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This study investigates the steady, laminar motion of a non-Newtonian Oldroyd-B nanofluid over an inclined plate, integrating
Buongiorno’s nanofluid model to account for Brownian motion and thermophoresis. The novel integration of couple stress and
Forchheimer inertia in the analysis, coupled with advanced Bayesian-regularized ANN modelling, distinguishes this work. Governing
equations are transformed using similarity variables and solved numerically via MATLAB’s bvp4c solver. The effects of couple stress,
relaxation time, Forchheimer number, thermal radiation, thermophoresis, Brownian motion, and activation energy on velocity,
temperature, and concentration profiles are systematically analyzed. Results reveal that couple stress and relaxation time reduce
velocity, while thermal radiation and thermophoresis elevate temperature. Brownian motion decreases concentration, and activation
energy influences both temperature and concentration oppositely. Multiple linear regression models quantify relationships between
friction factor, Nusselt, and Sherwood numbers and key parameters, while a Bayesian-regularized artificial neural network (ANN)
demonstrates high predictive accuracy (R-values ~1). It is noticed that increasing the couple stress parameter from 0.1 to 2.5 reduces
friction factor by 59.8%, increasing the thermophoresis parameter from 0.1 to 2.5 decreases the Nusselt number by 7.8%, reflecting
reduced heat transfer, and increasing the Brownian motion parameter from 0.1 to 2.5 reduces the mass transmission rate by 2.6%.
Keywords: Non-Newtonian fluid;, Thermophoresis; bvp4c; Brownian motion; Activation energy; Thermal radiation

PACS: 47.15.-x, 47.50.-d

Nomenclature
u, v — the velocity components in the directions of x-axis 1 — Similarity variable
and y-axis Nb — Brownian motion parameter
0" — Stefan-Boltzman constant Cp — Specific heat capacity
Pr — Prandtl number A — Porosity parameter
T — Heat capacity ratio Nt — Thermophoresis parameter
v — Kinematic viscosity k, — Chemical reaction parameter
g — Acceleration due to gravity f — Stream function (Ton-dimensional)
p — Density ko —Mean Absorption coefficient
Y —Angle of inclination A* - Parameter due to buoyancy
1 — Viscosity of the fluid Dy — Diffusion coefficient (Thermophoresis)
K — Permeability Dy — Diftusion coefficient (Brownian motion)
Fr — Forchheimer number a — Thermal diffusivity
k — Thermal conductivity o, — Temperature ratio parameter
By — Magnetic strength m — The fitted rate constant
Mg — Magnetic field parameter I — Reaction rate parameter (non-dimensional)
o — Electrical conductivity A — Activation energy parameter
A — Parameter due to Mixed convection Ra — Radiation parameter

1. INTRODUCTION

Newtonian as well as non-Newtonian fluids are the two main types taken into account in fluid mechanics. The
viscosity and flow characteristics of these fluids under shear stress serve as the basis for differentiation. Regardless of the
applied shear rate, the viscosity of Newtonian fluids remains constant. For instance, water, fuel, alcohol, and many more
substances. Because of their rheological properties, non-Newtonian fluids are helpful in a huge range of industrial and
technical purposes. A number of significant studies on non-Newtonian fluid models are documented due to said broader
use and applications. Many modellings have been proposed to illustrate the fluid response that the Navier-Stokes model
cannot explain. These models are divided into three types: differential, integral, and rate models. Oldroyd's [1] report,
which was influenced by Frohlick and Sack's [2] work, established a methodical procedure for creating a viscoelastic
fluid modelling that was precisely of rate type, even though it had nothing to do with thermodynamical concerns. Among
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the several models he presented, the Oldroyd-B fluid modelling was analytically feasible and, more importantly,
experimentally supported. It was characterised by three material constants namely, the viscosity, relaxation and retardation
time. Oudina et al. [3] provided a study of heat transfer efficiency methods in various enclosures as well as nanofluidic
applications. Boudjemline et al. [4] investigated Jeffery-Hamel flow extension and Oldroyd-B nanofluid in an enlarged
channel. Yasir et al. [5] scrutinized the unsteady motion of an Oldroyd-B fluid that used energy transmission to form an
extendable cylindrical surface. Analytic series convergence was one of their topics. Using Buongiorno's model, they also
investigated the characteristics of Brownian motion brought on by nanoparticles. Sun et al. [6] reported the numerical
outcomes on the Oldroyd-B motion across a triangular cylinder. This study investigates the flow motion in different
orientations. Discussion of magnetic impact in the motion of Oldroyd-B fluid along a semi-vertical plate with absorbing
boundary assumptions in another discussion of Liu et al. [7]. Fetecau et al. [8] presented the results for MHD motion of
Oldroyd-B fluid by a circular cylinder in a saturated porous region. Munir et al. [8] studied numerically the flow behaviour
of Oldroyd-B nanofluid. They also reported the entropy generation through their study. Kang et al. [9] used the
characteristics of Brownian movement and thermophoresis in a radiative motion of Oldroyd-B fluid. With the help of
non-Fourier heat flux, Ahmed et al. [10] presented the outcomes for chemically reactive Oldroyd-B nanofluid
bidirectionally with external heat source. Yasir et al. [12] also discussed the unsteady motion of Oldroyed-B fluid via
convectively heated surface.

