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The article discusses how Kudryashov’s proposed self-phase modulation scheme and nonlinear chromatic dispersion cause the evolution
of quiescent optical solitons in magneto-optic waveguides. Provide a comprehensive understanding of the governing model; generalised
temporal evolution is considered. The modified sub-ODE approach is employed to facilitate the recovery of such solitons. This leads to
a complete range of optical solitons and the necessary conditions that must be met for these solitons to exist, which are also provided.
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1. INTRODUCTION

The three main features of how solitons move in optical waveguides and crystals are chromatic dispersion (CD), self-
phase modulation (SPM), and how pulses change over time after they are introduced at the beginning of the waveguides
[1-40]. Subsequently, these pulses evolve with temporally and spatially and thus serve as bit carriers for information
transmission through such fibers across transcontinental and transoceanic distances. There are many hiccups one faces
during the transmission of such pulses. One issue is the soliton clutter. Therefore in order to declutter these solitons, one
considers magneto—optic waveguides. This leads to the interest in magneto—optic waveguides.

This work examines soliton propagation in magneto-optic waveguides characterised by nonlinear cross-dispersion
and a particular kind of self-phase modulation, as postulated by Kudryashov. We preserve the temporal evolution of the
pulses using a general framework known as generalised temporal evolution. The inconsistent characteristics of waveguides
would cause the solitons to get impeded during their propagation via subterranean or underwater cables. This property
will be examined in depth in the present research, facilitating a clear comprehension and retrieval of the quiescent optical
solitons relevant to the model discussed in this work. This understanding will not only enhance the theoretical framework
surrounding self-phase modulation but also offer practical suggestions for optimising soliton transmission in complex
waveguide environments. By addressing these challenges, we aim to improve the reliability and efficiency of optical
communication systems that use these solitonic structures.

The mathematical algorithm that would be selected is the modified version of the sub—ODE (ordinary differential
equation) approach. This integration scheme would lead to the emergence of a wide spectrum of soliton solutions along
with their respective classifications. The results are reconstructed and presented in the subsequent sections of the paper
following a brief review of the model, its technical characteristics, and an explanation of the integration algorithm.
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It must be noted that the model with the quintuple form of SPM has been addressed in the previous round for optical
fibers [9]. However, the current work retrieves quiescent optical solitons for a different kind of optical waveguide, namely
magneto-optic waveguides, by the implementation of the improved sub-ODE approach.

Unlike prior analyses of Kudryashov-type nonlinearities that focused on single-field optical fibers (including quintuple
SPM in fibers) or on sixth/eighth-order single-field NLS equations, we study magneto—optic waveguides described by
a coupled magneto—optic (MO) waveguides system with generalized nonlinear chromatic dispersion and generalized
temporal evolution. This formulation introduces cross-SPM/CD terms and magneto-optic couplings (Q1, Q) absent from
fiber-only models, and enables the construction of new stationary families (bright, dark, straddled hyperbolic-rational,
Jacobi elliptic, and Weierstrass) with explicit existence constraints in the MO setting. In short, the novelty lies in the
medium and model (coupled MO system), the analytic framework (addendum to the improved sub-ODE within the MO
model), and the solution classification with parameter regimes tailored to magneto—optic waveguides [10, 11].

1.1. Governing model

Zayed et al. [32] analysed the nonlinear Schrodinger equation (NLSE) with non-local nonlinearity, Kudryashov’s
general quintuple power law, generalised nonlinear chromatic dispersion (CD), and a generalised temporal evolution,
expressed as follows:

i(\Pl)t +a (l\Plr \Pl) + [bl |1P|2m +by ||I;|2m+n + by |‘_P|2m+n+p + by |\P|2m+2n + bs |‘_P|2m+2n+p + bg (||{;|p)xx] \Pl =0,
XX

ey
In this context, ¥/ (x,) denotes a complex-valued function that characterises the generalised wave shape, with the con-
dition that I > 1 and i = V—1. The parameters r, [, m, n, and p are positive real constants. The initial term relates to
the generalised temporal evolution dictated by the evolution parameter /. The constant a represents the coefficient of the
generalised nonlinear CD, defined by the nonlinear parameter r. The constants b; (j = 1,2, 3,4, 5) denote the coefficients
of SPM arising from the nonlinear intensity-dependent refractive index framework, as examined by Kudryashov [1-3].

In magneto-optic waveguides, Eq. (1) separates into two components, as follows:

i) +a (Inlk nl) + [by [P + c1 [P 4+ dy PP 4 eq [P 4 £ PP 4 gy (1n)P) g 2
h 2m i 2m+¥rf 2m+n+p 2m+2n 2m+2n+p p 1 _ 1
+hy |p|™" + 11 |p] + 51 pl +np |pl +p1lpl +q1 (lp1P)xx]n’ = 010",

and

i(p')+as (Iplkpl) + b2 [p1*™ + 2 [pIP™" + da [p]*™ P + ea [P + £ [P + g3 (|p1P) 4y

3
l’lz |n|2m + 12 |r]|2m+n iXSQ |7]|2m+n+p +1 |77|2m+2n +pa |n|2m+2n+p +q2 (mlp)xx]pl — anl’ ( )
Here, n(x,1) and p(x,t) are complex-valued functions representing the wave profiles, with i = vV=1. The first terms in
Egs. (2) and (3) describe the generalized temporal evolution, characterized by the parameter / > 1. The constants a; (j =
1,2) are the coefficients of nonlinear CD, governed by the parameter k > 0. The constants b;, c;, d;, ej, f}, g, hj, I,
pjnj,andq; (j = 1,2) correspond SPM terms, structured according to the formulation introduced by Kudryashov [33,34].
Finally, Q; (j = 1, 2) denote the coefficients associated with the magneto—optic waveguides. The parameters m and n are
rational numbers, not necessarily integers.

