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This study examines the dynamism of holographic dark energy (HDE) in the background of f{R) gravity through a hypersurface-
homogeneous space-time setting. Looking at how HDE affects the advancement of the Universe, we used a simplified hybrid expansion
law (HEL) to derive a precise solution to the associated field equations. The study begins with the analysis of certain kinematical and
physical characteristics related to the model. We applied constraints to the outlined hybrid model using observational Hubble data
(OHD), which consists of 32-point data sets, in order to evaluate the model's physical certainty and feasibility. In connection with the
values of parameter K that show up in our metric, three dynamically potential cosmological scenarios are outlined. Additionally, we
examined various energy conditions (ECs) and discerned distinctive cosmic phases through the inspection of statefinder diagnostics
and jerk parameter. The squared speed of sound parameter (v) is used to ensure the model's stability. The study corroborates the
Universe's cosmic acceleration, as our findings conform to prevailing observational data, offering viable projections for future research
in substantiating HDE.

Keywords: Holographic dark energy; f{R) gravity;, Homogeneous-Hypersurface space-time; Hybrid expansion law
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1. INTRODUCTION

Contemporary cosmological observational data reflect the accelerating expansion of the cosmos explicated using
type la supernovae by Riess[1,2] and Perlmutter [3], cosmic microwave background radiation (CMBR) by
Komatsu et al. [4], weak lensing (WL), large-scale structure (LSS), and baryon acoustic oscillations (BAO) investigated
by Tegmark [5] and Seljak [6]. The dark energy (DE) might explain the justification for the Universe's accelerating
expansion, as it counteracts matter's natural attraction and speeds up the Universe's expansion, as outlined in [7].
Furthermore, it is estimated that this bewildering substance makes up 68.3% of the Universe, with an additional 26.8%
being dark matter (DM). The equation of state (EoS), p, =@, p,., With @,, representing the cosmic time function known

as the EoS parameter, determines DE having negative pressure along with a positive energy density [8]. Addressing the
DE problem involves considering various candidates, namely, the cosmological constant [9], the X-matter [10,11] and
quintessence [12,13]. The cosmological constant (A) has been proposed by cosmologists as a prominent candidate

appropriate to DE gleaned from the several observational findings [14]. However, it encounters setbacks associated with
cosmic coincidence along with fine-tuning challenges. The DE issue associated with theoretical physics remains
challenging to resolve, irrespective of the substantial evidence available. A precise appraisal of the Universe's expansion
rate proves vital for gaining details on the progression of this rate over eternity. The holographic dark energy (HDE) has
emerged as a preferable candidate for explaining DE, which is appropriate to the holographic principle initially outlined
by Hooft [15] from the perspective of black hole physics. In conformity with Susskind [16] and Bousso [17], the
holographic principle proclaims that the system’s entropy is contingent upon its surface area away from its volume. In
further detail, Fischer and Susskind [18], in conjunction with Cohen et al. [19], presented a pioneering cosmological
integration based on the holographic principle, thereby broadening its relevance far beyond the boundaries of black hole
physics. Inquiry procedures in [20] reveal a holographic approach for connecting the early Universe with the Universe's
late-time acceleration era, whilst extensive research in [21-24] effectively clarifies the substantial link among these HDE
models and recent observational evidence.

Einstein's General Relativity (GR) is an insightful theory for interpreting gravitational circumstances; however, it
fails to adequately describe DE and DM, prompting researchers to focus on its modification, which leads to various
alternative theories. Modified Gravity (MG) is one such approach, focusing on deviating the space-time geometry within
Einstein's equations. Several kinds of MG theories, starting with f(R) gravity, f(T) gravity, f(G) gravity, and f(Q)

gravity, are being put forward in this setting. Researchers are increasingly exploring MG as a means to elucidate the
Universe's cosmic acceleration and essence of DE. Buchdahl [25] commenced f(R) gravity seeking to clarify the
Universe’s rapid expansion in addition to the progression of its formations. Starobinsky [26] presented isotropic
cosmological models within f(R) gravity that lacked singularities. Capozziello et al. [27] explored exact solutions for
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cosmological models, while Nojiri and Odintsov [28] proposed a unified model aiming to reconcile early-time expansion
combined with late-time acceleration in f(R) gravity. Katore and Gore [29] delved into Bianchi type-I models,

examining the interplay of HDE in the view of f(R) gravity. For an in-depth probe across multiple intriguing f(R)
models, see ref. [30-32]. For cosmologically valuable models, f(R) gravity is considered immensely appropriate out of
the several MG theories. Its action is expressed as

S=[J-g(f(R)+L,)d"x, (1)

wherein f(R) is the generalized function involving the Ricci scalar R , while L is the usual matter Lagrangian.

Variating the action appertaining to metric g, comprises the relevant field equations

F(R)R,, —% f(Rg,, -V, V,F(R) +g, V'V ,F(R)=—~(T,, +Tw), )

Here F(R)= , V, represents covariant differentiation, 7,, reflects the standard matter energy-momentum tensor

u

daf (R)
R

deriving out of Lagrangian L  whereas T signifies the energy-momentum tensor associated with HDE.