Industrial applications depend heavily on chemical reactions that release energy as heat. However, most of these
chemical reactions can become uncontrollable, which is why scientists and engineers are looking for a very efficient way
to achieve this aim while maintaining safety, reaction control, and appropriate heat management. Due to this reason, a
good amount of literature found on these reactions. For instance, exploration of endothermic and exothermic chemical
reactions in a nanofluid motion over a permeable microchannel by Madhukesh et al. [13]. Impacts of these chemical
reactions on the different fluid motions discussed by many authors. Ramesh et al. [14], Agbolade and Fatunmbi [15],
Maleque [16], Alarabi et al. [17], Shanmugapriya et al. [18], Oderinu et al. [19] and Khan et al. [20] are few of the many
recent studies. The reason behind these investigations is that the exothermic chemical reactions have a major impact on
engineering applications such chemical separation, oil separation, and combustion processes that require heat transfer in
the presence of nanofluids.

Researchers have lately become interested in the movement of fluid through a porous area and objects of various
forms immersed in the porous region. Numerous fields, including applied mathematics, mechanical engineering,
geothermal physics, nuclear engineering, bioengineering, and civil engineering, have used it. Some processes that include
fluid flow via a porous area include the use of geothermal energy, the casting solidification, flow of blood in arteries or
lungs, underground electrical wires, the dispersal of pollutants in aquifers, heat pipes (porous), and chemical catalytic
connections. The flow filled in the porous region is widely interpreted using Darcy's law. The effects of high velocity and
turbulence in the porous region render Darcy's law inapplicable. Practical impact of this law in a variety of mathematical
modellings was discussed by many of the researchers in the past and recent literature. Hayat et al. [21] examined the
Darcy-Forchheimer motion along with nonlinear mixed convection. Later Khan [22] studied the forced convective Darcy-
Forchheimer motion of hybrid nanofluid through a rotating disk. Revathi et al. [23] proposed a similar modelling for the
nanofluid flow via an angled plate together with activation energy and thermal radiation. A similar modelling under Darcy-
Forchheimer flow together with chemical reactions has been reported by Rasheed et al. [24] recently. Few more relevant
studies in recent literature are listed in [25-31] which describes the modelling of Darcy-Forchheimer motion of the
nano/hybrid fluids in addition to a variety of physical constraints.

Motivation from the mentioned works a numerical examination is carried out to drag the consequences for a Darcy-
Forchheimer motion of Oldroyd-B nanofluid across an inclined plate with hexothermic chemical reactions on the basis
of Bayesian Neural Network modelling. No such reports on this modelling are not yet being discussed by the authors. To
fill this research gap, we assumed this type of modelling and presented the numerical outcomes via plots and tables. It
means the novel aspect of present investigation is hidden in its formulation. Usage of couple stress, Darcy-Forchheimer
and ANN distinguishes from the similar studies. The numerical outcomes are picked out from bvp4c solver in MATLAB.
Validation of the results also presented with Bayesian Neural Network.