This work aims to resolve Egs. (2) and (3) by an enhancement of the modified Sub-ODE approach. This methodol-
ogy is used to derive several categories of soliton solutions, including dark soliton solutions, solitary soliton solutions,
Jacobi’s elliptic functions, Weierstrass elliptic functions, bright soliton solutions, and straddled soliton solutions. Conse-
quently, a broad array of soliton solutions would arise.

This article is organised as follows: Section 2 presents the mathematical study. In Section 3, a modification of the
modified sub-ODE method is implemented. Section 4 presents more findings. Conclusions are presented in Section 6.

2. MATHEMATICAL STRUCTURE
To resolve Egs. (2) and (3), we suggest that the wave profiles exhibit the following forms:

n(x,1) = ¢1(x)e,
4
p (x,1) = o(x)e,
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where ¢;(x) (j = 1,2) are real functions and A is a constant representing the wave number. Substituting (4) into Equations
(2) and (3), we obtain:

—U (x) + ay(k +D)(k +1 = DM =2 ()¢ (x) + ay (k + DA+~ ()¢ (x)

+b1¢%m+l (x) + cl¢%m+”+l (x) + d1¢?m+"+p+l (x) + el¢%m+2"+l x) + f1 ¢?m+2n+p+l (x)

+g1p(p = NP P ()72 (x) + g1pd" M (1)) () + hi g2 (x) ¢ (x) + 11627 ()¢l (x) (5)
+5107" P (0@ (x) + 1187 ()G () + p13" P (08 () + q1p(p - Db (065 (x)
+q1p6" "M (0] (x) = 0164 (x),

and

’

—U () + ax(k+ Dk + L= DI 202 0) + ar(k + z>¢§+f-1<x)¢2; (x)
+hrg2 " (x) + 202 (1) + o)™ () + €282 () + o) (x)
+g2p(p = DL (1) 92 (x) + g2p? ™ (1)) (x) + ha?™ (x) ¢l (x) ©6)
+h 2 () Ph (x) + 527" (1)L (x) + nag? 2 () gk (x) + pagt ™ (x) gL (x)
+q2p(p = DY ()72 (0)ph (x) + q2pd” ™ ()¢} (x)ph (x) = 020 (),
Now, for the sake of simplicity, let us put
$2(x) = xp1(x), @)

where y is a nonzero constant and y # 1. Egs. (5) and (6) became:

—(AL+ Q1xH ek (x) + /c/n(k +)(k+1 =12 (x) 7% (x)

+ay(k + D" (x)¢| (x) + (b + hix*™™) ¢%m+’(x2) l

+ (Cl + llX2m+n) ¢%m+n+l (x) + (dl + S1X2m+n+p) ¢1m+"+P+ (x) (8)
+ (e + npy¥mrn) ¢%m+2n+l (x) + (fi + pLy¥me2n+p) ¢?M+2n+p+l (x)

+(g1 +qix?) p(p — D" ()2 (x) + (g1 + q1x?) pe? ™ ()] (x) = 0,

and
—(Ax" + 02) ! (x) + az(k + D) (k + 1 = D)) "+172(x) ¢/ (x)
+a2(k + Z)Xk+l¢]l<+l—l (x)(p’l’ (.X') + (b2X2m+l + hz)(l) ¢%m+l (.X)
+ (62X2m+2n+l + lle) ¢%m+n+l (x) + (d2X2m+n+p+l + sle) ¢?rn+n+p+l (x) 9)

2m+2n+p+l
+ (62)(2m+2n+l +n2Xl) ¢%m+2n+l(x) + (f2X2m+2n+p+l +p2Xl) ¢1m n+p (x)

+(g2xP* + qox!) p(p = D2 ()42 (x) + (g2 + qax’) po? ™ (09 (x) = 0,

Egs. (8) and (9) are equivalent along with constraints conditions:

A+ Q1) =y + 0,
ap = asz+l
b1+ hix*™ = box*™* + hpy!,

c1+ IIX2m+n - 62X2m+2n+l + lle’ (10)

dl + S]X2m+n+p — d2X2m+n+p+l + Sz)(l,
el + an2m+n — 62X2m+2n+l + anl,
fl + plX2m+2n+p — f2X2m+2n+p+l + szl’

g1+ qix” = gxPt + qax.
Solving Eq. (8), let k = 6m, p = 4m,n = 2m then Eq.(8) is now
—(AU+Q1x") +ai(6m +1)(6m +1— 102 (x) ¢ (x)
+a; (6m + D¢ ()¢, (x) + (b1 + hix>™) 7" (x)
+(er+1x™™) 677 (x) + (di + s1x¥") ¢ (x) (11)

+(er +nx®) @8 (x) + (fi + pix'"™) 61" (x) )
+ (g1 + qix™™) (4m)(4m — D" 2(x)¢77 (x) + (g1 + q1x™™) (4m) ¢!~ (x) ¢, (x) = 0,

