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Supersymmetry is one of the most important and indispensable ingredients of modern theoretical physics. However, the absence, at
least at the time of publishing this review, of experimental verification of supersymmetry in elementary particle/high-energy physics
casts doubt on the viability of this concept at the energies achievable at the LHC. The more unexpected are either already experimentally
verified or proposed for verification manifestations of supersymmetry at the level of low (condensed matter physics, quantum optics)
and medium (nuclear physics) energies where standard quantum mechanics works. Using examples of various systems from completely
different areas of physics, we discuss the isospectrality of quantum Hamiltonians, hidden and explicit supersymmetry, the advantages
of the supersymmetric quantum mechanics approach and its role in quantum engineering.
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1. INTRODUCTION
On July 3, 2025, we celebrate 100 years since the birth of Dmitry Volkov, academician of the National Academy of

Sciences of Ukraine, the founder of one of the scientific schools of the Kharkov Institute of Physics and Technology, one
of the inspirers of the creation of the O.I. Akhiezer Institute for Theoretical Physics of NSC KIPT. During his 45-year
activity at UFTI-KFTI-NSC KIPT [1] Volkov made a number of discoveries that completely overturned our understanding
of fundamental physics. Among them are: the Green-Volkov-Greenberg-Messiah parastatistics [2–5]; Volkov’s (jointly
with V.N. Gribov) discovery of the “Redge Pole Conspiracy” [6] and the subsequent development of dual models (see the
review [7] and references therein); phenomenological Lagrangians of fundamental interactions [8] (and Refs. therein); su-
persymmetry [9–13]; supergravity [14–16]; supersymmetric quantum mechanics [17–21], spontaneous compactification
of extra dimensions [22], twistor approach in supersymmetric theory of particles [23–25], strings [26] and branes [27,28].
Volkov’s scientific school members also played an important role in the above-mentioned works, but, of course, he himself
set the tone for the research.

Among the above-mentioned scientific inventions of D.V. Volkov, perhaps the main one is the discovery and develop-
ment of Supersymmetry – a symmetry of a new type, unifying in supermultiplets particles of the same quantum numbers,
but different statistics. In the end of 60th it was already known that a non-trivial unification of space-time symmetries
with gauge symmetries is forbidden within the formalism of the standard quantum field theory [29, 30]. Supersymmetry
(the historical retrospective of the discovery and development of supersymmetry is given in [31]) was one of the tools that
allowed to overcome this obstacle, which finally led to the appearance of supergravity as a unified theory of space-time
and internal (gauge) symmetries. Being a part (to be precise, a low-energy limit) of string theory, the development of su-
pergravity made it possible to take a different look at the Dual Models of strong interactions, and to make two superstring
revolutions on their basis (see [32] for a brief review). At present string theory, transformed into M-theory, is considered
the most probable candidate for building a unified theory of all fundamental interactions. Although, certainly, the program
of construction of the Theory of Everything is still far from its final completion.

It is usually accepted to consider that supersymmetry, growing from particle physics, has a relation to (ultra)high
energies, beyond the reachable energies of modern particle colliders. Indeed, the renormalizability property of supersym-
metric theories immediately attracted the attention of theorists in the field of high energy physics. But the absence of
experimental evidence of supersymmetry on the LHC energy scale clearly indicates a strong violation of supersymmetry.
The idea about spontaneous supersymmetry breaking on scales of TeVs is not new. In order to investigate the properties
of the supersymmetric vacuum and spontaneous supersymmetry breaking Witten [18, 19] initiated the development of
supersymmetric quantum mechanics [17], which was a significant step for the application of supersymmetry in low- and
medium-energy physics.