2. FORMULATION OF THE STUDY

This research focuses on the flow characteristics of a non-Newtonian (Oldroyd B) fluid across an angled upright
plate. Assumptions for this study are outlined as below:

e The flow is steady and laminar.
The plate is inclined at an angle a, with the x —axis along the flow and the y —axis normal to it.
e Buongiorno’s nanofluid model is used, incorporating:

o Brownian motion (nanoparticle diffusion).

o Thermophoresis (nanoparticle migration due to temperature gradients).
A uniform magnetic field B is applied vertically (along y —axis).
The induced magnetic field is negligible (low magnetic Reynolds number).
Joule heating and Viscous dissipation are omitted.
No-slip condition at the plate surface.
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e The Boussinesq approximation is used for buoyancy effects.
e The chemical reaction is considered to be exothermic, meaning that it releases heat
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Figure 1. Graphical depiction of the current research

The following conditions and equations are essential for this investigation, based on the previously given
assumptions (Singh et al. [32], Muhammad et al. [33], Reddy et al. [34]):
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For the purpose of converting regulatory equations, Sudarmozhi et al. [35] introduced further similarity transformations:
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Through the use of terms in (6), the continuity equation (1) is satisfied in a straightforward manner. Terms in (6) can then
be skilfully used to convert (2 - 5) as the following:
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Terms in (6) allows us to rewrite the terms in (11) as
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3. NUMERICAL PROCEDURE
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The transformed governing equations (7 - 9) subject to the restrictions (10) are worked out with the bvp4c solver in
MATLAB. This solver is a finite-difference method designed to obtain the solutions of boundary value problems (BVPs)
for ordinary differential equations (ODEs) by employing a collocation technique. It adaptively adjusts mesh points to
ensure accuracy and efficiency. Advantages include its robustness in handling nonlinear and stiff BVPs, automatic error
control for high precision, flexibility with various boundary conditions, and ease of implementation, making it ideal for

complex fluid dynamics problems like those in this study.

4. DISCUSSION OF OUTCOMES

This section systematically examines the impacts of key parameters- including couple stress, thermal radiation,

thermophoresis, and relaxation time of the fluid- on velocity, temperature, and concentration profiles.
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The rise in couple stress within a fluid leads to an increase in internal resistance against deformation, which in turn
reduces the fluid's velocity (see Fig. 2). Couple stress arises from micro-rotational effects in complex fluids (e.g., liquid
crystals or polymeric fluids), where adjacent fluid elements experience opposing rotational moments. As couple stress
increases, these microscopic interactions dissipate more kinetic energy, effectively resisting fluid motion. Physically, this
means the fluid exhibits a stronger tendency to resist shear and rotational deformation, resulting in a stiffer response to
applied forces and a slower overall flow. This behaviour is particularly relevant in non-Newtonian fluids, where
microstructure interactions dominate macroscopic flow properties. Thus, higher couple stress correlates with reduced
velocity due to enhanced internal friction and energy dissipation at the microstructural level. In the Oldroyd-B fluid model,
the relaxation parameter ( A,) represents the time scale over which polymeric stresses in the fluid decay. When A,
increases, the fluid exhibits stronger viscoelastic memory, meaning it retains internal stresses for a longer time, resisting
deformation. This increased elastic resistance opposes the flow, effectively reducing the fluid's velocity (see Fig. 3).
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Figure 2. Upshot of Cs on velocity Figure 3. Upshot of A; on velocity