Balancing ¢1%" (x) with ¢$"~1(x)¢/ (x) in Eq.(11) gives N = 5-, m # 0. In addition, considering the transformation

1
¢1(x) = Vo (x), (12)
where V(x) denotes a novel function. By putting (12) into Eq. (11), we have

@) + OV )V (x) + D3VE(X)V (x) + DaV(x) + DsV2(x) + DV (x)

+D7V4(x) + DV (x) + DoV2(x) + DoV (x)V' (x) =0, (13)
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where
@) = —(l + Q1))
D, = SL () (6m + 1),
O3 = 2‘%(67’)’[ + 1),
by =b + thZm’
(1)5 =c) + I]X4m,
D6 = ey +ni x°", (14)
O =d; + Sl)(gm,
@5 = fi + pix'O”,
Dy =2 (g1 +q1x*™).
Do =2 (g1 +q1x™™).
Next, we will employ the integration method explained below to generate the solitons of Egs. (2) and (3).
3. AN ADDENDUM TO THE IMPROVED SUB-ODE METODOLOGY
It is presumed that Eq. (13) has a formal solution [35-38]:
N
Vx) = Y Ag[HWI® . (15)
s=0
The constants Ay, for s =0, 1,2,..., N are specified, with Ay # 0, and the condition H(x) is satisfied:
H?(x) = AH*>72%(x) + BH*> %(x) + C H*(x) + D H**%(x) + E H*"*%(x). (16)

In this particular case, E,D,C, B, and A are constants, whereas « is a positive integer. Given D[¢(x)] = N, then
D[¢'(x)] =N +a,D[¢"(x)] =N + 2, and so D[¢") (x)] = N + ra. Therefore, D[¢"") (x)¢*(x)] = (s + 1)N + ar.
When the highest derivative V"’ (x)V?(x) is balanced with the nonlinear term V> (x) in Eq. (13), the result is:

3N+2a=5N = N =q. W)
With @ = 1 and therefore N = 1, Eq. (15) becomes:
V(x) = Ao + A1 H(x), (18)
given that Ag and A are constants with A; # 0, H(¢) admits:
H?(x)=A + BH(x)+C H*(x)+ D H*(x) + E H*(x), E #0. (19)

Substituting Eqs. (18) and (19) into Eq. (13) and grouping all terms of [H(x)]'[H]’/, where [ = 0,1,2,...,5and f =
0, 1 to zero yields:

H3(x) : @3A] + (P2 +2D3)EAT =0,
H*(x) : (@2 +4@3)EA¢A? + D74} + D9AE + DrA3D + 5B5A0AT + 3DD3A3 + 20 19AE =0,
H3(x) : @6A3 + 1003ATA) + (D + D3)CAT + 203EATA| + DD2AgAT + 3DD3A0A]
+4D7A0A3 + 3DD1gA% + DD9A? + 2ED19AgA| = 0,
H?(x) : @5A% + 203CA9A} + 303D A2A; + 3D®19AgA| + DCAGA? + D A3B + Dy ALC
+ CD]()CA% + %@3314? + 3®6AOA% + 6CD7A(2)A% + 10@8A8A% =0,
H(x) : ®4A1 + BA)AT (D + @3) + CD3ATA| + D19AgA|C + P2ATA + BDyAT
+3D6AZA| +2D5A0A| +4D7A3A| + 5DgAGA; + JD10AIB = 0,
HO(x) : DgAAT + D7AS + DgA) + DyAg + D5 AL + DeAS + D + DrAGATA + JD3BAA,
+1®10BAA; = 0.

(20)

We will now examine each of the following sets:

Set-1: Considering D = B = A = 0in Eq. (20), the results achieved are:

E (D +20
Ao = Ao, A =\/—%, Q1)
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and ) 2 2
P, = _AiP(CATHEA))
1 A2 ’
1
b, = Ay (CO2A0A3+EDr A} ~C A3 (209 +®19) ~2E A2 (209+®19) )
= A2 ’
1
_ CApAL 20y +®3) +2E A (202+®3) —~C A% (Do +®19) ~6E A} (D9 +2P19) 22
®s = i , (22)
1
o CA%(D+®3)+6E A} (Dr+®3) —2E A} (2D9+3®1)
6 = — 2 ’
A
1
_ 2EA2(2®,+3®3) - E (Do +2P10)
o7 = e ’
1

given C > 0 and E < 0, the solutions represent the bright solitons, which are:

1
2m
C (D +20 :
n(x,1) =& |Ag + 4 /%sech\/gx e (23)
%
d) + 20 )
p(x,1) = y& | Ag + 4 /C(szﬁsech\/Ex e, (24)

Set-2: Considering B = D = 0 and A = % are replaced into the algebraic equations (20), the results achieved
are:

and

where q)g(q)z + 2(1)3) > 0.

E (®g +20))

Ap=0, A = [-—, 25
0 1 o, (25)
and , ,
o, = -
CDgA?+2ECD3
Qy=-——F—,
D, = A%cz(zf;ﬁ@gfx%)’ (26)
&5 = —C (P9 + Dy9) ,
D = c(¢3Ag+Eqv3),

where E®7(®g + 2P () < 0. Hence, the dark solitons take the form of:

1
2m
C((I)g +2¢’10) C it
- ,/— h(y/-= i 2
nix,t) =¢ 2D, tanh( > x)| e, 27

2m

C .
tanh( -5 x)| e, (28)

and

C ((Dg + 2(1)1())

9t =
p(x,t) = xe 23

provided C < 0, ®7(Dg + 2d19) <0, & = 1.

