are
compared with the experimental data.
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An additional parameter for obtaining the given electrodynamic characteristics of cylindrical dipole (monopole)
antennas can be the change of the radius of the cross-section of the dipole along its length. Such radiators can be located
in free space (dipole), half-space (monopole), rectangular waveguide, resonator, on sphere etc. Suppose the radius of the
dipole increases from the center of the antenna to its ends according to a linear law (biconical dipole, conical monopole).
In that case, such an antenna resonates at a shorter geometric length and is more broadband than a dipole of constant
radius. Starting from the classic publications of Schelkunoff[1], Tai [2], Woodward & Brown [3], Bevensee [4], antennas
of this type have attracted the attention of many researchers. These can be symmetrical radiators excited by a point source
[51, 6], [7], [8], [9], [10]; dipoles with asymmetrical arms [11], [12], antennas with asymmetrical arms and excitation
[13], [14], [15], [16]; modified radiators with minor design changes compared to traditional designs [17], [18], [19], [20];
as well as passive scattering antenna elements [21], [22], [23], [24], [25]. However, all of them are devoted to calculating
the characteristics of a radiating (scattering) dipole (monopole) with a linear law of the change of antenna radius.

In this paper, an approximate analytical solution to the problem of radiation (scattering) of electromagnetic waves
by a dipole (monopole) with other laws of change of radius along antenna length (piecewise linear (diamond-shaped),
Vivaldi type, combined trigonometric, circle, piecewise constant) is presented. The solution was carried out using the
generalized method of induced electromotive forces (EMF) in accordance with the concept of “thin-wire approximation”.
The input characteristics of the antennas under consideration are analyzed in detail.

PROBLEM FORMULATION AND INTEGRAL EQUATION SOLUTION
Let the monopole of the L length and the variable radius r(s), located in half-space, be excited by the electric field

extraneous source E, (s) (Fig. 1). The monochromatic fields and currents depend on time ¢ as € (w=2nf is the
circular frequency, f is the frequency, measured in Hz). The monopole is electrically thin, if the following inequalities
are performed:

kr(s)<<l1, r(s)<<2L, )

where k£ =2mn/A, A is the wavelength in free space.
The integral equation in the current J(s) for the impedance boundary condition on the dipole surface acquires the

form [6], [24]:

[EOS (s)—z,.J(s)] . 2)

2 L —ikR(s,5")
d—2+k2 [76%— ds' =2
ds S R(s,s") cosy
Here R(s,s’)=+/(s—s")*+r*(s), s and s are the local coordinates related to the dipole axis and surface, z, is the
distributed internal linear impedance, J(£L)=0, —L is the coordinate of the mirror image of the dipole relative to the

infinite ideally conducting plane (for monopole). So, for example, for metal cylinders (o is the metal conductivity, A°

is the skin layer thickness) under the condition » >>A°, is determined by the relation z, = ;LAO . Despite the fact that
TG,
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for real metals the values z, are quite small, it is necessary to take this term into account. In this case, equation (2) is the
Fredholm equation of the 2-nd kind and has a unique solution. Note also that at r(s) = const = 1, equation (2) transforms
into the equation in the current along an impedance dipole of constant radius with a quasi-one-dimensional core
R(s,5") = R(s5,5") =+/(s=5') +17 .

The approximate analytical solution of the equation (2) can be obtained by the generalized method of induced
EMF [13], [14]. Note that in [24] equation (2) for a symmetric biconical dipole is solved by means of the averaging
method [26]. Using this method the approximating current distribution functions in expressions (3) were also found.

(d)

Figure 1. The problem geometry and corresponding notations: (a) - constant radius; (b) - (f) - variable radius

The dipole currents can be presented as product of the unknown complex amplitudes J, and distribution functions

£, (s) (n=0,1)as

J()=Jofo )+, fi (5); S, *FL)=0. 3)
Then the approximate solution to equation (2) can be obtained in the form (m,n =0,1)
0]
J(s)=- [Jofo()+ /)] @
2kcosy
L _EZI-EZ | EZ5-EZ
Wereo_zz_zz’ 17 5% 2% 73537
ZOOle ZlOZOI ZOOZII ZlOZOl
L s ”
[ A0 ero £ e
= -4 + o +k A (s)dsp, A4 (s)= —ds’, 5
" 2kcow{ G I K] 4,6) ,(9) jf ) Zom) (5a)
o . f
= I £ (8)z,ds, 22 =Z +Z , E = j I ($)E (s)ds. (5b)
2kcosy *, e