The present work focuses on the inspection of hypersurface-homogeneous space-time concerning HDE in the setting
of f(R) gravity, taking into view a hybrid expansion law (HEL). We organize this article as follows. Sec. 2 addresses

cosmology within the walls of hypersurface-homogeneous space—time, integrating pressureless dark matter along with
the HDE framework. Sec. 3 describes the derivation of the quadrature solutions aimed at hybrid expansion in
consideration of the field equations. Sec. 4 focuses on physical and kinematical properties of our model, while sec. 5
addresses the observational constraints based on Hubble data and sec. 6 explores the cosmic diagnostics. Sec. 7 comprises
the ECs, whereas sec. 8 contains the statefinder diagnostics, jerk parameter, and stability analysis of the discussed model.
Finally, sec. 9 presents the discussion and conclusions.

2. COSMOLOGY WITH HYPERSURFACE-HOMOGENEOUS SPACE-TIME

Some cosmological models exhibit a simple transitive homogeneity group in three dimensions, making them
anisotropic, homogeneous, and particularly relevant for the purpose of explaining the isotropization and the early
evolution of the cosmos, known as Bianchi type models. These models, characterized by their simplicity and effectiveness,
are commonly employed in explaining the cosmic evolution. Specifically, owing to their homogeneity and anisotropy,
these models are exploited to elucidate the Universe's evolution during the past phase along with its isotropic
transformation. Some models fall under the category of multiply transitive, such as Kantowski—Sachs models, which lack
a simple transitive subgroup. Moreover, to fully address the interaction of HDE integrated with MG, it is essential to
transcend the premise of perfect isotropy. The term hypersurface model is used for a model exhibiting both multiple
transitive groups as well as simple ones, combining characteristics of cosmological models that are static, spherically
symmetric as well as spatially homogenous. For this reason, several authors have shown considerable interest in the
inspection of hypersurface-homogeneous models, which is expressed as

s> :—dt2+A2(t)dx2+82(t)[dy2+ZQ(J’9K)d22]ﬂ 3)

where 4 and B serve as the scale factors that are functions solely of ¢, and Z( v, K ) =siny,y,sinhy for K=1,0,-1,

respectively.

Stewart and Ellis [33] have determined considerable assistance to Einstein's field equations within the scenario when
these hypersurface-homogeneous cosmological models have a perfect fluid distribution that satisfies a barotropic equation
of state, whereas Singh and Beesham [34] have examined it in the existence of an adaptive anisotropic EoS parameter.
Katore et al. [35] looked into hypersurface-homogeneous space-time that includes the anisotropic DE model within the
boundaries of the Brans-Dicke gravity, whereas Verma et al. [36] and Katore and Shaikh [37], have observed this space-
time in the setting of the Saez-Ballester gravity. Shekh and Ghaderi [38] examined this space-time, integrating an
interfering HDE model by applying Hubble's and then Granda-Oliveros [39] infrared (IR) cut-off, whereas Vinutha et
al. [40] observed it with the Renyi HDE by taking the Hubble horizon as a possible IR cut-off.

The scalar curvature derived from metric (3) results in

R=2|—4+2—+2—+—+—|, 4
A AB

where -’ signifies differentiation with respect to cosmic time ¢.
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The energy momentum tensors for HDE and pressureless matter are expressed as
pmuy V’ T/“’_(pde""de)u +g/1vpde7 (5)

where p, is the energy density of matter, p, and p, are pressure and energy density of the HDE respectively, u, are
component of the four-velocity vector of fluid adhering to g, u“u” =-1.

Using definition of EoS parameter (@,,) , the energy momentum tensors (5) is articulated in the form
T;ll/ = dlag [0’ 0’ 0’ _1] Iom > T/w = dlag [a)de > a)de s wde ? _1] Iode : (6)
Furthermore, parametric modelling turns it to
T, = diag[0,0,0,-1] p,; T = diag|a,, + 7, @,,, @, ,~1]p,,, (7

with the skewness parameter } representing the variation from the EoS parameter (@,,) on x-axis.
Using equations (2) and (7), the associated field equations are described as

FBHB}—J‘(R) (—+2B]F Pou + Pacs ®
A _AB| 1 B . .
F| 42— |-= f(R)-2=F-F=—(w, + , 9
B AB B* K A B
d Fl =4+ = |—— Ty |F-F= . 10
an |:B AB BZ Bz:| f( ) ( Bj a)depde ( )

The HDE density is taken into consideration in the form
p.. =3(aH’ + BH), (11)

with H representing the Hubble parameter whereas « and [ are constants.

Granda and Oliveros [39] presented this condition, which must meet the constraints given by the recent observational
data. The aberration in isotropic expansion is measured by the anisotropy parameter (A), and it plays a critical role in

determining whether or not the models are appropriate for addressing isotropy. Once the directional and mean Hubble
parameters of the expansion have been established, we can be parameterized the anisotropy of the expansion. The
directional Hubble parameters, determining expansion rates along x,y and z axes, are respectively defined as

X z

A B
H==,H=—=H_. 12
<=3 (12)

The mean Hubble parameter is specified by

7l A+2§ : (13)
3103 B

with ¥ = AB* describing the Universe’s volume.
Using equations (12) and (13), the anisotropy parameter develops into

2 (4 BY
KG [75] | 1

Using equations (9) and (10), we obtain

A B_ A 1 ((KF
=—+ Vdt, 15
A4 B FV FVH yp"fj (15)

where A is a real integration constant.
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Using equation (15), the anisotropy parameter (14) reduces to

2 [ A 1 ((KF ’
A:W[W'FF—VJ(?—WdeJVdI} . (16)

By opting for =0 in the above equation, it can be reduced to the model that characterized by a perfect fluid
distribution, making it isotropic i.e.