Nowadays Supersymmetry [9–13] plays an important role not only in the world of elementary particle physics,
but also in nuclear, solid states and condensed matter physics, quantum mechanics, quantum optics and many other
areas of contemporary physics. In this brief review we are aimed at pointing out some features of supersymmetry in
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the description of various physical systems, which favourably distinguish this approach from the conventional ones. To
recap supersymmetric quantum mechanics (SQM), the approach we promote to describe quantum objects, in Section
2 we recall main points of the construction of isospectral quantum-mechanical Hamiltonians within the standard and
extended schemes. In Section 3 we give examples of models from different areas of physics in which supersymmetry is
hidden. On the contrary, in Section 4 we consider the situation with exact supersymmetry of stationary Hamiltonians and
outcomes arising therefrom. The recently obtained non-trivial connection of CPT-invariant stationary and PT-invariant
non-stationary supersymmetric Hamiltonians is discussed in Section 5. Application of the SQM technique for open
quantum systems with mixed states and the Lindbladian dynamics of the density matrix is the subject of Section 6.
Conclusions contain a brief discussion on the results and further directions of studies.

2. A BRIEF RECAP OF SUPERSYMMETRIC QUANTUM MECHANICS
Let’s refine main steps in constructing supersymmetric Hamiltonians. We can follow the factorization method pro-

posed by Dirac and Schrödinger in the mid of 20th of the last century. For the sake of simplicity, we will apply the
Dirac-Schrödinger formalism to one-dimensional stationary Hamiltonians, when generally the Hamiltonian operator is
presented by

H0 � �
d
2

dx2
� V0 �x� . (1)

According to the formalism, one presents the initial Hamiltonian (1) as

H0 � A
†
A � ϵ, (2)

with an analog of the creation/annihilation operators

A �
d

dx
� β �x� , A

†
� �

d

dx
� β �x� . (3)

The unknown function β�x�, entering eq. (3), can be found from the Riccati equation

�
d

dx
β �x� � β2 �x� � V0 �x� � ϵ. (4)

Though this construction is general, and can be applied to any quantum-mechanical Hamiltonian, the general solution to
the Riccati equation is absent in the analytic form. Put it differently, one cannot resolve eq. (4) for an arbitrary potential
V0�x�, as well as the Schrodinger equation with Hamiltonian (1).

However, there is a set of quantum-mechanical potentials, for which the exact solutions to the Riccati equation exist.
These potentials are referred to as exactly-solvable potentials of Quantum Mechanics (QM). And in this case, we can
apply the factorization scheme and determine the operators (3) and the factorization energy ϵ explicitly [33].

But it is not the end of the story. In 1984 Mielnik [34] proposed the way of constructing a new Hamiltonian from the
original one, if a particular solution to the Riccati equation has known (see [35]). If we denote this particular solution as
β0�x�, then the new Hamiltonian will receive the structure of

H1 � AA
†
� ϵ � �

d
2

dx2
� V1�x� (5)

with the new potential

V1 �x� � V0 �x� � 2
d

dx
β0�x�. (6)

The new potential can be absolutely different in shape. However, the spectra of Hamiltonians H0 and H1 turn out to be
related to each other via the so-called intertwining relations:

H1A � AH0, H0A
†
� A

†
H1. (7)

When the starting Hamiltonian H0 is an exactly-solvable one, we can choose

β0 � �
φ
¬

ϵ�x�
φϵ�x� , (8)

and the still arbitrary factorization energy ϵ becomes a part of the spectrum of one of the paired Hamiltonians. Specifically,
as ϵ $ E0 (where E0 is the ground state energy of H0), the factorization energy is the ground state energy of the new
Hamiltonian H1. As a result, the intertwined Hamiltonians H0 and H1 are (almost) isospectral; their spectra are different
just in the ground energy state (see Figure 1).
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implies

H(1)(A† (2)
n ) = A†AA† (2)

n = E(2)
n (A† (2)

n ) (2.14)

Equations (2.12) and (2.14) show that A† (2)
n is an eigenstate of H(1) and A 

(1)
n is an

eigenstate of H(2) respectively. Using this result and equations (2.11)-(2.14) it is now

possible to include the case n = 0 with E
(1)
n = 0 and formulate the relations between the

two Hamiltonians for n = 0,1,2,...