Let the dipole be excited in the point s=0 by the voltage generator with amplitude V,: E, (s)=V,8(s—-0),

where & is the Dirac delta function. Let us choose the functions f;,(s) according to [26] in the following form:

fo(s)=sin l:t(L— [s]), fi(s)= cos ks —coskL , ©)

iz,[3/2-1,/(2r,)]
120cosyIn(2L/r,)
the approximation of functions (6) adequately represents the real physical process if the dipole electrical lengths are small

where k=k—

, 1, and 7, are the radii of the dipole in points s =0 and s =L, (Fig. 1). Note that
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(2L/A)<1.4 [26]. Other approximating function [26] f;(s)=cos(ks/2)—cos(kL/2) is valid in the range
1.4<(2L/N)<25.

The coefficients Z_ in the formulas (4) can be obtained from expressions (5), (6):

L
fa i .~ l; LAD) K coleLIAn(s)ds
A, (L)—coskLA, (0 k -k sinkLA (L 1 -
7 HAD- o1, M()A(s)ds _ (L) 3
kcosy kcosy 2k cosy , - -
(k> k) j cos ksA, (s)ds
-L
5 o (ZkL sm2kL) 5 [kLska ZCoskL(l coskL)]
® 2kk cos Zor =% Kk cos v
- [ 2kL —3sin 2kL + 4kL cos’ k. - .
7 = ooz, [ 2kL 3s1n~ kL +4kL cos kL]’E0 —SinfL, E =1—cos kL.
2kk cosy

The input impedance for monopole Z, = R, +iX,, and admittance Y,

» =G, +iB, canbe presented as
30i 10°
Z,[0hm]=———>———°, [, [mS]=—— ™

Then, the module of reflection coefficient in the antenna feeder with the wave impedance W is equal to

Z -W

Tin_ |

8
Zin +W ( )

S, =

and the voltage standing wave ratio is determined by the formula VSWR = (1+1S,, )/(1=|S,, |) .

Note that for printed antennas of the type under consideration (piecewise linear (diamond-shaped), Vivaldi type,
combined trigonometric, circle, piecewise constant), the solution to equation (2) is also valid, but it is necessary to make
the replacement »(s) =d(s)/4 [26], where d(s) is the antenna width.

NUMERICAL AND MEASURED RESULTS
Next we will consider radiators with the following geometric parameters [27]: 7,=1.522 mm, », =3.5mm, L

=50.065 mm, kp — o= . Then the characteristic impedance of the feeder line is W = 601n(r, / r,) =50 Ohm. Fig. 2 shows
the dependences of the real and imaginary parts of the input impedance of the regular and conical monopoles (L, = L)
on its electrical length at different angles v .

R, Ohm X , Ohm
300 F—=——— T T T 100 ————7————T 71—
R T U
250 F—wy=251 [ R e A | | ‘ j j j ]
y=5.0 1 ! : : ] 0 g NV T
200 —y=75Y1 /NN ] S0F-- IR £ Lo\ L e S boolo- bl
o wood //INNKY 1 T \N\\Yy A
150 HomomZOOd /S LNV 00 L NAR g
i 3 : : 3 : : ] i =007 : : 1
100 /74 N\ Yoo -150 4 T‘—\FZSOTW 3' _
‘ : ‘ ‘ ‘ ‘ 200 H{f- 1 y=5.0F -4
S0 J ””” oSN L ””” J ”””” EaasS oy 2250 J ,,,,QJ_WZISOEF ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
0 I Hoool\lfleasurffments I[27]\ 3 300 L. . o \V_OO 1 . . . . . .
0.5 1.0 15 20 25 30 35 kL 0.5 1.0 1.5 2 0 25 3.0 35 kL
(@) (b)

Figure 2. The dependences of the calculated (7) and measured [27] monopole input impedance on its electrical length at different
angles y: (a) —real part R, , (b) —imaginary part X,
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As can be seen, the agreement between the calculated and measured values Z, (kL) at y=0.0° (regular monopole)
is quite satisfactory, and with the increase of the angle y the impedance change trends to coincide with those measured

in [3]. To satisfy inequalities (1), we will limit ourselves to the value y = 7.5° (7, =8.038 mm, r, /2L =0.08).