2
= 22|:i+£ F_Iz/dt:l . (17)
O9H* | FV FV ) B
The integral term in equation (16) disappears when
KF
Y= o (18)
de
Consequently, the energy-momentum tensor (7) becomes
T =diag{a)de+$,a)de,a)dg,—1}pde. 19)
B pde
The anisotropy parameter (16) further simplifies to
2,
“orr’ 0

We observed that the anisotropy parameter’s value provided by the equation (20) resembles those obtained by several
researchers pertaining to various cosmological models involving Bianchi-I [41,42], Bianchi-III [43], Bianchi-V [44,45],
Bianchi-VIy [46], and hypersurface-homogenous frameworks [34-37].

3. SOLUTION TO FIELD EQUATIONS VIA HYBRID EXPANSION
Using equations (15) and (18), we obtain

A dt

Z=cexp| A| —|, 21

B p( j FV) @D
where ¢, is integration constant.
Solving equation (21), the quadrature solutions for scale factors 4 and B found to be

dt dt
A=da exp[quﬁ} and B =d,aexp [%J 7 } (22)
4 22

1 1 2 A C s .
Here a =(ABZ) =V7 is average scale factor and d, =¢’, d,=¢, °, g, =—, ¢, =—§, satisfying the expressions

d,d; =1 along with ¢, +2¢, =0.

To solve the integrals in equation (22), we employ the power law relation connecting F with the average scale
factor a(f) as discussed by Johri and Desikan [47] in Brans-Dicke gravity. Moreover, this relation in f(R) gravity is
found to be F o< @', with i being an arbitrary integer according to Kotub Uddin et al. [48] and the relation used by Sharif
and Shamir [49,50], allowing us to consider i =—2,i.e. F = cza’z, with ¢, as a constant.

With this, the equation (22) simplifies to

A=da exp{q1 Jﬁ} and B=d,a exp{qzjﬂ}. (23)
a a

We now possess a collection making up three independent equations that involve seven unknowns
A,B,p, . P.-W,,7 and f(R). To comprehensively address the system, it is necessary to incorporate further conditions,
which can be established through suppositions associated with particular physical contexts or arbitrary mathematical

presumptions. However, these methods are not without their constraints. Although mathematical preconceptions can
create scenarios with no practical implications, physical events can sometimes emerge from complex differential
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equations that are challenging to integrate. Accordingly, drawing inspiration from the work of Akarsu et al. [51], we
consider a simplified HEL described by

V=ce"t", (24)

where ¢;,n and m are positive constants.

From HEL model (24), it is clear that, we get exponential expansion for m =0 whereas power law expansion for
n =0.This model exhibit accelerated volumetric expansion for n>1 and m >1. Consequently, the average scale factor
is expressed as

a=ke"t", (25)
where &, = c3% .
With egs. (23) and (25), the metric potentials are determined to be

A=dke"t" exp| - j % and B = dyke" " exp q—ZJ ar_| (26)
o,k J e"t" e,k J e"t"

Then the metric (3) becomes

ds® =—di* +d k2™ 1" exp(ﬁj dt jdxz +d2ke exp[ 24, f dt J[dyz +3(nK)d? ] @)

nt  m nt  m
)k, )k,

From equation (26), it is noted that the metric potentials vanishes at starting epoch i.e. at £ =0 whereas becomes
infinite as ¢ — oo indicating a big-bang type of initial singularity for the derived model.

4. PHYSICAL AND KINEMATICAL PROPERTIES
Using equations (12), (13) and (26), we obtained the directional Hubble parameters as

m _nt ,—m m —nt ;—m
H¥=n+—+ie 't ;Hy=n+—+£e " =H_. (28)
’ t o,k t ok

The mean Hubble parameter is determined to be

H=n +%. (29)
The deceleration parameter is described by
g=1-t M (30)
H (m+nt)

. 2
The scalar expansion @ and the shear scalar o~ are expressed as

e=3H=3(n+?j, 31

) 5\ 2 2
and o’ :l é +2 E _192 _| % _+'22§]2 o2 ym (32)
21\ 4 B 3 2¢5k;

For sufficiently large time, the expansion scalar 8 shows the constant nature indicating the uniform expansion,

whereas the shear scalar & vanishes; hence, there is no change in the shape of the cosmos during the evolution.
2
o T . . . L . .
Moreover, we observed that ra — 0 as t — o indicating the Universe's isotropic expansion in later eras, it is consistent

with the analysis done by Sharif and Kausar [52].
The mean anisotropic parameter (20) turns out to be

2672nlt272m /12

A= L 2
9c3k* (m+nt)