E(2)
n = E

(1)
n+1, E

(1)
0 = 0, (2.15)

 (2)
n =

⇣
E

(1)
n+1

⌘� 1
2
A 

(1)
n+1, (2.16)

 
(1)
n+1 =

�
E(2)

n

�� 1
2 A† (2)

n , (2.17)

where the normalization constants can be gained from the norm of the eigenfunctions, for
example

||A (1)
n+1||2 = h (1)

n+1|A†A| (1)
n+1i = h (1)

n+1|H(1)| (1)
n+1i = E

(1)
n+1. (2.18)

The relations

AH(1) = AA†A = H(2)A and H(1)A† = A†AA† = A†H(2) (2.19)

which are used for the calculations of the eigenvalues above are called intertwining re-
lations. This way of expressing the connection between the Hamiltonians is used in the
two-dimensional treatment which is described later.

Equation (2.15) shows that the energy spectra of both Hamiltonians are nearly exactly
the same, the only di↵erence is an additional ground state of H(1). The operators A and
A† are used to switch between the two systems. A maps the eigenfunction of H(1) to
the partner system and destroys one node of the eigenfunction. Vice versa A† maps an
eigenfunction of H(2) to the system of H(1) and creates an additional node. This makes it
possible to determine all eigenfunctions and energy eigenvalues of the second system when
the first system is known. This works vice versa except for the ground state wave function
of H(1). The energy spectra and the mapping are illustrated in figure 1

A†

A

H(2)H(1)

E

Figure 1: Scheme of the energy spectra of two supersymmetric partner Hamiltonians and
their connection via the operators A and A†.

8

Fgure 1. Schematic spectra of two intertwined Hamiltonians related by (7). Here H
�1�

� H1, H�2�
� H0.

So far, we did not even mention Supersymmetry. However, there is a very close connection [18,36] between operators
A and A† of (3) and the so-called supercharges Q and Q† forming the part of the minimal Supersymmetry algebra:1

tQ,Q†z � H. (9)

Then, the paired from the point of view of relations (7) Hamiltonians form the so-called supermultiplet. Since properties
of a (super)multiplet members have to be the same, it is not surprising that the spectra of the Hamiltonians-superpartners
are (almost) the same. It is important to note, the difference in the spectra of the superpartner Hamiltonians in the
ground state signals the exact supersymmetry. Restoring the complete equivalence between two spectra corresponds to
the supersymmetry breaking [18].

One may wonder, does the presence of Supersymmetry turn out to be so important? We know that experimentally
Supersymmetry is still a hidden symmetry of the Nature. However, the fact of absence of superpartners in the realm of par-
ticle physics tells us, first of all, about the breaking the Supersymmetry on the LHS action scale. So that, Supersymmetry
(SUSY) may be hidden, and this fact can be illustrated by several examples.

3. SYSTEMS WITH HIDDEN SUSY
First example of hidden isospectrality is borrowed from gravitational physics. It is well known that gravitational

waves are spin-2 fluctuations over a gravitational background. If, for simplicity, the non-trivial background is chosen to
be that of a Schwarzschild black hole, it is determined by the so-called red-shift factor f�r�. In the linear approximation,
dynamics of spin-2 fluctuations hs over the Schwarzschild gravitational background is determined by a Schrödinger-type
equation [37, 38]

� ∂2
∂r2�

� ω
2
� Vs�r��hs � 0 (10)

with the Wheeler coordinate r� " ���,���; s � �2. The effective potential of the axial perturbations over the
background metric (linearly polarized gravitational waves) comes as follows:

V�2 �r� � �3f �r� ∂rf �r�
r � l�l � 1�f�r�

r2
. (11)

For the circularly polarized gravitational waves the effective potential becomes

V�2 �r� � 2f�r�
r3

9M
3
� 3c

2
Mr

2
� c

2 �1 � c� r3 � 9M
2
cr

�3M � cr�2 , c �
l�l � 1�

2
� 1. (12)

Apparently, in eqs. (11)-(12) l are integers, starting from l � 2.
If we insert into eqs. (11) and (12) the red-shift factor for the Schwarzschild black hole, f �r� � 1 � r�©r, we

encounter the difference between the effective potentials from (11) and (12). However, the effective Hamiltonians are
(almost) isospectral, that can be find from the analysis of the effective potential shapes. (See Figure 2.) There are a lot of
debates on the origin of such an isospectrality. It is shown for simple backgrounds [40]; for more exotic configuration of
gravitational field the approach fails [41].

