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Analytical expressions are derived to describe the nonparaxial diffraction of modes in a dielectric waveguide resonator for a terahertz
laser. The study examines the interaction between azimuthally polarized TEo» (m = 1, 2, 3) modes and a spiral phase plate (SPP),
accounting for its different topological charges (n). Using numerical modeling, the emerging physical properties of vortex beams are
investigated when they propagate in free space. Vector integral Rayleigh-Sommerfeld transforms are used to study the propagation in
the Fresnel zone of vortex laser beams excited by TEo» modes of a dielectric waveguide quasi-optical resonator when they are
incident on a phase plate. In the studied modes, in the absence of a phase plate, the field exhibits a ring-shaped transverse intensity
distribution along the propagation axis. In this case, the number of rings in the cross-section corresponds to the azimuthal number of
modes, and the phase distributions for the transverse components of these modes have opposite signs. The use of a SPP with a
topological charge n = 1 changes the structure of the beam field, forming an axial maximum in the transverse profile with an increase
in the beam diameter at this maximum compared to the case without a phase plate. At the same time the phase structure of the field
for transverse components acquires two-lobe symmetry. When using a SPP with a topological charge n = 2 for the TEo1 mode the
restoration of the ring-like field structure is observed and for the TEo2 and TEo3 modes the formation of regions of increased intensity
is observed. In this case, the phase distributions of the field components for the TEo1 and TEo2 modes acquire a three-lobe spiral
structure, whereas those for the TEo3 mode acquire a multi-lobe spiral configuration.
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propagation
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1. INTRODUCTION

In recent years, in addition to the development of efficient sources and detectors in the terahertz range [1 — 3], the
development of terahertz optics is also necessary to ensure the possibility of specific control and manipulation of such
radiation by changing its amplitude, phase, polarization, and even orbital angular momentum (OAM) [4 — 6]. Among
various terahertz structured beams, vector beams with inhomogeneous phase and polarization states have shown
significant practical value in many fields due to their unique light-field distribution characteristics [7 — 9]. The growing
interest in terahertz vector vortex beams is due to the helical dislocations of the wavefront that arise in them. Such
vortex beams combine the advantages of terahertz waves and OAM. In particular, terahertz waves have a highly
coherent, non-ionizing nature and a high penetrating power, while OAM gives the radiation an additional degree of
freedom [10 — 13].

The study of the propagation of vortex terahertz laser beams is of great importance for the development of modern
science and technology. The unique polarization state and complex spatial structure of terahertz vortex beams provide a
richer multiplexing space for information coding and encryption states. Studying the propagation of such beams allows
us to better understand their interaction with various materials, particularly nonlinear media, which is crucial for
developing new methods of visualization and diagnostics. In addition, these studies contribute to the development of
higher-resolution technologies, which are essential for microelectronics and nanotechnology. In free space, vortices can
exhibit a stable wavefront structure, allowing them to maintain their unique properties over large distances [14, 15].

Spiral phase plates (SPP), g-plates, achromatic polarization elements, diffraction optical elements, metasurfaces,
polarization gratings are used to form vortex beams [9, 16]. SPPs are effective devices for the conversion of various
types of beams into vortex beams due to their low fabrication cost, design simplicity and compactness [17, 18].

Optically pumped terahertz molecular lasers are among the first lasers developed in the terahertz range [19]. They
have a narrow generation linewidth (Av = 1 kHz) and are among the most powerful tabletop terahertz sources available
[20 — 22]. Most optically pumped lasers use waveguide resonators, enabling the generation of sufficiently high powers (up
to 1 W) in continuous mode with relatively small cavity sizes [23 — 25]. Among the resonator modes with nonuniform
polarization of radiation the TEy,, modes with azimuthal polarization have the lowest energy losses and can be effectively
used in orbital angular momentum division multiplexing applications in wireless communications [26 — 28].
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The present work is aimed to obtain analytical expressions for describing the nonparaxial diffraction of azimuthally
polarized TEo,, modes of a dielectric waveguide resonator of a terahertz laser during their interaction with a spiral phase
plate, as well as to investigate the spatial structure and evolution of the intensity and phase of the formed vortices.

2. THEORETICAL RELATIONSHIPS
The propagation of laser radiation in free space along the z axis is described by the well-known Rayleigh-
Sommerfeld integrals. We use the following expressions of the field components for the cylindrical coordinate system
in different diffraction zones [29-31]:
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where k =27/ is the wave number, 4 is the wavelength, (po, (p) are the polar coordinates in the area where the

input field is specified, (p, [3,2) are the cylindrical coordinates in the observation plane, E)? (Py>®) and E}(,) (py,®) are

the complex amplitudes x and y components of the input electric field, respectively, 7 = Jp?+22.