Set-3: Considering B = D = 0 and A = e‘EC > are replaced into the algebraic equations (20), the results achieved
are:

Ap=0, A=Ay, (29)
and
@, = _czelcbgA%’
CPgAlg+E<D2
3 =———F
C2e; D A2
P4 =" (30)
@5 = —C (P9 + q)l(z)),
® = _CE@zz—gtbgAl’
®; = _E(‘l)9+22‘1>10)

Al
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assuming that e; remains constant, the following scenarios are derived:

2 2_ 2.2 2_
(I) Considering e = %, A is given by %, and 0 < m; < 1, the Jacobi elliptic solutions are derived:
)\ o
Cm C )
n(x,t) =¢|A |[-————] en|,]——— x, m e
E(2m% -1 Zm% -1
and
R *
Cm C )
x,1) = ye |A |[-————1| cn X, m e
pOoD) = xe A E(sz—l)) ( -1

provided C (Zm% -1)>0,E<0.

(IT) When e; = ((21__2?))2, A is given by gi;l_—;:;‘jz, and 0 < m; < 1, the Jacobi elliptic solutions are obtained:
1 I
n(x,1) =€ |A; _E(%m%)) Z_Cm% X, ml) P
and 1
! Tm
p(x,1) = ye |A; _E(%m%) dn( 2_Cm% X, ml) e

assuming C > 0, E < 0. The bright solitons are given when m approaches 1~ in the Eqs. (31) - (34):

[ C o
n(x,t) =& |A -z sech (\/Ex) e
and 1
[ C o
p(x,1) = ye |A; - sech (\/Ex) et
2 2,2
(IIT) When ¢ = (;n—+‘1)2 and A = % with 0 < m; < 1, the resulting Jacobi elliptic solutions are:
m m
Cm% C ™ 0
n(x,t) =¢|A |-——————]| sn|,|-———— x,m e
E(m% +1) m% +1
and 1
Cm? C e
x, 1) = ye |A |-———L—] sn| [-———— x,m e
Pl =x 1( E(m§+1)) (\/ m?+ 1 l)l

provided E > 0 and C < 0. The dark solitons, when m approaches 1~ in Eqs. (37) and (38), are:

1
C C 2m )
Alﬂ_ﬁ tanh (\’—E .X)l El/lt,
%
’ c ’ C " iAt
A1 ﬁ tanh( Ex)l e’ .

n(x,t) =&

and

p(x,1) = xe

€1V

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

Set—4: Considering A = B = 0, C > 0, and D? = 4CE are replaced into the algebraic equations (20), the results achieved

are:
Ap=0, A = Ay,

(41)
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and ,
Dg AL +2E D3
@, - -,
C(ZVCE¢3A31+x/CE<1>3A1E+q>7EAf+E2<1>,0)
5 = E2 9
® w/CE(3x/CEq>8Aﬁ+x/CE¢3A1E+2<1>7EA21+E2<1>]0) 42)
6 = — 2 s
E*A,
2VCE®3 A3 +VCED3 A\ E+D7EAT+2E D
(DQ = - E2A| )
b =Py =0.

Therefore, the dark solitons become:

i
n(x,1) =¢ %\/g 1 + tanh g x)l " e, (43)

and 1
p(x,1) = ye %\/g 1 + tanh ? x)l " et (44)

The singular solitons emerge as:

€
n(x,t)=¢ —% % (l +coth§ x) " e (45)

and _ N
p(x,1) = ye —%\/g 1+ cothg x lz’" et (46)

The bright soliton solutions are:

A |C 28601’12‘/75 X o i
nx,t) = | = z——| ", (47)
2 E[1+tanh2‘/76x]
and 1
1) A |C ZSechz‘/T6 x| . 48)
px,t)=x|—=s————————— e,
2 E[1+tanh2‘/76x]
Then the singular solitons are:
A |C 2CSCh2‘/76 X o i
nx, ) == zs————— e, (49)
2 E[1+coth2‘/76x]
and 1
1) A |C 2CSCh2\/2—6 x | . 50)
px,t)=x|—|=o———— e,
2 E[1+coth2‘/76x]

Set-5: Considering A = 0, B = %, E = %, and C < 0 are replaced into the algebraic equations (20), the results
achieved are:

Ao =0, A = Ay, (51
and
@ =0,
_ 6CD®3A | +4C D7 A2+ D> D9+2DD
@2 = - ) 4CDA, ’
¢)4 - _4C A|§§4D39+(D10) , (52)
C(8CD®3A+8CD;A2-25DDy—23D*®))
®s = 27D? ’
O = 2CDD3A | +4CD7AT-3DD9—2D2 Dy
6= aCA, :

Consequently, the corresponding solutions employing hyperbolic functions are:

1
2v3e |
Al( SCunh 5 X ))l e, (53)

xX,t) = -
77( ) 3D (3+tanh @ X
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and 1

—~~ 2m
8C tanh® % X )l ei,u

p(x,t) = x A (54

3D (3+tanh Y5 x

Also,

n(x,1) =

2 V33€ e
A ( 8C coth” = x)) el,u’ (55)

3D (3+coth € x

and

8C coth? # x o ei/lt (56)
3D<3+coth% x) ’

p(x,1) = x |A

provided DCA; < 0.