1. Numerical results for piecewise linear law of r(s)
Fig. 3a shows the laws of change of radius along the monopole (Fig. 1b) determined by the following formula

r(s)={r° +stany, at s < KL, ©)

ry+[K/ (1=K (L —s)tany,at s > xL,

where x=s, /L, and Fig. 3b shows the dependences of the reflection coefficient modulus |S,, | in the feeder line

corresponding to these laws. Fig. 3a also shows that curve k =0.75 has the longest path length on the surface of those
presented there. Accordingly, this curve describes the resonance at the lowest frequency in Fig. 3b. However, the effect
of this phenomenon on the resonance frequency is not always proportional to the increase in the path length. As for the
minimum value of reflection observed for curve « =0.25, this can be explained by a relatively smooth bend at point L .

It is also interesting that the shift of the resonant frequency in this case is proportional to the increase in the wave path
along the dipole surface.

E A, —x=0.0 k=0.25 |'
| k=05 ——x=0.618].

- g 0.8 —x=0.75—x=1.0
(=)
& i J |

= 0.6
9
9
| = 3 0.4
% o 0.2
| N ool i VYo
WL 02 00° 08 10 12 14 16 18 20 kL

(a) (b)

Figure 3. The laws of change of radius along the monopole (a), the dependences of the reflection coefficient modulus | S,, | in the

feeder line from the electrical length of the monopole (b) at different positions of the maximum values of the radius and y = 7.5°

N o L/
1S,l| 1 0.25( )'”” T 1 T} |
0.25 ; o
E T
0.20 = o
E 024} I
0.15 : :
x
O
0.10 T 0.23 .
<
0.05 0 :
M i}
0.00 L 1 L 1 L I: L 1 " 022 " 1 L 1 L I: " 1 "
0.0 0.2 0.4 0.6 0.8 k=s /L 00 02 04 06  08%=s/L
(@) (b)

Figure 4. The dependences of the reflection coefficient modulus | S, | on the coordinate of the point with the maximum radius
along the length of the monopole (a), the dependences of the values of resonant “shortening” (L/2),,, on the coordinate of the

point with the maximum radius along the length of the monopole at y = 7.5°
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Figs. 4 show the dependences of the reflection coefficient modulus | S, | and values of resonant “shortening” (the
resonance condition is the fulfillment of equality X,, =0 when the sign X, changes from negative to positive) (L /L)

(compared to a tuned monopole, where (L/1),,, =0.25) on the coordinate of the point with the maximum radius along
the length of the monopole. In Figs. 4 the dotted line indicates the value k =0.618 that is associated with the quantity
k=1/® ,where ®=1.618 is the so-called “golden ratio” [28]. As you can see, the value Kk = 0.618 is a “inflection point”
on both graphs. This can be explained by the fact that at this point the additional capacitance formed by the last segment
of the monopole operates in an optimal way, which creates this shortening. Approximation of the function in Fig. 4a and
the study of its derivatives indeed allow us to conclude that at x = 0.618 there is an inflection point.

Placing the maximum values of the monopole radius at this point for different angles y (Fig. 5a) leads to an even

better matching of the monopole with the feeder line (Fig. 5b).

Ik S,
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Figure S. The laws of change of radius along the monopole at k=0.618 (a), the dependences of the reflection coefficient
modulus | S, | in the feeder line from the electrical length of the monopole (b) for different

2. Numerical results for Vivaldi type law of r(s)

Fig. 6a shows the laws of change in radius along the monopole, determined by the following formula (Vivaldi type
antenna [29], Fig. 1c¢).