(33)
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Using equations (11) and (29), the HDE parameter is found to be
3 2
Du =t—2[(m+nt) a—mﬂ]. (34)
Subsequently, the skewness parameter (18) turns out to be

—4nt 2(1-2m)
ye Ke, e t2 exp[— 2q2j ”c’z’tm} (35)
3d22k14((m+nt) a—mﬂ) ek J et

From equation (4), the Ricci scalar is obtained as

2Ke™ 7 [, 2g J dt 6
R="————| Kclexp| ——2 +3¢2d? |+ —(2m* + m(4nt —1)+2n%¢*). 36
C; k]2 d22 [ 2 p Czk] nttm qz 2 Z‘2 ( ( ) ) ( )

The scalar function f(R) is obtained via the Starobinsky model [53] expressed as f(R) = R+bR', with [ =2. This

model can be considered as a simple inflationary model, where b is an arbitrary constant representing the energy scale as
discussed in [54]. A crucial aspect of considering this Starobinsky model is the existence of curvature-squared
components that result in an effective cosmological constant that drives the inflationary era, resolving cosmological
problems with observational evidence [55,56].

From equation (10), the matter energy density emerges as

3q26_2mt_2(m+1) _2q ”tftm 2 874;zzt41(1+m)
P =2 i+ 24bm? —4bt| Ke <" —6n* | +12bm(4nt—1)—18bt'qt
¢k, ok
Ke_zmt—z(mﬂ) R 20 ,CZL]: e,,(,i:m 2.4 e—4ntt— (1+m) 7%jﬁ
e (t +12b(m(2m —1)+ 4mnt + 2n’t ))e —2bK>t We (37

30,k 22 (3m® — (14 6nt) + 30> )~ 18bt~*m? (2m+ 2nt(ntm™ +2) ~1)

—ant (Am+1)
+%(C; +q; +2q§)—3t’2 (0{+2)(m2 —m(l+ﬂ—2nt)+n2t2).
G

Using equation (9), the expression for EoS parameter is

—Zntt—Zm

e
27,2
2k

_2q, dt
[ +12b(m(2m 1)+ 4mnt + 201 )J(Ke ik + 3q§d§czzJ

3¢t [m (2m—1)+4mnt +2n*t* ] [tz +6b(m(2m—1)+4mnt +2n°t’ )J
w,, = X ~nt (=22m-1) |: _2q, (_dt 2Kb _A4qy (_dt :| - (3%

¢ 2 e vl o k)
3|:(m+nt) (Z—mﬂ] +K 53 (lzbqj _C;)e ok J "t + —— e ek J "'t
cydy k, ¢, d;

—2nt ,—2m N
o2y 18bq, g y2em=D

-3

2 2.2
m- —m+2mnt+nt )+
'k ( ) sk

The expression for the pressure is obtained using p, =@, p,,, and it turns out to be

674 ntt74m _2a, (_dt _Aay (_di
Pu =— i {(12[)(]5 - ) Ke )" 42K bele MY < }— 3¢,k 2e ) (m2 —m+2mnt+n’t’ )
262 1
—2nt ,~2(1+m) _2qy (_dt 4
! ) 18b
+& L — [(K+3q§)(r2 +12b(2m’ —m+4mnt+2n2t2))e ek ot 1——4 4q24 ety (39)
dyk djc
27 272™M

+3¢™ (Zm2 —m+4mnt +2n°t? )(t2 + 6b(2m2 —m+4mnt +2n°t? ))
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along with HDE density parameter Q,, = 3/;_1“ the overall

72

Using the matter energy density parameter = 3 =

density parameter Q=0 _+€, is found to be

2 _2nt ,—2m

gt

2.2
ek

24y dt —th—Zm

Ko k| €

1 A2k
2™

[tz +12b(m(2m 1) +4mnt +2n’t’ ) +(m —3m’ —6mnt —3n’t’ )cj]

2
(t2 +12b (m (2m—1)+4mnt +2n°r* )) + 122b2q24 ety }
cydyky
—ant ,~2(2m—1) ~dnt -22m-1) Ao dt
G (&3 (47 +243)—18bg3 |- 26K < ! ok e

14 1.4
ek dyk;

=3¢ [m(2m=1)+4mnt +20°¢ || +6b(m(2m—1)+ 4mnt + 201" |

(40)

Now, to visualize various components of our model in relation to redshift z , we employ the established relation

a(t)= 1 & with a, =1 to derive the expression for cosmic time concerning redshift as follows
+z

1(z) = (%]W(%[kl (1+z)]nlzj, (1)

where W(x) is the Lambert W function [57].
Consequently, the Hubble parameter (29) in relation to redshift (z) is articulated in the form

H(z)= n{l+{W(%[l€l (1+z)]‘»lvﬂl} (42)

5. OBSERVATIONAL CONSTRAINTS
We use Hubble datasets to apply constraints to our model's parameters, improving predictions and refining estimates
for a more robust understanding of cosmological parameters. The Hubble constant has been computed by a number of
studies [58—65] at various redshifts employing the differential age technique together with the galaxy clustering method.

Table 1. lists the 32 H (z) measurements, together with their associated errors o(z), within the redshift bounds of
0.07<z<1.965.