Set—6: When A = B = 0 and E = % — C are replaced into the algebraic equations (20), the results achieved are
derived in the following cases:
Ag=0, A=Ay, (57)

and
@5 = —C(Dg + @y9),
q)6 — _2CA|((I)2+CD3)+D(2(I>9+3CI>]0)

2A,
_ C(-4D®>A|—6DD3 A +4C Dy +8C D 1o—D2 (Dg+2D1)

dy = 4CA? s (58)

_ (2C%*-D?)(®y+2®3)

®s 4CA? ’
D =Py =0.
As aresult, the bright solitons become:
i Gl
1 2m .
n(x,t) = A | ——=——| €7, (59
| cosh VC x - % |
and 1
i | 1
px 1) = xAr | ——=—5| ", (60)
| cosh VC x - % ]
where C > 0.

Set-7: Considering B = D = 0 are replaced into the algebraic equations (20), the results achieved are:

Ag=0, Aj= - 220E (1)

and
D, = —ADyA2,
Dy = —AD A2,
@5 = —C(Dg + Do) (62)
D¢ = —C(d>2 + @3),
@ = _E(‘P9;22‘P10) i
1

where E®g(®; + 2®3) < 0. In view of this, the following are the four solutions that take the form of Weierstrass elliptic

functions:
M 1

N =e [\/—% (91, 82.850 - %)] T, (63)
and 1

px,1) = xe \/—“I’g—;;"” ( o [(x),g2.83] - %)] "o, (64)
(ID

L
4m

ei/ll , (65)

n(x,1) =¢ [W( A Q)
3

9l (x),82,83]1—
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and

1
4m .
p(x,1) = x& [\/—(®2+§3)E(¢[ . ]c)] e, (66)
A -3

(x),82,83

where the solutions of the Weierstrass elliptic function (63)-(66) are characterised by the invariants g and g3, which are
determined by the following equation:

g2 = HOHHME and gy = CLEGRAR, (67)
(IID) |
nenn =2 [\/— @ Z0E (Mgl 0)| " i 4 5, (68)
and N
20 [P (<] a0 @)

Set-8: Considering B=D =0and A = 36 + are replaced into the algebraic equations (20), the results achieved are:

Ag=0, A= - 2200E (70)

and o
5C2dgA
¢1 = - - 17
36E
(I)gAl+2E(I)3
D, = —T,
@, = (50547 +2E<D3)C2A2|’ (71)
9

(I) = —C((I)g + (Dl())

@ = C(<I>8AE+ECI>3)’

provided E > 0, D7(Dg + 2d1g) < 0, € = £1. In view of this, the following are the two solutions that take the form of
Weierstrass elliptic functions:

1
_ [ 5C2(@9+2010) 69 (x).82.831+C | ™" iar
n(x’t)_g[ T me Tl | ¢ (72)
and .
/ 5C%(Dy+2D1p) 6 c|™ ;
p(x,1) = ye [ (36957 10) fgp(x()xs)zéé,;; e“lt, (73)

where the solutions of the Weierstrass elliptic function (72) and (73) are characterised by the invariants g, and g3, which
are determined by the following equities:

2 3
g =% and g3=%. (74)

4. ADDITIONAL RESULTS
The Weierstrass elliptic function @ (x; g2, g3) is typically represented as [39,40]:

0 (x;82,83) = b — (I = 3)en? (VI] = lx;my)

(75)
9 (x:82,83) = I3+ (I1 — 3)ns? (VIT = s my)
The modulus is derived from m; = 52 ls "as described by the Jacobian elliptic functions, where /; with j = 1,2, 3, and

[y > Iy > I3, are the three roots of the equatlon 4y’ — gy — g3 =0.
Upon substituting (75) into (63) and (64), the following are the four solutions that take the form of Jacobi elliptic functions:

n(x.0) = [,/_@g% (|- @ -wen? (Vi =Exm)| - )] e, (76)
and N
p(x,1) = ye [w/—% ( [12 — (L = I3)en? (\/ll -1 x;ml)] - %) " e 77)
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also,

n(x,1) =& |+/— M ([13 + (I, - I3)ns* (\/ll — I3 x;ml)] - %) o e (78)
and

p(x,t) = ye ,/—% ([l3 + (I — I3)ns? (\/ll -1 x;ml)] - %) ﬁ e, (79)

where EDg(D; + 2d3) < 0. In detail, as m; — 1, I} — I, resulting in ns(x, 1) — coth(x) and cn(x, 1) — sech(x).
Bright and singular solitons appear prominently in the solutions:

1

im

n(x,1) :s[,/—(‘l’g—df“ ( [12—(12—13)sech2 (\/z1 " x)] _g) et (80)
and N

o(x,1) = ye [,/—% ( [12 — (I - I3)sech? (\/ll N x)] - %)} et 1)
also,

n(x0) = ¢ [,/—(‘1’2;—4";;1’3) ( [lz — (I - I3)coth? (\/ﬁx)] - %) ﬁ iy (82)
and

ple.t) = ye |- @220 ( [12—(12—13)coth2 (\/11 1 x)] -g) ﬁe“’, (83)

where EDg (P, + 2d3) < 0.
Upon substituting (75) into (65) and (66), Jacobi elliptic solutions are achieved:

1
_ [ (@+205)E A i
n(x.1) =& [ Dy ( L—(L-lz)en2 (Vi -1 x;m])—g) € (84)

and 1
_ [~ (@r200)E A i
p(x,1) = xe [ g ( lz—(lz—ls)an(mx;ml)_g)} ¢ (85)
also,
e
_ [ (@+205)E A i
n(x’ t) =€ [ (o (l3+(11—13)n52(\/ll—l3 x;m1)—% )] ¢ ’ (86)
and

p(x,1) =

1
(@2+2@3)E 4m il
NV~ (z;+(11 l;)nsZ(ﬂx ml)—)] e, 87)

where E®g (D, + 2®3) < 0. Singular and dark solitons appear prominently in the solutions:

i
[ (@+204)E A i
o8 ( L-(h-k)sech?(VIi-I; x)-§ )} € (88)

n(x,t)=¢
and 1
_ (94209 A i
plx.1) = xe [\' o8 (12—<12-z3>sechz(mx)—§)] “ (89)
also,
1
_ [ (<I>z+2<I>3)E i
nix.1) =2 (m(z] z3>coth2(\/11 w)—)] € (©0)
and

1
_ [ (<1>2+2<1>3>E i
plx.1) = xe [ (13+(11 l;)COthz(\/ﬁx)—)] e On

where EDg (D, + 2d3) < 0. By inserting (75) into (68) and (69), Jacobi elliptic solutions are generated:

1
\/@TW 6VA[L—(b-L;)en* (VI =I5 x;m; ) |[+CVA o ot (92)
18 VI (L-L)en(Vh =I5 x;m; ) Sn(VI =15 xym ) dn (VI =1 x;my ) ’

n(x,t) =&
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and
1
_ 1 [ (@4203)E 6VA[L-(b-L)en? (V= xim; )| +CVA i
p(x’t)‘)(s[ls‘l @ (mazmcn(mx;ml)sn(mx;ml)dn(mx;m.) “
also,
1
(1) =€ 1 | (©+203)E [ 6VA[l3+(l1 -1;)NS* (VI =I5 x;m; ) | +CVA dm oM 94)
M =115y s VL =L (1~1)Cn (NI =T xmy ) AN (V=15 xomy )03 (VI - ximy ) '
and

1
/ (D203)E [ 6VA[L+(L -5)NS* (VIi=T x;5m1) |[+CVA i
Pl =x€ |15 @ (m<zl—mcn(mx;ml)dn(mx;ml)ns3(mx;m.) @

where E®g(®; + 2®3) < 0. Notably, the solutions includes additional forms of straddled quiescent optical solitons:

1
[ (D +2d3)E 6\f AlL- (- l%)SeChz(\/lz zxml)]+C\F dmou
n(x t) =€ [18 [N ( Vh—-B (- lx)SeChz(\/lg I3 x; ml)tal’lh(\/lz I3 x; ml) € (96)
and 1
B 1 [ (@m200)E 6VA[b—(l-1)sech? (Vh=T5 x;m; ) |+CVA m
p(x’ t) - XS 18 (DS ( Vlz*l3 (lz*lg,)SeChz( Vlz*l_?, x;ml)tanh(\/lth x;ml) € ’ (97)
also,
1
n(x, 1) =¢ [ (@:4203)E 6VA[ 3+ (L-b)coth? (V= 3xm1)]+cf dm it 98)
18 (1)8 \/lz (lz l3)SeCh2(\/lz 3 X5 ml)COth (\/lz 3 X, ml) ’
and 1
p(x t) _ XS ' ((I)2+2(I)3)E 6ﬂ[l3+(lzfl3)coth2(Vlz*l3 X;m1)]+C\/Z am ei/lt (99)
(Dg \/12—13(12—13)Sechz(\/lz—l3 X;M])CothS(\/lz—h x;ml) ’

where E®g(®; + 2d3) <0, A > 0.
By inserting (75) into (72) and (73), Jacobi elliptic solutions are formed:

1

_ _5C2 (@9 +2@10) 6[ - (b-B)en? (V=I5 x;m;) |+C e
n('x’ t) =& [ 36D ( RV —l}(lz—l3)Cn(\/l1—l3 X;ml)sn(\/ll -3 x;ml)dn(vll—l3 x;ml) € (100)
and 1
_ _5C2(<1>9+2<1>10) 6[12—(12_13)Cn2(mx;ml)]+C o i
plx,1) = xe Y 360, ( 3VIi=5 (b —13)Cn (V=1 x;m1 )SO(VI =T x;my )An(VI=F x;mi) € (101)
also,
1
_ [_5C2(®9+2‘1>10) _ 6[13"'(11—ZS)HSZ(HX;’”I)]"'C o
T](x’ t) =¢ [ 36CI)7 ( 3\/[] —13 (l] —l3)Cn(\/ll —l3 X;M])dn(\/ll —l3 x;}’n1)ns3(\/l| —13 x;ml) ¢ ’ (102)
and
1
_ [ 5C2(@9+2010) [ 6[ 13+l —1)NS? (VI =15 x;m;) |+C Y
px.1) = xe 3607 ( 3L =5 (i -B)en(Vh = xym; )dn(VI =1 x;m )ns* (VI =15 x;m) ) € (103)
where @7 (®g + 2d1g) < 0. A further set of additional form of straddled optical solitons is enlisted here:
1
— [ 5C%(@y+2P10) 6[2-(-1;)sech? (V=T x) | +C i
T](x, t) =€ 36CI)7 ( 3\/12—13 (lz—lg)sechz( \/lz—lg x)tanh( \/lz—l3 x) ¢ ’ (104)
and 1
_ [_5C2(®9+2<I>10) 6[L-(l- lz)SeChz(Vlz I x)]+C zm
p(x’ t) - Xg |: 36‘1)7 ( 3\/12 l}(lz l})SeChz(\/lz 3 )C)tanh(\/lz 3 )C) (105)
also,
1
n(x t) —c ,_5C2(¢9+2(b]0) [lg+(12 lz)COthz(\/lz 2] x) +C m (106)
’ 3607 3VhL -1 (- lg)SeChz(\/lz I3 X)COth (\/lz I3 x)
and 1
_ [ 5C2(Dg+2D14) 6[13+(1,-13)coth? (V-5 x) | +C o
,1) = - - s 107
plxt) = xe [ 3607 ( 3L =T (I -1y)sech? (VLT x)coth’ (VE=T; x) ¢ (107)