Another example of dealing with physical systems with hidden SUSY comes from Quantum Optics. Quantum
Optics by itself describes the natural interaction of bosonic (photons) and fermionic (electrons) subsystems of a medium.
In the space of parameters of the light-matter interaction it may arise the Bose/Fermi Duality, that transforms, under some

1We will return to the specifics of Supersymmetric Quantum Mechanics in Section 4 in more detail.
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V+2Hl=2L V-2Hl=2L V+2Hl=3L
V-2Hl=3L V+2Hl=4L V-2Hl=4L
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Fgure 2. The shapes of effective potentials for axial and polar spin-2 perturbations over the Schwarzschild background. Borrowed
from Ref. [39].

specific conditions, into SUSY [42]. Following [42], let’s consider the generalized Rabi model, which is determined by
the following Hamiltonian describing a 2-level system interacting with a monochromatic wave:

H � �hωa†
a �

∆

2
σz � g1 �a†

σ� � aσ�� � g2 �a†
σ� � aσ�� . (13)

In (13), ∆ is the levels gap; ω is the boson field frequency; a† and a are the bosonic ladder operators; and, finally, g1,2 are
arbitrary constants of the light-matter interaction.

In framework of Quantum Optics, the generalized model with Hamiltonian (12) describes the dipole interaction
of a monochromatic wave with the bi-level emitter. In the limit of zero-valued constants of interaction, the considered
generalized model turns into the Jaynes-Cummings model. When two constants are the same, we get the Rabi model. If
one of the interaction constants is small (say, g2 � 0), the near-resonant consideration (at ω � ∆) corresponds to the
rotating-wave approximation (RWA). In the strong interaction constants regime both interaction terms (co- and contra-
rotating) should be taken into account.

As it has been proved in [42], SUSY is a symmetry of the generalized Rabi model under the following condition:

g
2
1 � g

2
2 � ∆ � ω. (14)

Then, the supercharge is realized by 4 � 4 matrix

Q � �0 q̂
0 0


 , q̂ � �g1©Óω Ó
ω aÓ

ω a g2©Óω
 . (15)

As usual for SUSY (cf. eq. (9)), tQ,Q†z � H. (16)

For g1 � g2, SUSY is realized with ∆ � 0. And Hamiltonian (12) turns into the standard Harmonic Oscillator with a
shift.

The next example comes from Condensed Matter Physics. It turns out that SUSY is a hidden symmetry in a topo-
logical insulator with Josephson junctions [43]. Such a system can be described by the Bogoliubov-de Gennes equations,
which, after the appropriate simplifications (see [43] for details), can be reduced to the system of differential equations
(here and in what follows we use ∂x � d©dx and ∂2x � d

2©dx2)

�E � iv∂x� f�x� �∆�x�ϕ�x� � 0,

�E � iv∂x�φ�x� �∆
��x�f�x� � 0.

(17)

In (17), E is the energy of moving with the velocity v in the positive x direction spinning mode; ∆�x� is the com-
plex energy gap. It is easy to transform this system of equations in the equation of Witten’s Supersymmetric Quantum
Mechanics [18]

E
2
ψ �x� � ��v2∂2x � Ŵ 2�x� � ivσz ∂Ŵ �x�

∂x

ψ�x�, σz � � 1 0

0 �1

 , (18)
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where ψ�x� is the spinning mode state

ψ �x� � �f�x�
φ�x�
 (19)

and the superpotential Ŵ �x� is given by

Ŵ �x� � � 0 ∆�x�
∆
��x� 0


 . (20)

This series of examples could be continued by notable systems with hidden SUSY in Quantum Mechanics [44], nuclear
physics [45] and mesoscopy [46].