Table 1. Hubble parameter H(z) along with their associated errors o(z) over redshift (2).

z H(z)* o(z;) References z H(z)* o(z,) References
0.07 69.0 19.6 [58] 0.4783 80.9 9.0 [61]
0.09 69.0 12.0 [59] 0.48 97.0 62.0 [63]
0.12 68.6 26.2 [58] 0.593 104.0 13.0 [60]
0.17 83.0 8.0 [59] 0.68 92.0 8.0 [60]

0.179 75.0 4.0 [60] 0.75 98.8 33.6 [64]
0.199 75.0 5.0 [60] 0.781 105.0 12.0 [60]
0.2 72.9 29.6 [58] 0.875 125.0 17.0 [60]
0.27 77.0 14.0 [59] 0.88 90.0 40.0 [63]
0.28 88.8 36.6 [58] 0.9 117.0 23.0 [59]
0.352 83.0 14.0 [60] 1.037 154.0 20.0 [60]
0.3802 83.0 13.5 [61] 1.3 168.0 17.0 [59]
0.4 95.0 17.0 [59] 1.363 160.0 33.6 [65]
0.4004 77.0 10.2 [61] 1.43 177.0 18.0 [59]
0.4247 87.1 11.2 [61] 1.53 140.0 14.0 [59]
0.4497 92.8 12.9 [61] 1.75 202.0 40.0 [59]
0.47 89.0 50.0 [62] 1.965 186.5 50.4 [65]

3 fm s Mpc™!



33
Constraining the Hybrid Model for Investigating Holographic Dark Energy in Modified Gravity EEJP. 3 (2025)

Using the eq. (42), we have determined the theoretical values of H (z) in accordance with our hybrid model and
applied it to constrain the model’s parameters n,m and k, . To find mean values of these parameters, the corresponding

chi-square function is

= (Hfh(Zi;nsmrkl)_Hob(Zf))z (43)

Ve (n,m,k)=z ,

i=1 o’ (z,)

with H,(z,) and H ,(z,) specify the H(z) ’s theoretical and observed values respectively while o(z;)'s stands for

th

corresponding errors in /1, (z,) .

Table 2. A description of best fit values derived via the minimized y -test.

Dataset Parameters Hybrid model

n n=145%+0.34

m m=1.15+0.01

H(z) 3 k =100£0.68
Ziin Zj\in = 0691

Table 2. displays the best fit values of the model’s parameters n,m and k, estimated via the minimized y~ -test.
The observed Hubble data with error bars and theoretical values of Hubble parameter H according to our model is
depicted in Fig. 1 which shows that the Hubble parameter /' emerges as an increasing function of redshift. There is close
agreement between the observed and theoretical values in the redshift range 0 <z <1, which validates our model in the
recent past, elaborating the late matter-dominated era transitioning to DE domination, while struggling to show close
agreement in the range 1<z <2 in the early epoch. These deviations possibly occurred at higher redshifts (z >1), as

HDE models are designed to address late-time acceleration and might not be applicable when extrapolated backwards to
higher redshifts.

250 A

= Our model
¢  Observed /(z) data

200 A

150 4

H(z) [kms *Mpc

100 A

000 025 050 075 100 125 150 175  2.00
redshift (2)

Figure 1. The inspection of Hubble Parameter H against redshift (z).

6. COSMOLOGICAL DIAGNOSTICS
The study of cosmological diagnostics is crucial for understanding how the Universe has evolved. We constructed

visual illustrations of the various cosmological components, showing how they vary with redshift (z) by making use of
relation (42), thereby facilitating more precise predictions and a deeper insight into cosmic dynamics. We specified a trio
of situations based on K =-1,0,1 by appropriately selecting values for the various associated constants, taking reference
from recent studies. We take b =—0.1 [66] as the negative value of b is essential for the Starobinsky model to be viable
as a model of inflation, & =10, =1, [67] and ¢, =1 while taking n=1.45, m=1.15 and k, =100 based on estimated
best-fit values as specified in Table 2. The variation of the skewness parameter and the anisotropic parameter against

redshift is depicted in Fig. 2. The skewness parameter for K =1 and anisotropic parameter both have positive values in
the past, whereas in the case of K = -1, the skewness parameter has a negative value and is zero for K = 0. Consequently,
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both these parameters vanish at z — —1 which indicates that there is a phase transformation of the Universe in our model
from anisotropy to isotropy, which leads to the attainment of the Universe's isotropization.

[ ] 0.10 B
0.10 Ko 1 1 [
K=0 |7 5 0.08 g
0.051 . H =
— K=1 ] %
5 2
& 1 8 0.06 B
S 000 4 &
g 1 =
] B 0.04 B
-0.05} ] é
1 < 0.02- g
—oa0f ]
L L 1 1 1 1 0-00 L L L 1 1 1
-1 0 1 2 3 4 -1 0 1 2 3 4
redshift (z) redshift (z)

Figure 2. The variation of the skewness parameter (left panel) and the anisotropic parameter (right panel) against redshift.

0.5

I Decelerating phase (q > 0) ]

0.0

: Accelearting
- |Phase (g <0) Phase Transition at z; = 0.72 l 1
-0.5 B

— 70 =043 1

-1.0} B

deceleration parameter (q)

redshift (z)

Figure 3. The approach of the deceleration parameter (g) up against redshift (z).