Physically, this can be interpreted as the polymer chains within the fluid becoming more entangled or stretched,
enhancing their ability to store elastic energy and thus dampening momentum transfer. Consequently, a higher A; leads
to a slower velocity profile, as more energy is dissipated through elastic recoil rather than kinetic motion. This behaviour
is typical of viscoelastic fluids, where elasticity competes with viscous flow, slowing down the overall movement. The
Forchheimer number (Fr) quantifies the relative importance of inertial (non-Darcy) effects compared to viscous (Darcy)
effects in porous media flow. A rise in Fr indicates stronger inertial resistance, often due to higher flow velocity, larger
pore-scale turbulence, or increased fluid inertia. As Fr increases, the inertial drag force opposing the flow becomes more
significant, leading to a reduction in the effective fluid velocity (see Fig. 4). Physically, this occurs because energy is
dissipated in overcoming additional resistance caused by eddies, flow separation, and momentum exchange at higher
velocities. Thus, the velocity decreases to balance the increased inertial dissipation, maintaining equilibrium in the flow
system. This effect is particularly notable in high-velocity flows through coarse or fractured porous media. In an
exothermic chemical reaction, the activation energy represents the energy barrier that must be overcome for reactants to
form products. When the activation energy increases, the reaction rate typically decreases because fewer molecules
possess sufficient energy to surpass this higher barrier. As a result, the rate of heat release from the exothermic reaction
slows down, leading to a reduction in the overall temperature of the fluid (see Fig. 5).
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Physically, this means that the system generates less thermal energy per unit time because the reaction becomes less
efficient at converting reactants into energy-releasing products. The temperature drop reflects the diminished exothermic
output due to the higher energy threshold required for the reaction to proceed. The rise in thermal radiation increases the
temperature of a fluid because radiation transfers energy in the form of electromagnetic waves, which are absorbed by
the fluid's molecules (see Fig. 6). When these waves are absorbed, the molecules gain kinetic energy, leading to increased
vibrational and translational motion, which manifests as a rise in temperature. Physically, this process aligns with the first
law of thermodynamics, where energy absorption increases the internal energy of the fluid. The extent of heating depends
on the fluid's absorptivity—opaque fluids absorb more radiation, converting it efficiently into thermal energy, while
transparent fluids may allow radiation to pass through with minimal heating. This mechanism is crucial in applications
like solar heating, where radiative energy directly influences fluid temperature. The rise in the thermophoresis parameter
increases fluid temperature because thermophoresis involves the migration of particles from hotter to colder regions due
to a temperature gradient (see Fig. 7).
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When the thermophoresis parameter is enhanced, particles move away from the heated surface, carrying thermal
energy with them and redistributing it within the fluid. This movement reduces the thermal boundary layer's resistance,
allowing more efficient heat transfer into the fluid and elevating its overall temperature. Physically, this phenomenon
indicates that stronger thermophoretic effects enhance convective heat transfer by promoting particle-driven energy
dispersion, effectively increasing fluid temperature. The result highlights the significant role of particle migration in
modifying thermal dynamics, particularly in nanofluids or dusty gases where thermophoresis is prominent. The rise in the
Brownian motion parameter enhances the random movement of nanoparticles within a fluid, leading to greater dispersion.
As Brownian motion intensifies, nanoparticles spread more uniformly, reducing localized concentration gradients
(See Fig. 8). Physically, this means that increased thermal energy drives nanoparticles away from regions of high
concentration, promoting mixing and reducing peak fluid concentration. This effect is particularly significant in
nanofluids, where enhanced Brownian motion improves heat transfer by distributing particles more evenly, but
simultaneously lowers the maximum concentration due to reduced aggregation. Thus, the parameter inversely influences
concentration while improving homogeneity. The rise in the activation energy parameter typically increases the fluid
concentration because higher activation energy represents a greater energy barrier that molecules must overcome to
participate in reactions or diffusion processes (see Fig. 9).
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When activation energy increases, fewer molecules possess sufficient kinetic energy to react or diffuse, leading to a
slower rate of consumption or removal of the fluid species. As a result, the fluid concentration builds up over time since
the outflow or reaction rate is reduced. Physically, this implies that systems with higher activation energy tend to retain
more of the fluid phase, as the energy threshold restricts dynamic processes like chemical reactions or mass transfer. This
effect is particularly relevant in catalysis, combustion, or transport phenomena, where activation energy governs reaction
kinetics and species distribution. The increased concentration reflects a bottleneck in molecular activity due to the
heightened energy requirement.

4.1. Multiple linear regression
Important technical characteristics, such as the mass transmission rate, and specific variables, such as the Brownian
motion, were linked in this study using the models outlined below:

Cf =ayg+ aAq +a,Cs (12)
Nu = by + bNt + b,A (13)
Sh=cy+c;A+c,Nb (14)
We used 25 different sets of variables for each computation to speed up the process of discovering results:
Cf =2.2124 + 0.0832A; — 0.5199Cs (15)
Nu = 0.2028 — 0.0784Nt + 0.05684 (16)
Sh = 0.4264 — 0.0886A4 + 0.232Nb 17)