where @7 (®g + 2P ) < 0.
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5. RESULTS AND DISCUSSION

The application of the modified sub-ODE methodology to the coupled nonlinear Schrodinger—type system yields
a wide spectrum of quiescent soliton solutions in magneto—optic waveguides subject to nonlinear chromatic dispersion
and Kudryashov’s generalized self-phase modulation. In this section, we focus on three representative families of
stationary localized states: bright, dark, and straddled (hyperbolic-rational) quiescent solitons. Their spatial structures, as
reconstructed from the analytic formulas, are depicted in Figures 1-3.

Figure 1 illustrates the family of bright quiescent solitons described by Eqgs. (23)—(24). Both field components, 7(x)
and p(x), exhibit a single localized hump centered at x = 0, decaying exponentially to the background. The parameter
m plays a dual role, modulating both amplitude and spatial width of the soliton. For smaller values of m, the profiles
become broader with lower peak intensity, whereas increasing m sharpens the localization and elevates the peak amplitude.
Importantly, the bright states maintain their stability across the tested range of m, reflecting the robustness of the balance
between nonlinear self-phase modulation and dispersive spreading.

(a) Bright quiescent soliton for n(x) given by Eq. (23), shown (b) Bright quiescent soliton for p(x) given by Eq. (24), shown
for different values of m. for different values of m.

Figure 1. Bright quiescent solitons: localized hump solutions described by Egs. (23)—(24) (C = 0.8, ®; =2, &3 =
1, dg=1, Ap=02, e=1, y=0.5).

In contrast, Figure 2 presents the dark quiescent solitons obtained from Egs. (27)—(28). Here, the fields n(x) and
p(x) retain a finite background, featuring a localized notch at the origin. The depth of this dip depends sensitively on
m: shallow depressions for small m evolve into deeper and narrower notches as m increases. This behavior mirrors the
expected dynamics of dark solitons under normal dispersion conditions. The presence of a finite pedestal ensures that
the solutions remain bounded, which is a crucial feature for stable pulse transmission. The consistency of these results
with the parameter restrictions in Set-2 highlights the versatility of the sub-ODE method in capturing both bright and dark
stationary structures within a unified framework.

A more exotic class of solutions is displayed in Figure 3, where the hybrid hyperbolic—rational structures emerge from
Eqgs. (53)—(54). These “straddled” solitons exhibit a shallow hyperbolic-type core near x = 0, accompanied by algebraically
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(a) Dark quiescent soliton for 77(x) given by Eq. (27), shown (b) Dark quiescent soliton for p(x) given by Eq. (28), shown
for different values of m. for different values of m.

Figure 2. Dark quiescent solitons: localized notch solutions described by Eqs. (27)-(28) (e = 1, x =05, C =
-0.8, ®7=-1, &g=2, Pjp=1.).
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decaying shoulders extending into the far field. Such composite profiles differ from the exponentially localized bright and
dark solitons: while they maintain localization, their slower tail decay introduces long-range interactions that may influence
multi-pulse dynamics in realistic magneto—optic media. The dependence on m again tunes the relative prominence of
the core versus the shoulders, suggesting that the soliton morphology can be engineered through parameter control. The
analytical derivation of these solutions (Set-5) demonstrates the flexibility of Kudryashov’s SPM structure in generating
hybrid states that combine features of both hyperbolic and rational forms.

0.3

—_—m=05

(a) Straddled (hyperbolic-rational) quiescent soliton for r7(x) (b) Straddled (hyperbolic—rational) quiescent soliton for p (x)
given by Eq. (53), shown for different values of m. given by Eq. (54), shown for different values of m.

Figure 3. Straddled (hyperbolic—rational) quiescent solitons: hybrid profiles described by Egs. (53)—-(54) (C = -0.8, D =
I, Ai=1, x=0.5)

Taken together, the three families highlight the diversity of stationary quiescent solitons admitted by the model.
Bright and dark solutions represent classical solitary waveforms associated with anomalous and normal dispersion regimes,
respectively, while straddled solitons introduce hybrid decay patterns with potential for novel interaction dynamics. The
modulation parameter m consistently acts as a control knob for amplitude—width trade-offs, underscoring its physical role in
tailoring pulse shapes. From an applications perspective, the ability to sustain such varied soliton classes in magneto—optic
waveguides suggests opportunities for optimizing pulse transmission, mitigating clutter, and exploring nonstandard optical
switching regimes.