1 B(s/L—x) <
S :{r0+( / K)s tan ye ,at s <xl, (10)

7 +[1/(1=%))(L—s) tan ye " at s > xL,

AV IE 1S, \— K=0.0 K=0.25 —— K=0.5
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=1 /403 0 N\
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Figure 6. The laws of change of radius along the monopole at y=7.5° and B =n (a), the dependences of the reflection
coefficient modulus | S, | in the feeder line from the electrical length of the monopole (b) for different x



595
Input Characteristics of Electrically Thin Dipole with Variable Radius Along Antenna Length EEJP. 4 (2025)

Fig. 6b shows the dependences of the reflection coefficient modulus | S,, | in the feeder line corresponding to these

laws. As can be seen, the best matching is observed at Kk =1.0 (conical monopole) with a practically unchanged resonant
frequency compared to regular monopole (k= 0.0, r(s)=const ). In other cases, there is the decrease of the resonant

frequency in comparison with a regular monopole. In Figs. 6 the red line indicates the value k¥ =0.618. Fig. 7a shows the
laws of change of radius along the monopole, determined by the formula (10) and «=0.618 for various f . Fig. 7b shows

the dependences of the reflection coefficient modulus | S,, | in the feeder line corresponding to these laws. As can be
seen, the best matching is observed at B = 4n and for all laws of change of radius the decrease is observed in the resonant
frequency in comparison with a regular monopole.

EIN IS S R | e e
= “ il r=const 3=0.0 B=n
(=)
T —B=2n

————— =/ 0.8 —F=

t:é';
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| & o 0.2}

rdl s

|| S 0.0 A T S R V4 S N S T Y

r/L 0.2 < 08 1.0 12 14 16 1.8 2.0 kL
(@ (b)

Figure 7. The laws of change of radius along the monopole at y =7.5° and x=0.618 (a), the dependences of the reflection
coefficient modulus | S,, | in the feeder line from the electrical length of the monopole (b) for different B

3. Numerical results for combined trigonometric law of r(s)

Let us further consider another law of change of radius along the monopole length, which is a combination of
trigonometric functions [30] (Fig. 1d):

r(s) =r, +4xL tan ycos(rms / 2L)[1—cos(ns / 2L)]. (11)

As can be seen, the best matching is observed at y =2.5° (similar to Fig. 5b) and for all laws of change of radius a
decrease is observed in the resonant frequency in comparison with a regular monopole.

I 3 |S11|_ : '_I\"lz(),loo ' ! !
- L —y=2.5° ‘ |
-1 O 0.8 - \|f=5.00
— y=7.5°
12 0.6 1 !
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1< 04r
o D D S a
o 0.2 prosmemmrmmmeniand
< : :
- 0.0 ] ] ] i ] ] ] i
0.0° 0.8 1.0 1.2 1.4 1.6 1.8 2.0 kL
(a) (b)

Figure 8. The laws of change of radius along the monopole at k=0.618 (a), the dependences of the reflection coefficient
modulus | S, | in the feeder line from the electrical length of the monopole (b) for different y
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4. Numerical results for circle law of »(s)

Fig. 9a shows the laws of change of radius along the monopole, determined by the following formula (circle type,
r, is the radius of circle, see Fig. le)

(12)

) r,ats<KL—r &s2KL+r,,
r(s)=
1+l —(s—xL)’]/r,at s > kL—r, &s<xL+r.,

and Fig. 9b shows the dependences of the reflection coefficient modulus | S,, | in the feeder line corresponding to these

laws. As can be seen, the best matching is observed at k¥ =0.618 and for the first time at ¥ =1.0, an increase of the
resonant frequency f,, is observed in comparison with a regular monopole (k= 0.0, (s) = const ), in contrast to all

res

previously considered laws of change in radius along the monopole.
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Figure 9. The laws of change of radius along the monopole at r, = 6.516 mm (a), the dependences of the reflection coefficient
modulus | S,, | in the feeder line from the electrical length of the monopole (b) for different x

5. Numerical results for piecewise constant law of r(s)

Fig. 10a shows the laws of change of radius along the monopole, determined by the following formula (piecewise
constant, 2/ is the insert disc thickness, see Fig. 1f)

ts<xL-h&s=xL+h
}"(S):{rb,a N S +n, (13)

r,atse xLth,

and Fig. 10b shows the dependences of the reflection coefficient modulus | S,, | in the feeder line corresponding to these
laws. As can be seen, the best matching is observed at ¥ =0.75 and at k¥ =1.0 also increase in the resonant frequency
/.., 1s observed in comparison with a regular monopole.