Equation (15) explains that the friction factor raises with an elevation in A; and lowers with an increase in Cs. The
rise in the couple stress parameter decreases the skin friction coefficient in fluid flow due to the additional resistance to
rotational deformation offered by the couple stresses. In fluids with microstructures (e.g., liquid crystals or polymeric
fluids), couple stresses account for the resistance to particle rotation, effectively introducing an internal damping
mechanism. As the couple stress parameter increases, the fluid's microstructure resists local angular deformations more
strongly, reducing the velocity gradient near the boundary. Since skin friction is directly related to the velocity gradient
at the wall, a lower gradient results in reduced shear stress and thus a lower skin friction coefficient. Physically, this
implies that the fluid's internal microstructure absorbs part of the shear energy, leading to a smoother transition in velocity
near the wall and weaker frictional drag. This effect is particularly significant in microfluidic and biological flows where
microstructure interactions dominate. The friction factor decreases by 59.8% when the value of Cs ranges from 0.1 to 2.5.
Equation (16) demonstrates that the Nusselt number lowers with a spike in Nt and rises with an elevation in A. The rise
in the thermophoresis parameter decreases the Nusselt number because thermophoresis causes particles to move from
hotter to colder regions, creating a concentration gradient near the heated surface. This particle migration reduces the
effective thermal conductivity of the fluid near the boundary, as fewer particles are available to enhance heat transfer.
Consequently, the temperature gradient at the wall decreases, leading to a lower Nusselt number, which represents the
ratio of convective to conductive heat transfer. Physically, this means that thermophoresis suppresses heat transfer by
redistributing particles away from the hot surface, thereby weakening thermal convection. The result highlights the trade-
off between particle migration effects and thermal performance in nanofluids. The heat transmission rate diminishes by
7.8% as the value of Nt varies from 0.1 to 2.5. As seen in Equation (17), the Sherwood number decreases as A spikes and
increases as Nb climbs. The rise in the Brownian motion parameter enhances the Sherwood number in fluid flow because
it intensifies the random motion of nanoparticles, leading to greater mass transfer. Brownian motion increases the
dispersion of particles within the fluid, reducing concentration gradients and promoting more uniform mixing. This
heightened activity enhances the effective mass diffusivity, thereby improving the convective mass transfer rate, which is
quantified by the Sherwood number. Physically, this means that as nanoparticles move more vigorously due to thermal
fluctuations, they facilitate faster transport of species across the fluid, increasing the overall mass transfer efficiency. The
result highlights the importance of microscopic particle dynamics in macroscopic transport phenomena, particularly in
nanofluid applications where enhanced mass transfer is desired. It is observed that as Nb ranges from 0.1 to 2.5, the mass
transmission rate drops 2.6%.

4.2 Validation of the results using Artificial Neural Network

In MATLAB, the Bayesian training approach is a regularization method for neural networks that optimizes weights
by minimizing a combination of squared errors and weight magnitudes, effectively balancing model complexity and
predictive accuracy. This approach treats weights as probabilistic variables, using Bayesian inference to automatically
determine optimal regularization parameters, which helps prevent overfitting and improves generalization.

In this study, we rigorously compare our analytical and regression-based results with those generated by a Bayesian-
regularized neural network to assess the model’s reliability and precision. Our results are exceptionally good,
demonstrated by the elevated R-values (approaching 1) in the regression plots (Figs. 10-12), signifying near-perfect
correspondence between anticipated and actual values. The error histograms (Figs. 13—15) corroborate this by displaying
symmetric, zero-centred distributions with limited dispersion, indicating unbiased and accurate predictions. Furthermore,
the function fit plots (Figs. 16—18) illustrate that the neural network effectively represents the fundamental physical trends,



187
Darcy-Forchheimer Flow of Oldroyd-B Nanofluid Over an Inclined Plate with Exothermic... EEJP. 3 (2025)

including the inverse relationship between couple stress and skin friction and the positive correlation between Brownian
motion and Sherwood number.
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Figure 11. Regression chart for activation energy vs Nusselt number
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Figure 12. Regression chart for Brownian motion vs Sherwood number
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Figure 13. Error histogram for couple stress vs skin friction coefficient



189

EEJP. 3 (2025)

Error Histogram with 20 Bins

Darcy-Forchheimer Flow of Oldroyd-B Nanofluid Over an Inclined Plate with Exothermic...