The sign of g serves as an indicator of detecting the accelerating or decelerating nature of the cosmos. A positive
q signifies the conventional decelerating model, while a negative g indicates an accelerating Universe. Recent

cosmological observations from Ade et al. [68] demonstrate that the current value of the deceleration parameter abides
within the bounds of —1< ¢ <0 as confirmed from observational data, and hence the Universe is presently undergoing

acceleration, whereas it decelerated in the past. As depicted in Fig. 3, the deceleration parameter presently abides in this
range, indicating the Universe’s accelerated expansion, and its track reveals the progression in cosmic history,
transitioning from a stage of deceleration to an instance of acceleration, with this transition happening at a point z, = 0.62
that resembles with recent observational estimates of z, =0.60"7, from Lu et al. [69] and z, =0.597")7}} from
Myrzakulov et al. [70], while the present value of deceleration parameter being g, =—0.43 lies close to the widely
accepted value g, = 0.55 as per the recent observations [71,72].

Inspecting the EoS parameter for DE is an essential component in the field of observational cosmology. The
quintessence dark era occurs when @, >—1, whereas phantom-dominated Universe is observed if @, <-1 and the

ACDM model for @, =—1. Fig. 4 represents the cosmic progression of the EoS parameter in regard to redshift. Initially,

it begins in the phantom-dominated region, and at present, it gets slightly close to —1 indicating the ACDM model and
reaches the quintessence model in the future for all three situations. The data from SN Ia, as discussed in [73], indicates
arange of —1.67 < @, <-0.62, whereas considering SN Ia data combined with CMB anisotropy and galactic clumping

statistics, the constrained limit becomes —1.33< @, <-0.79 as investigated by Tegmark et al. [5]. The Planck
collaborations [74] provide the range -1.26<w, <-0.92 (Planck+WP+Union2.1) and -1.38<a@, <-0.89
(Planck+WP+BAO). At the present epoch, the EoS parameter’s value is found to be @, =-0.931,-1.004,-1.102 for
K =-1,0,1 respectively, which thereby corresponds closely to the recent observational estimates [75].
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Figure 4. Progression of EoS parameter (,,) against Figure 5. Plot of HDE density for various values of & and /3.
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The plot of HDE density with the evolution of redshift concerning different values of & and f is depicted in Fig. 5,

which shows that the nature of the HDE density is positive and decreasing. It declines from a high starting value to a low
ending value. Consequently, energy density drops from the past to the future, or from high to low redshift. This indicates
that DE will unquestionably take control of the Universe in the future. The hypothesis that the density of matter declines
whereas space grows as the Universe expands is supported by this study. As depicted in Fig. 6, the pressure stays negative
throughout. This showcases more backing that the Universe expanding rapidly. The open, flat, and closed Universes are
represented by the overall density parameters with Q > 1, Q =1 and Q <1 respectively. Fig. 7 is a graphical presentation
of the overall density parameter, revealing its approach to a constant value close to 1 at late times, which suggests that the
Universe tends to become flat, aligning with observational findings in accordance with the derived model [76].
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Figure 6. Plot of pressure (p,,) versus redshift (z). Figure 7. Plot of overall density (€2) versus redshift (z).

7. ENERGY CONDITIONS
In f(R) gravity, the Energy Conditions (ECs) have a crucial aspect in exploring the cosmological progression. It
includes the null, weak, strong, and dominant ECs stated by
1. Null energy condition (NEC) < p,, +p,, = 0.
ii. Weak energy condition (WEC) < p,, +p,20; p, 20.
iil. Strong energy condition (SEC) < p,, +p,20; p,, +3p, 0.

iv. Dominant energy condition (DEC) < p,, —| Pa|2050, 0.

For f(R) gravity, J. Santos et al. [77] obtained the NEC and SEC by applying Raychaudhuri's equation, ensuring
gravity to be attractive, while the WEC and DEC were derived by comparing them with conditions derived straightway
from the proficient energy-momentum tensor. Moreover, S. Capozziello et al. [78] investigate how the energy conditions
can affect the cosmological evolution and the emergence of singularities in f(R) gravity. The NEC asserts that as the
Universe expands, its energy density will recede, and any breach of this premise could potentially lead to the Big Rip
possibility for the cosmos, whereas the accelerated pace of the Universe's expansion is attributed to SEC violation.

The graphical presentations of ECs versus redshift are depicted in Fig. 8 with WEC reflected in Fig. 5. These
graphical presentations of ECs specified that WEC, NEC, and DEC are considerably validated, whereas the violation of
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SEC culminates in the accelerating expansion of the Universe, which is in concurrence with the current scenario of the
cosmos [79,80].
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8. PHASE DIAGNOSTICS AND STABILITY ANALYSIS
The examination of statefinder and jerk parameters indicates variations across conventional expansion, thereby
improving perception of the implications of DE models, while the stability assessment ensures our model’s stability.