The modes of the studied dielectric resonator coincide with the modes of a hollow circular dielectric waveguide.
Therefore, in the initial plane we define radiation in the form of symmetric azimuthally polarized TE, modes. The
expressions for the Cartesian components of electromagnetic fields of these modes in the source plane z = 0 have the
following form [32]:

E} (Po>®) =—ByJ; [UOm %)J sin(),
TEo,» mode 2

E;) (Po,(P) =By J; [UOm %)j cos(¢),

where a is the radius of the waveguide, J; is the Bessel function of the first kind, U,,,, are the first roots of the equations
1
amJ,(Uy,,)

Consider the interaction of these modes with a spiral phase plate (SPP) with an arbitrary topological charge
(n) [33]. Let us place the SPP with an aperture of the same radius a at the output of a waveguide (Fig. 1).

resonator

Ji(x)=0, By, = are the normalizing factors for the TEy,, modes.

spiral phase

Figure 1. Theoretical scheme of the calculation model of laser beam propagation

The complex transmission function of this SPP in polar coordinates has the form [9]:

T;'l (pO:(P) = circ (p—oj exp (ln(p) — {exp (ln(P)y p() < a, (3)
a

05 pO > a,

where circ (+) is the circular function.
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To simplify the calculations, integration over the angle ¢ in (1) can be performed with the known relationships
for the integer p > 0 from [34]

2n
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0
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Then from here we can get the following relation
[ e @B go =2m P (~i)" J, (x) . 4)

0

Using Euler’s formulas and taking into account Eq. (4), we obtain the expressions:
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Then, using formulas (5.1) and (5.2), we obtain expressions for the field components that describe the nonparaxial
diffraction of the TE,, mode on the SPP. They look like this
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where the following notation is introduced
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3. NUMERICAL RESULTS AND DISCUSSIONS
Using expressions (6), the longitudinal and transverse distributions of the total intensity of the electric field

2 C e . . 2
(1 =|Ex|2+ +|EZ |2) as well as the transverse distributions of the intensity (Iz:|E,.| ,i=x,y,z)and phase

E,

@; = arctg(Im(E,) / Re(E;)) of individual field components were calculated. The study was performed for laser beams

formed by modes of a dielectric waveguide resonator during their interaction with SPP. The calculations were
performed for azimuthally polarized TEo, modes (azimuthal number m = 1, 2, 3) at a wavelength of A = 432.6 pum,
which corresponds to the generation line of a THz laser with optical pumping on the HCOOH molecule [35]. The
waveguide diameter in the calculations was 2a = 35 mm and a phase plate with an identical diameter was installed at its
output. In the work the spatial-energy properties of the field of the studied beams were compared for the values of the
topological charge of the SPP n =0, 1, 2.

Fig. 2 shows the longitudinal and transverse distributions of the field intensity of laser beams excited by TEy,
TEp, TEo; modes in the Fresnel zone in three cases: in the absence of a phase plate (n = 0) and with topological charge
1 and 2. The transverse intensity distributions are plotted in a plane that corresponds to the position of the maximum
field intensity along the z-axis. For the studied modes in the absence of a phase plate the field is characterized by a ring
transverse intensity distribution along the propagation axis. In this case the number of rings in the cross section
corresponds to the azimuthal number of the mode. The introduction of a phase plate with a topological charge n = 1
leads to the formation of an axial maximum in the transverse profile and its displacement toward the radiation source. A
further increase in the topological charge to n = 2 returns the beam profile to its initial annular shape, but a decrease in
the beam energy localization region is observed.
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Figure 2. Calculated longitudinal (al— a3, c1 — ¢3, el — e3) and transverse (bl — b3, d1 — d3, f1 — f3) distributions of the total field
intensity of laser beams excited by TEo1, TEo2, TEos modes in the Fresnel zone: in the absence of a phase plate (al, b1, cl, d1, el, f1),
with a topological charge n = 1 (a2, b2, c2, d2, €2, f2) and n = 2 (a3, b3, c3, d3, €3, {3)

The values of the z coordinates at which the maximum field intensity is achieved and the magnitudes of these
intensities as well as the beam diameters are given in Table 1. The diameters of the beams excited by the studied modes
were calculated using the formula [36]

2T oo
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00

2T e

[ [1(p.B.2) pdpdP
00

d=2 O]

Analysis of the obtained results shows that the installation of a spiral phase plate with a topological charge of n =1
compared to the case of its absence is accompanied by a noticeable increase in the beam diameter for all three modes.
At n =2 for the TE¢; mode the beam diameter remains almost unchanged compared to the case without a phase plate,
for the TEp mode it decreases, and for the TE¢; mode on the contrary it increases. The largest value of the beam
diameter was obtained for the TEo3 mode atn =1 and itis d = 40 mm.

Table 1. Parameters of the studied laser beams excited by TEo» modes in the regions of maximum field intensity at different
topological charges.