- 90-928'8 - J so-esis
S . S e
2 @ 90-926°L 2 i 1 50-8¥9'y
90-911°9 5 160-919°¢
- 90-92°G g - 1 60-260°¢
9096 4 T o 150-0852
et 7] e~ i
- Nl =) m | 2007 3
90-96¢ mm. z = S0 oo.mm.
90-98%°C w w N G0-9GG°| nuv
90-985°L 7 5 = G0-9€0|
¢ B 3 )
L0019 = e 90-911'G43
l0-ege- D ¢ o 80-096'L &
-9 - ﬁ 3 2 -9 .m-ﬁ
90-91°1 2 gl 90-91
5. n s n c0-01- 1]
90-92- ¢ - = o
90-9¢- m mo m G0-9G'}- m
190-96°¢- W m T Go-9}z-W
190-08'%- m G0-09'Z-
190-92°G- < Go-ol°¢-
[ o0-090- £ 0-99°¢-
490-9G°/- = Go-9L t-
- 90-91'8- G0-99 -
(e} o T} o 0 o o] o 0 o o o o o (@) o
< < ™ ™ N N ~ ~— 7o} < ™ N ~—
saouejsu| saouejsu|

Figure 15. Error histogram for Brownian motion vs Sherwood number
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Figure 18. Function Fit plot for Brownian motion vs Sherwood number

5. CONCLUSIONS

This study investigates the steady, laminar motion of a non-Newtonian Oldroyd-B nanofluid across an inclined
vertical plate, integrating Buongiorno’s nanofluid model to account for Thermophoresis and Brownian motion. The
research examines the effects of key parameters such as couple stress, relaxation time, Forchheimer number, thermal
radiation, thermophoresis, Brownian motion and the activation energy on velocity, temperature and concentration.
Multiple linear regression and a Bayesian-regularized artificial neural network (ANN) are employed to model
relationships and predict outcomes, offering insights into complex nanofluid dynamics under viscoelastic, magnetic, and
exothermic reaction influences. The findings have applications in heat exchangers, polymer processing, enhanced oil
recovery, and biomedical systems. Key findings are mentioned below:

Gadamsetty Revathi, https://orcid.org/0000-0001-9419-2637;
P. Srividya Devi, https://orcid.org/0000-0001-6131-7421;

(1]

Increasing couple stress reduces velocity by enhancing viscosity and internal friction.

Higher relaxation time decreases velocity due to increased fluid elasticity, thickening the boundary layer.
Higher activation energy decreases temperature by reducing exothermic reaction rates.

Greater thermophoresis raises temperature through enhanced particle migration from warmer to cooler regions.
Increased Brownian motion reduces particle concentration by enhancing diffusion.

Higher activation energy increases concentration by reducing particle mobility.

It is noticed that increasing the couple stress parameter from 0.1 to 2.5 reduces friction factor by 59.8%.
Increasing the thermophoresis parameter from 0.1 to 2.5 decreases the Nusselt number by 7.8%, reflecting
reduced heat transfer,

Increasing the Brownian motion parameter from 0.1 to 2.5 reduces the mass transmission rate by 2.6%.

These findings advance the understanding of complex nanofluid systems and provide robust tools for optimizing
engineering applications, such as heat transfer devices, polymer processing, and enhanced oil recovery, where
precise control of flow and thermal behaviour is critical.
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Le mocmimpKeHHs JOCIiKY€e CTalliOHapHUH JTaMiHApHHUI pyX HEHBIOTOHIBCHKOI HaHOpianHK Oinzpoiina-b Hax MOXmIo IIIACTHHOIO,
IHTErpyIOYM MOJEJTb HAaHOPIAWHKM ByOoHDKOpHO Ui BpaxyBaHHSI OpOyHIBCBKOrO pyxy Ta Tepmodopedy. HoBa iHTerpaiis mapHHX
HanpyxeHb Ta iHepiii dopxreiimepa B aHami3i, y NO€JHAHHI 3 YJIOCKOHAJCHHM Oail€CiBCHKO-PEry/sipu30BaHUM MOJCITIOBAHHIM
IITYYHUX HEWPOHHUX MEPEeX, BiApi3HAE 1m0 poOoTy. KepiBHI piBHAHHS TpaHC(HOPMYIOTHCS 32 JOMOMOTOI 3MiHHHX MOAIOHOCTI Ta
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INomivueno, mo 30idbIIeHHS Mapamerpa mapHoro HampyxeHHs 3 0,1 mo 2,5 3menmye koedimient Teprs Ha 59,8%, 30iTbIICHHS
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