4. EXACTLY-SOLVABLE MODELS OF SQM WITH MULTI-WELL POTENTIALS
In this part of the review, we will focus on the supersymmetric generalization of the Mielnik [34] construction and

its extension to N=4 Supersymmetric Quantum Mechanics [47–49].
First of all, let’s describe the technique behind the deformation of the potential shape. Looking at Figure 1, one may

notice that the original and the paired Hamiltonians are different in spectra by just one level. And if this new additional
level has the energy less than the ground state energy of the original Hamiltonian, it defines the vacuum state of the
paired Hamiltonian with new potential (6). To keep the coincident part of the both Hamiltonians spectra, the shape of
the new potential shall be changed. The level of deformation depends on the interplay between the unfixed parameters
that naturally arise in this scheme upon the definition of new, non-normalized, wave function φϵ�x�, corresponding to the
new ground state with the factorization energy ϵ. For instance, the Harmonic Oscillator potential describes the system
with one potential well; its deformation may potentially form another well. So that, by controlled adding an additional
level, we are able to get the (almost) isospectral quantum mechanical system with two-well potential. However, the clear
impact of Quantum Mechanics in this case will consists in possible tunneling effects between the wells of the paired to
the Harmonic Oscillator potential. Further, by adding a new level, lower than the ground level of the Hamiltonian H1,
one can form another, paired to H1, Hamiltonian H2 with another potential, the shape of which will be different from the
potential V1. Here, the interplay between parameters of the solutions may result as in a two-well as well as in a three-well
potential of different (symmetric or asymmetric) shapes. In the latter case, one is able to study more complex tunneling
effects that provides a lot of possibilities to control quantum-mechanical processes.

Let us to be more specific and to consider the appearance of the controlling parameters from logic of the construction
of supersymmetric Hamiltonians.

Consider to this end the factorization of a static 1D HamiltonianH� � �∂
2
x�V��x� by two operators (supercharges)

Q
†, Q (analogs of operators A and A† in Section 2):

H� � Q
†
Q, Q

†
� �∂x �

1

2
∂xW �x�, Q � ∂x �

1

2
∂xW �x�. (21)

The superpotential W �x� [18] (analog of the function β�x� of Section 2) is determined from the Riccati equation

�1
2
∂xW �x�
2 � 1

2
∂
2
xW �x� � V��x�, (22)

where V� is the potential of the paired toH� HamiltonianH� � �∂
2
x�V��x� � QQ†. The isospectrality of Hamiltonians

H� is realized modulo theH� ground state (the spectrum of theH� Hamiltonian begins with the first excited level ofH�)

Ψ0�x� � N0 e
�

1
2
W �x�

, E0 � 0. (23)

Note, that the zero energy value in the ground state of the initial Hamiltonian is the hallmark of supersymmetry: any
of supersymmetric models have a non-negative energy. And if two paired by the supercharges Hamiltonians have the
spectrums different just by the ground state, the supersymmetry is exact.

Now, let’s figure out the appearance of a free additional parameter in the approach. Suppose to this end, there exists
the factorization of H� by other supercharges

H� � Q̃Q̃
†
, Q̃ � ∂x � f�x�, Q̃

†
� �∂x � f�x�. (24)

From H� � �∂
2
x � V��x� it comes

f
2�x� � ∂xf�x� � �1

2
∂xW �x�
2 � 1

2
∂
2
xW �x�.
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And if W �x� is known, f�x� is determined by [34, 35]

f�x� � 1

2
∂xW �x� � e

�W �x�

λ � D�x dz e�W �z�
�

1

2
∂xW �x� � ϕ�x�, (25)

with ϕ�x� to be a general solution, with an integration constant λ, to the equation

∂xϕ�x� � ϕ2�x� � ϕ�x�∂xW �x� � 0. (26)

What will happen when we will construct the Hamiltonian H̃� � Q̃
†
Q̃? Explicitly,

H̃� � Q̃
†
Q̃ � �∂

2
x � V� � 2∂xϕ�x�, ϕ�x� � e

�W �x�

λ � D�x dz e�W �z�
, (27)

and we have constructed the new potential
Ṽ� � V� � 2∂xϕ�x�. (28)

Apparently, H̃� j H� since the potential Ṽ� in no way equal to the potential V�. However, the spectra of H̃� and H� are
the same modulo the ground state.