8.1 Statefinder Diagnostics
An investigation into the variability of the expansion of cosmos via higher-order derivatives of the expansion factor
is introduced by Sahni et al. [81] as a diagnostic perspective for DE using the pairing of parameters {r,s}, with 7

representing jerk parameter, whereas s specifying the substance of the DE. This so-called "statefinder" is outlined below.

a and r—1
r= S = .
al’ _1
3(a- 1)
Since the statefinder is dependent on the expansion factor & as well as the metric representing space-time, it can
be considered a "geometrical" diagnostic. It effectively distinguishes between different types of cosmological models
such as interacting DE models, brane models, quintessence, Chaplygin gas (CG), and cosmological constant as discussed
in [82,83]. In a case of (r,s)=(1,1), it signals cold dark matter (CDM), whereas (r,s)=(1,0) represents the ACDM

model. The DE regions can be specified as quintessence for » <1 and phantom for s > 0, while the trajectory for the CG

model belongs to the region »>1 with s<0. The statefinder settings for our HEL model are found to be
1 3m(m+nt)—2m 2 2nt

and s = -
(m+nt) * 3(m+nt) 3m’+2m(3nt—1)+3n’t

(44)

- with their association, described by

9ms’ (l-i-s)(m(l+s)3 —4s)

. 1/3 +2(m—2)s+§msz
4[2\/m2s9 (9S_2m(1+s)3) +ms’ (6s2 ~6ms (1+s) +m’ (Hs)ﬁ)} “5)

1/3
+%[2\/m2s9 (9s—2m(1+s)3)+ms3 (6s2 —6ms(1+s)3 +m? (1+s)6 )} Jr%ms3 +1.



37
Constraining the Hybrid Model for Investigating Holographic Dark Energy in Modified Gravity EEJP. 3 (2025)

25— 7 71—

CG(r>1,s<0

2.0

ACDM
r=1,s=0

~ 1.5F B
[ [phautom DE region (s > 0)
1.0+ B
0_5 I 1 L 1 L 1 Il 1 L L 1 1 L 1 1 L Il 1 1 L 1 1 L L 1 L
-1.0 -0.5 0.0 0.5 1.0 1.5

5

Figure 9. Plotof 7 vs s .

Fig. 9 illustrates the variation of r across s, suggesting that the state finder measurements will precisely correspond
along the lines of the ACDM model in the near future. The resulting alignment progresses seamlessly toward the ACDM
point while incorporating the CG and even Phantom DE portions.

8.2 Jerk Parameter
This parameter serves the purpose of recognizing models that conform to the ACDM model. A negative deceleration
parameter accompanied by a positive jerk value reflects transitions between acceleration and deceleration phases. The
jerk parameter of our model appears to be

m(3nt+3m—2)

. 1 a
Jjt)= =1 (46)
H’ a (m+nt)3
5_4 T T T =]
4 ]
= |
g 3 7]
E [
gt
& 2 ]
o L
g 1
1: -
ol ]
£l | 1 1 1 1
-1 0 1 2 3 4
redshift (z)

Figure 10. The plot of jerk parameter against redshift

For j=1, it is identified to be the ACDM model. Fig. 10 presents the variations of the jerk parameter against

redshift, which reflects a declining trend of the jerk parameter until it attains one as z — —1, thus sustaining the model's
conformity with the ACDM model based on the observational evidence [84].

8.3 Stability Analysis
To verify the stability of our model, we utilized the squared speed of sound parameter v*, defined by

vf =dp,/dp,, ,asproposed by Sadeghi et al. [85]. If the value of v’ is positive, this implies that the model is stable,
whereas it is unstable for a negative value of v’ . Using equations (34) and (39), the stability parameter v for our model

is obtained, and its graphical visualization over the redshift is presented in Fig. 11, which shows a positive nature for all
three situations thoroughly over the course of progression, indicating our model’s stability.
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Figure 11. The variation of plot of squared speed of sound (v?) against redshift.

9. CONCLUSIONS

This article is engrossed to delve into hypersurface-homogeneous metric from the perspective of f(R) gravity.

Having an account of two fluids viz pressureless matter together with HDE, the field equations are assimilated, and their
solutions are estimated by taking simplified HEL accompanied by the Starobinsky model [53]. By using OHD with 32-
point datasets, observational constraints are applied to examine the physical dependability and feasibility of the model.
We observed that Hubble parameter H emerges as increasing function of redshift z as illustrated in Fig. 1 which shows
that there is a close agreement between the observed and theoretical values of H in the redshift range 0<z <1,
elaborating the late matter-dominated era transitioning to dark energy domination, which eventually validates our model.
From the graphical presentations of various parameters pertaining to redshift involving three cases of K =0,1,—1, we

observed the following implications:

Both the skewness () and anisotropic parameter (A) tend to zero at z — —1 as reflected in Fig. 2, thereby
satisfying the isotropization of the Universe which is additionally supported by the fact that the ratio of expansion
scalar ¢ and shear scalar o~ tends to zero at later times.

The model effectively allows for the transition from decelerated to rapid expansion. The deceleration parameter
progresses from positive to negative, transitioning from a stage of deceleration to an instance of acceleration as
shown in Fig. 3, with the transition point z, = 0.62 resembling the observational estimates in [69,70].