6. CONCLUSIONS

This work examines quiescent optical solitons in magneto-optic waveguides, including nonlinear CD and generalised
temporal evolution, using Kudryashov’s generalised self-phase modulation structure. The generalised version of sub-
ODE is the mathematical framework that has facilitated the successful recovery of quiescent optical solitons. We
establish a diverse array of classified optical solitons and the parametric conditions that guarantee their existence. These
solitons exhibit unique stability properties and can be manipulated by varying the external magnetic field and waveguide
parameters. Our results deepen the understanding of soliton dynamics in complex media and open avenues for potential
applications in optical communications and information processing. The results of the work serve as a stark reminder to
the telecommunication engineers that rough handling of optical fibers would stall the progress of such solitons under the
sea as well as underground. This would catastrophically dismantle the internet traffic flow across the planet.

While magneto—optic waveguides is one of the optoelectronic devices where the dynamics of quiescent optical
solitons are established in the current paper, the study would be later extended to additional such devices that has been left
untouched in the literature. Examples of such devices include Bragg gratings, optical couplers, optical metamaterials, fibres
exhibiting polarization-mode dispersion, and dispersion-flattened fibres, among others. The mathematical algorithms that
would be adopted while addressing such devices would be plentiful including the most powerful of them namely Lie
symmetry analysis. The results would be disseminated all across the board sequentially over time.
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CIIOKIMHI COJIITOHU B MATHITOOIITHYHUX XBUWJIEBOIAX 3 HEJIIHINHOIO XPOMATHYHOIO
JUCIIEPCIEIO TA ®OPMOIO CAMO®A30BOI MOZIYJIHHIT 3A RKYAPAIIIOBUM, 11O MAIOTH
VY3ATAJIBHEHY YACOBY EBOJIIOIIIIO
Eascaen MLE. 3aen', Mona Exp—Illatep', Axmen X. Apayc>>, Omep Moxammen Xomaep Aunb-/ynaiimi*, ®apar
Maxeas Myxammen®, I6parivm 3exaiiron Yaay6°, O. Fonsanes-Takciona’, Ammxan Bicsac®? 101! Kapmenis
Mapiana Bananika JIparomup'©
' Kagpedpa mamemamuxu, dpaxyavmem npupodnuuux nayk, 3azazusvkuii yHisepcumem, 3azasuz—44519, Czunem
2Kazﬁedpa Mmamemamuunux Hayx, Inocenepna wikona Cagimxa, SIMATS, Yennai - 602105, Tamianady, Inois
3 Haykos0-0ocrionuii yenmp npuxaadnoi mamemamuiu, Yunisepcumem Xazap, Baxy, Apuzona 1096, Azep6aiioscan
4Kagpedpa mexniunoi inocenepii 36’ s3xy, Yuisepcumem Ano-@apaxioi, Bazdad—10015, Ipax
3 Anv-Hibpac Yuisepcumem—Ipax, Tikpum—34001, Ipax
®Kagpeopa dinosozo adminicmpyeanus, Konedoc adminicmpysanns ma exonomixu, Yuisepcumem Anv-Ecpaa, Baz0ad—-10067, Ipax
TKagpedpa npukaadnoi mamemamuxu ma cucmem, Aemonomuuii ynieepcumem Mempononimany—Kyaximanena, Backo-0e-Kipoza
4871, 05348 Mexiko, Mekcuka
8 Kagpedpa mamemamuxu & gpizuxu, Jepocasnuii ynisepcumem Ipembainea, I'pembnine, Jdyiziana 71245-2715, CIIA
Kagpedpa ¢pizurxu ma enexmponixu, Ynisepcumem Xasap, Baxy, Apusona—1096, Azepbaiioscan
O Kagpeopa npuxaadnux nayx, TpanckopOonmuii daxynbmem ymanimapHux, eKoHOMiuHux ma inocenepnux nayx, Taraypkuii
yHisepcumem Jyuapea e XKoc, syauus Jomusicka, 111, [aray—800201, Pymynis
U Kagbeopa mamemamuxu ma npuxkaadnoi mamemamuxu, Yuieepcumem meduunux nayk Cegbaxo Maxeamxo, Medynca—0204,
Iligdenna Agppuxa
V cTarTi 0OroBOpIOEThCS, SIK 3anporoHoBaHa KyapsmioBum cxema camoa3oBoi MOAYJALii Ta HeNMiHiiHA XpoMaTH4HA AUCHepCis
CIPUYMHSIOTH €BOJIOLIIO CIIOKIHMX ONTHYHHUX COJIITOHIB Y MarHiTOONTUYHUX XBHJIEBOJaX. 3a0e3nevyeThCs TOBHE PO3YMiHHS MOJe
YIPABJIHHS; PO3IJISIAETHCSI y3aralibHEHa YacoBa eBOJONist. [JIsi OJIErTIIEHHS BiJIHOBJIEHHS] TAKUX COJIITOHIB BUKOPHCTOBYETHCS MO-
nudikoBanmii miaxia cy6-ODE. Ile npu3BoguTh [0 MOBHOTO CHEKTPY ONTHYHUX COJMITOHIB Ta HEOOXiJHUX YMOB, SIKi TIOBHUHHI OyTH

BUKOHAHI JIJI51 iCHYBaHHS LIUX COJIITOHIB, SIKi TAKOX HABOIATHCS.
Kuarouosi caoBa: corimonu; camogdpazosa mooyasyis, inmezposanicmv; XpoOMamuura OUCnepcis
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