3 1S, — =00 =025 —— x=0.5
2 2l NN k=0.618 —— k=0.75 ——x=1.0
L L S 0.8 3 ‘ : ‘ : -
e oof | ‘
Ld : 1 |
l ffffff 13 04r ?
N SN\ \ W \ WO Ao e
T3 : : /
i | | ****** H S 0.2 pr=-mmnmmme o= K Ao s
I g 0.0 H i H i H 1 i i . i . i .
r/L 0.2 0.0 08 10 12 14 16 18 20 kL
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Figure 10. The laws of change of radius along the monopole at 4 =r, =6.516 mm (a), the dependences of the reflection
coefficient modulus | S, | in the feeder line from the electrical length of the monopole (b) for different «
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Figure 11. The dependences of the reflection coefficient modulus | S,, | in the feeder line from the electrical length of the double-

disk monopole structure for different ¥ at 4, =6.0 mm (n=1+6)

If a second disk of the same or different thickness is added to one disk located at a certain distance along the length
of the monopole, a double-disk structure is obtained. Obviously, instead of disks there can be any other structures (as well
as their combinations) discussed above. Fig. 11 shows the dependences of the reflection coefficient modulus | S, | in the
feeder line when the center of the first disk is located at point «k, =s,/L=0.125, and additional disks at
K=0.25;0.5;0.618;0.75;1.0 . The thicknesses of all disks are equal 22 =12.0 mm. As follows from the graphs, the best

matching for this structure is observed (as before in Fig. 6) at k=1.0, and the greatest “shortening” of the monopole
compared to that tuned monopole at k¥ =0.618 (as before in Fig. 7).

TESTING OF THE ADEQUACY OF THE PROPOSED MATHEMATICAL MODEL
TO A REAL PHYSICAL PROCESS
For testing of the adequacy of the proposed mathematical model to a real physical process, we briefly present
numerical and experimental results for regular and conical dipoles located in a rectangular waveguide [24]. Let a dipole
with a radius r(s)=r+|s|tany varying along the length (Fig. 12a) or a similar monopole (Fig.12b) be located in a

rectangular waveguide with a cross-section {axb} .

Y a) b
b————
Lo =
21(s)! LT :
Yol ,0 | |
| | |
i ;! i
oo
0 ‘xﬂ . 'xU . a

Figure 12. The geometries of the dipole (a) and monopole (b)

Then, when a fundamental type wave TE,, propagates in the waveguide, the reflection coefficient S,, from the
monopole will be equal to

. 2 T _"’ T2
_ 4w (Esin&j (sinkL —kL cos kL) (14)

abky\k~ a ) Z) (kL) +tgyZ) (kL)+Z (kL)

The solution is carried out by the generalized method of induced EMF with current approximation
J(s)=J, (coslgs —cos IEL) ). Expressions for the coefficients in formula (14) are presented in the Appendix I.
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Fig. 13 shows the photographs of experimental samples of monopoles, which are located in the rectangular
waveguide of size {axb}=58x25 mm?. The axes of the monopoles are parallel to the narrow walls of the waveguide.

As can be seen, the value of the resonant wavelength A for the conical dipole increases, correspondingly resonant
frequency f

res

is decreases, (curve 3) in comparison with the conductors of the constant radius (the curves 1, 2).

Moreover, the radiuses of the latter equal to a smaller (curve 1) and a larger (curves 2) radiuses of the conical dipole,
correspondingly. To our minds, this interesting fact is explained by the definite redistribution of energy of the near reactive
fields between the E - and H -modes of the waveguide connected with the occurrence of some angle y between the

axis {0y} of the waveguide and {0s} on the surface of the monopole. For the monopoles above the plane that we studied
earlier, the same redistribution of reactive near fields obviously takes place.