Fig. 4 outlined the cosmic progression of the EoS parameter (@,,) in regard to redshift, which shows that it
begins from a phantom-dominated region initially, and at present, it gets slightly close to —1 indicating the
ACDM model, whereas it reaches to the quintessence model in the future. Moreover, the EoS parameter’s current
values, @, =-0.931,-1.004,-1.102 for K =0,1,—1, respectively, are consistent with the values observed in
recent cosmological data [75].

The hypothesis that the density of matter declines and space grows as the Universe expands is supported by the
positive and decreasing nature of HDE density (p,,) with the evolution of redshift as shown in Fig. 5. The

pressure (p,,) stays negative over the course of the evolution of our model, as reflected in Fig. 6. This lends

reassurance to the conceptualization that the cosmos is expanding at a faster pace. The approach of the overall
density (£2) parameter revealed that it tends to a constant value slightly close to 1 at late times, as displayed in
Fig. 7, thereby implying that the Universe tends to become flat in the future, aligning with observational findings
of [76] in accordance with the derived model.

From the variability of ECs as reflected in Figs. 5 and 8, we found that WEC, NEC, and DEC are considerably
validated, whereas the violation of SEC culminates in the accelerating expansion of the cosmos, which is in
concurrence with the current scenario of the cosmos.

It is observed from statefinder diagnostics as shown in Fig. 9 that our model tends to approach the ACDM model
in the near future. Fig. 10 reflects a declining trend of the jerk parameter until it attains one as z — —1, thus,
sustaining the model's conformity with the ACDM model based on the observational evidence [84].

Our model’s stability is established via the squared speed of sound (v’) parameter as illustrated in Fig. 11, which
shows a positive nature thoroughly over the course of progression of redshift, thereby indicating the stable nature
of our model.

Based on the preceding discussion, it is evident that our study's findings concur with existing observational data,

which supports our interpretation of the Universe’s cosmic acceleration and enables us to make specific predictions that
can be tested with forthcoming cosmological probes.
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OBMEXEHHS I'TBPUIHOI MOJEJI JJIA TOCJIIKEHHS T'OJIOTPA®IYHOI TEMHOI EHEPTT
B MOJUA®IKOBAHIN I'PABITAIIII
A Ieiix?, A.IT. Jlzkenexap®

“Kagheopa mamemamuxu, Inodipa I'anoi Kara Maxasiovsnas, Parecaon-445402 (macicmp nayk), Inois

bKageopa mamemamuxu, xonedaca mucmeyms, xomepyii ma nayxu, Mapezaon-445303 (M.S.), Inoin
VY upoMy JOCHiDKeHHI po3risaaeThess AuHamizm ronorpadidnoi temHoi eneprii (I'TE) na Tii rpasitauii depe3 rineprnoBepxHEBO-
OJTHOPITHUH MPOCTOPOBO-YACOBUI KOHTEKCT. Posrisnatoun, sik I'TE BmmBae Ha po3BUTOK BcecBiTy, MU BUKOPUCTAIN CIIPOILCHUN
riopuaanii 3akoH po3mupeHss (I'3P) w1 oTpuMaHHS TOYHOTO PO3B'SI3KY MOB'SI3aHUAX 3 HUM PiBHSHB HOJIA. JlOCTiIKECHHS TOYNHAETHCS
3 aHaJIi3y MEeBHUX KIHEMAaTHYHUX Ta (I3MIHUX XapaKTEPUCTHK, MOB'I3aHUX 3 MOAEIUIIO. MU 3acTOCYBaIH OOMEXEHHS JI0 OKpPECIeHOT
ribpumHOI Mozei, BUKOPHUCTOBYIOUM HaHi crioctepexeHb Xadoma (OHD), ski ckmamarorsest 3 32-TOUKOBHX HAOOpPIB JaHMX, OO
OLIHNUTH (Pi3WYHY JOCTOBIPHICTB Ta JOLIJIBHICTE MOJIENI. Y 3B'13Ky 31 3HAUEHHSIMH [TapaMeTPiB, 110 BiJOOpakaroThCsI B HAILIII METPHIL,
OKpECJICHO TP ANHAMIYHO NOTEHLiHHI KocMoiorivHi cieHapii. KpiM toro, mu nociinuinu pi3ui eneprernuni ymosu (EC) ta Buninmim
OKpeMi KOCMiuHi (asu 3a JOIOMOrO IepeBipku JiarHocTuku statefinder Ta mapamerpa puBka. Ksampar MIBHAKOCTI 3BYKY Vs
BHKOPHCTOBYEThCS TSl 3a0e3medeH s crabinbHocTi Moeni. JlocmimKeHHs miaTBeppKye KocMiuHe NpHUCKOpeHHs BeecBiTy, OCKinbKku
HaIlli BHCHOBKHM BIINOBIJAalOTh NEPEBAXKAIOYNM JaHUM CIIOCTCPE)KEHb, MPOMOHYIOUH >KUTTE3AATHI MPOTHO3M Ui MaiOyTHIX
JociimkeHb 3 o0rpynTyBanas HDE.
KunrouoBi caoBa: conoecpaghiuvna memna eumepeis; epagimayis;, 00HOPIOHUL 2inepnosepxnesuil npocmip-yac, 2iOpuoOHUil 3aKoH
PO3MUPEHHSL