Mode n z (mm) Lnax X 1073 (abs. units) Beam diameter d (mm)
0 176 2.33 29.54
TEo1 1 527 2.84 38.72
2 132 2.61 29.87
0 208 448 32.87
TEo2 1 321 8.68 39.69
2 100 2.98 30.42
TEos 0 167 6.44 34.27
1 231 14.63 40.05
2 172 3.43 37.79

Figure 3 shows the transverse distributions of the intensity and phase of the Cartesian E, and E, components of the
electric field for the TEy mode in the Fresnel zone. Since the contribution of the E. component to the total field
intensity is insignificant, its intensity and phase distributions are not presented here or below. In the absence of SPP the
field is localized in two areas. However, the phase distributions for the E. and E, components exhibit antiphase
behavior: the phase changes by © between opposite half-planes according to the orientation of each component. Atn =1
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characteristic S-shaped curvatures appear in the field intensity. The phase distribution for these components in this case
takes a spiral shape with two lobes. At n = 2 the field is again localized in two regions and the phase distribution
acquires a complex three-lobed structure with sharp phase transitions.
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Figure 3. Calculated transverse distributions of intensity (al — a6) and phase (bl — b6) for Ex and Ej components of the field of laser
beams excited by the TEo1 mode in the Fresnel zone: in the absence of a phase plate (al, a2, b1, b2), with a topological charge of

n=1 (a3, a4, b3, b4) and n =2 (a5, a6, b5, b6)

The transverse distribution of the field intensity and phase for the E, and E, components of laser beams excited by
the TE(>» mode in the Fresnel zone at different values of the topological charge is shown in Fig. 4. In the case of n = 0
the localization of the field energy is observed in four regions. The phase distribution as for the TEo; mode exhibits
antiphase behavior. At n = 1 the maximum field intensity shifts toward the center, and the phase distribution takes on a
spiral shape with a characteristic two-lobe structure. At n = 2 localization of the field energy in four regions is again
observed, but in this case the intensity of the side lobes increases. In this case the phase structure of the field
demonstrates clearly defined three-lobe vortices with discontinuities in phase fronts.
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Figure 4. Calculated transverse distributions of intensity (al — a6) and phase (b1 — b6) for Exand E;, components of the field of laser
beams excited by the TEo2 mode in the Fresnel zone: in the absence of a phase plate (al, a2, bl, b2), with a topological charge of
n=1 (a3, a4, b3, b4) and n =2 (a5, a6, b5, b6)

For the TEo3; mode in the absence of SPP a further increase in the number of field localization regions is observed
(Fig. 5). The phase distributions of the studied field components have antiphase symmetry. At n = 1 a transformation of
the intensity profile appears with energy localization in the central region and the phase distributions acquire a spiral
shape. For n = 2 a further increase in the energy localization regions is observed with two clearly defined regions of
increased field intensity. In this case the phase distributions of the field acquire a multi-lobe spiral structure.
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Figure 5. Calculated transverse distributions of intensity (al — a6) and phase (bl — b6) for Ex and E), components of the field of laser
beams excited by the TEo3 mode in the Fresnel zone: in the absence of a phase plate (al, a2, bl, b2), with a topological charge of
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3. CONCLUSIONS
Analytical expressions are obtained to describe the nonparaxial diffraction of TEy, modes (m = 1, 2, 3) of a
dielectric waveguide resonator of a terahertz laser during their interaction with a spiral phase plate with its different
topological charges (n = 0, 1, 2). The spatial structure of the intensity and phase of the electric field of formed vortex
beams during their propagation in the Fresnel zone of free space is investigated.

It is shown that in the absence of a spiral phase plate, when the TE(; mode is excited in the resonator, a beam with
a ring transverse intensity distribution is formed. The phase distributions for the transverse components of this mode, as
well as for the other modes, have the opposite signs. The introduction of a SPP with a topological charge n = 1 leads to
the formation of an axial maximum in the transverse profile and an increase in the beam diameter at this maximum
compared to the beam diameter in the absence of a plate by almost 10 mm. The phase distribution for a given
topological charge takes on a spiral shape with two lobes for all modes. The restoration of the ring-shaped structure is
observed at n = 2 with a decrease in the beam energy localization region. In this case, the phase distribution acquires a
three-lobe spiral structure.

In the case of the TE¢, mode without SPP the beam has two pronounced rings in the cross section. Atn =1 a
significant increase in the field intensity at the center of the beam is observed and a shift in the localization of radiation
energy to its source. For n = 2 the spatial profile of the beam becomes more complex: additional zones of increased
intensity appear and the phase exhibits a clear three-lobe structure with discontinuities in the phase fronts. For a given
topological charge, the beam diameter has a minimum value.