Figure 13. The experimental layouts of monopoles

Fig. 14 represents the dependences of the |S,, | value on the wavelength for the cooper monopoles at L =15.0 mm,

x,=al/8, y,=0.

|S11‘- I — 1-r0=rL=1mm
2-r =r =2mm
0.8} \ 1,
-ro—lmm,
rL=2mm
06Fr |/ NJor N\ O |----- ANSYS HFSS
O Measurements
04
0.2 P
0.0 " 1 " 1 " 1 " 1 " 1 "
65 70 75 80 85 90 A, mm

Figure 14. The dependences of the calculated and measured monopole reflection modulus | S,, | in the waveguide at the constant

and variable radiuses of their cross section: 1, 2, 3—calculation by the formula (12), 4—calculation by means of the package “ANSYS
HFSS”, S—experimental data

CONCLUSION

Based on the obtained approximate analytical solution of the problem of current distribution along a radiating dipole
with a variable cross-section radius, the input characteristics of a monopole over an infinite ideally conducting plane are
investigated. It is shown that the use of different laws of radius variation along the monopole allows one to significantly
improve the matching of the monopole with a feeder line with a standard characteristic impedance, and to change the
resonant frequency of the monopole with its constant length. Thus, for successful matching of a monopole with a feeder
line of a standard characteristic impedance, there is no need to change this impedance, but it is sufficient to change the
antenna cross-section according to a certain law. This law can be chosen taking into account the requirements for changing
or maintaining the resonant frequency of the radiator in comparison with the resonant frequency of a regular monopole.

It should be especially emphasized that, unlike the currently widely used commercial packages, in the presented
solution it is sufficient to make the required changes to the analytical formulas, rather than drawing new structures each time.
Moreover, the calculation time (using a computer based on Intel® Core™ i5-7200 processor) of input characteristics at one
structure geometry using the proposed approach is about 0.5-1.0 seconds. The total time of calculation using a commercial
ANSYS HFSS package, taking into account the finding of intermediate parameters, was approximately 2-3 minutes.
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APPENDIX 1
Coefficients in the formula (14)'
- K- . . iy ~
ZV (kL) = ZZ zk( e )) 4 sin” k,x, cos” k, y,[sin kL cosk L —(k / k,)cos kLsink L1 F,, (KL),
Zy (kL) = 4;‘ ZZ k(k o % sin® k,x,[cos kL(cos k, L —1)+ (k, / k)sinkLsink L +(k, / k)’ (cosk,L —1)]F,, (kL),
ab = =
F, (kL) = ~”—2{e*‘>“ﬂ"w [k +k,)sin(k +k,)L — k. tanycos(k +,) L]+ k tany}

(k+k,)* +(k, tan )’

cos kL

oLy (1€—k. sin(k—k,)L
it {e™ [k, sink, L~k tanycosk, L]+ tany] + 1/2 { [(F —k,)sin(k—k,)
, + (k tany

(k—k,) +(k.tany)* |k tany cos(k —k,) L]+ k,tany |

. oo ,n=0 .
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BXIJHI XAPAKTEPUCTUKHU EJIEKTPUYHO TOHKOI'O JUITOJISA 31 SMIHHUM PAJATYCOM B3/10B’K AHTEHHN
M. B. Hecrepenko, O. M. Iymun, 0. B. Apkyma
Xaprxiecokuil nayionanvruil yrieepcumem imeni B.H. Kapaszina, maiioan Ceoboou, 4, Xapkis, Ykpaina, 61022

[IpencraBneHo HaONMMKEHE aHAIITHYHE PO3B'S3aHHS 3a7adi BUIPOMIHIOBAHHA (IUQpPAKIil) eJIEeKTPOMArHITHUX XBWJIb JHIIONEM
(MoHOMONEM) 31 3MIHHHM paJiiyCOM B3IOBX IOBKHHU aHTCHU. PO3B'3aHHS BHKOHAHO 3 BUKOPUCTaHHSIM Y3araJbHEHOTO METOLy
innykoBaHux enekrpopyuiiiaux cun (EPC). YucenbHO ROCHiIKEHO BIUIMB 3MIHM pajiyca MOHOIOJS Ha BXiJHI XapaKTEPHCTHKU.
TeopeTuuHi pe3yIbTaTH MOPIBHIOIOTHCS 3 €KCIIEPUMEHTAIEHUMY TaHUMH.

KirouoBi cinoBa: ounons, mononons, sminnutl padiyc,; 6Xioni xapaxmepucmuku,; y3azaisHeHui memoo naseoenux EPC