The TEo; mode exhibits the most complex intensity distribution structure already at » = 0 with three rings in the
cross section. The introduction of SPP with n = 1 leads to the localization of the field energy in the central region of the
beam and a sharp increase in the maximum intensity in this region, which is accompanied by the largest increase in the
beam diameter among the studied modes (up to 40 mm). The field structure becomes even more complex at n = 2.
Several zones of increased intensity are formed, and the phase distribution acquires a distinct multi-lobe spiral
configuration.
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MHMOMIMWPEHHS ASIMYTAJIBHO IOJIIPU30BAHUX TEPAT'EPIIOBUX JIASEPHUX ITYYKIB
3 ®A30BOIO CUHI'YJISIPHICTIO
Amnppiii B. lerrapsos, Mukosaa M. /ly6inin, Bauecnas O. Maciios, Koctanrus I. Mynrsan, Baaguciaas C. Cenrora
Xapriecokuii nayionanwruil yrnieepcumem imeni B.H. Kapaszina, maiioan Ceoboou, 4, Xapkis, Ykpaina, 61022

OTpuMaHO aHANITHYHI BHPa3W JUIl OIMCY HemapakciadbHOi Judpakmii MOA IieNeKTPUYHOTO XBHJIEBIJHOTO pe30HaTOpa
TepareproBoro jasepa. JlociipkeHHs nependadae B3aeMOiI0 MK asuMyTaibHO nossipusoBanuMu TEon (m = 1, 2, 3) Momamu Ta
croipanbHoio (a3oBoio miractuHoro (COIT) 3 ypaxyBaHHsAM il pi3HMX TONOJNIOTiYHHX 3apsAiB (7). 3a JOMOMOIOI0 HYHCEIBHOTO
MOJICITIOBAaHHS JOCHIIKEHO (i3udHi 0COONMMBOCTI BHUXPOBUX MYYKiB, IO BHHHUKAIOTh, KOJIM BOHH IOLIMPIOIOTECA y BIIBHOMY
mpoctopi. BekropHi iHTerpansHi neperBopeHHs Penes-3omMepdensaa BUKOPHCTOBYIOTECS IS JOCTIKCHHS MOIIMPEHHS Yy 30HI
@penenst BUXpOBUX JIa3epHUX ITydKiB, 30ymkeHnx TEon MomaMu qieTeKTpHYHOTO XBHJIEBIHOIO KBa3iONTHYHOTO PE30HATOPA, IPH
MaJiHHI Ha cHipanbHy (a30oBy IUIacTHHY. I IOCHiIKYyBaHUX MOJ 3a BIICYTHOCTI ()a30BOi IUIACTHHH IIOJE XapaKTEePHU3yeThCs
KIUTBIICBUM TOMEPEYHUM PO3MOJIIIOM IHTCHCHBHOCTI Ha OCi momupeHHs. [Ipu 1bOMy KUTBKICTh KiJICllb Y TMOINEPEYHOMY IMepepisi
BIZINIOBI/ZIa€ a3UMYTaJIbHOMY HOMEpY MOJI, @ PO3MOIUIH (a3u Julsi KOMIIOHEHT AaHHX MOJ MAlOTh MPOTHJICKHI 3HAaKU. 3aCTOCYBaHHSI
COII 3 TomonorivHUM 3apsigoM n = 1 3MiHIOE CTPYKTYpY IOJISI IIy4KiB, (JOPMYIOUM OCHOBHII MaKCHUMyM B morepedHomy mpodimi 3i
301IBIICHHSIM JliaMeTpa Mydyka y JaHOMY MaKCHMyMi Yy MOPIiBHSHHI 3 BUMAAKOM BiJCYTHOCTI (a30Boi ruiacTHHU. BogHovac dazosa
CTPYKTypa Ul MOMEPEYHUX KOMIOHEHT HaOyBae IBomemocTkoBOi cumeTpii. Ilpu Bukopucranni COII 3 TonmomorivHUM 3apsaoMm
n =2 gt TEo1 Momn cnoctepiraeTbCs BiTHOBICHHS KilbIenomiOHoi cTpykTypu momst, a mist TEo2 Ta TEo3 mon — dopmyBaHHS
obnacrei mixBumeHoi iHTeHcHBHOCTI. Da30BHil PO3MOMIN I KOMIOHEHT 1ojis B npoMy Bumazaky st TEor i TEo2 mon HaGyBae
TPBOXIIENIOCTKOBOI CIPaIbHOI CTPYKTYpH, a [uist TEo3 Moxu — GaraTonemrocTKOBOI CIipaibHOT KOHGIryparii.

KurouoBi ciioBa: mepazepyosuil nazep, Oieiekmpuynuil X6unesiOHUIl Pe30HAMOop, CRIpAIbHA (Pa308a NAACMUHA, BUXPOSI NYYKIL
NONAPUAYIS, NOWUPEHHS BUNPOMIHIOBAHHS