Indeed, by construction, the Hamiltonians H� and H̃� becomes (almost) isospectral, via their parent Hamiltonian
H�. Definitely, one can write

H̃�Q̃
†
� �Q̃†

Q̃� Q̃†
� Q̃

† �Q̃Q̃†� � Q̃†
H�, (29)

and this relation is similar to the one of intertwining relations (7). According to (29), the eigenstates of H̃� are determined
by ¶ψ̃���

i � � Q̃
†¶ψ���

i �, where ¶ψ���
i � are the eigenstates of H�. So that, the energies (eigenvalues of H̃�) will be given

by Ei, i � 1, . . . , N (in the case of finite dimensional and discrete spectrum). However, the ground state Q̃¶ψ̃���
0 � � 0

is absent in the spectrum of H̃� and has to be added by hands [34]. In the coordinate representation, the corresponding
wave function Ψ̃0 is

Ψ̃0 � Ñ0 e
�

1
2
W �x�

e
D
x

0 dz ϕ�z�
. (30)

One may straightforwardly check that H̃�Ψ̃0 � 0. So that the spectra (eigenvalues) of H̃� and H� become identical after
adding the ground state Ψ̃0.

The appearance of the integration constant λ in the potential Ṽ� and in the ground state wave function Ψ̃0 becomes
important for engineering the potential shape. Indeed, by developing the above-mentioned method in the framework
of N=4 SQM, we can use both the ground state wave function and the whole spectrum of states in the construction of
isospectral Hamiltonians. Moreover, we can use for this purpose even non-normalized wave functions of the starting
Hamiltonian, which will correspond to addition of new levels with energies smaller than the ground state energy in the
starting Hamiltonian spectrum. (See [50–52] for details.) This leads to a change of ϕ�x�, and hence of the integration
constant λ in (27). Different values of λ define different shapes of the potential: one-well or multi-well, symmetric or
asymmetric with respect to the reflection operation. All these properties provide ample opportunities to study quantum
mechanical processes and even to control them [50–52].

As an example of such controlling let us present results of modelling a wave package behavior in a symmetric
and a non-symmetric two-well potentials for isospectal Hamiltonians, Figure 3 and Figure 4. Due to the difference in
probabilities of the ground and first and second excitation levels in different wells of symmetric and asymmetric potentials,
the probability flow of wave packages prepared with the corresponding energies essentially varies. It models the behavior
of a quantum diode.

When the number of wells in the isospectral Hamiltonian potential becomes equal to three, the situation becomes
more complicated. Here, with tunneling process, one can model properties of a quantum transistor, with different values
of “current” flow in different wells, see Figure 5.

One can generalized the description with adding the temporal dependence. For instance, it could be an external
periodic driving force that, in real devices, is reproduced by a laser EM field. The interplay of parameters in the extended
by the external field frequency set allows one to reach the phenomenon of the so-called Coherent Tunneling Destruction
(CTD) [53], when without changing the quantum character of the system it becomes possible to localize the initial wave
packet in one of the wells. As an illustration of the CTD, in Figure 6 we present the data of numerical simulations
borrowed from Ref. [52].

Hence, the formalism of Supersymmetric Quantum Mechanics turns out to be helpful in modelling different pro-
cesses such as tunneling, particles flow, diffusion and so on, in the controllable manner. The latter is achieved by the
exactly-solvable character of the models in hands, when the Green’s functions are constructed out the explicitly known
analytic expressions for the wave functions. Thus, evolution in such systems becomes, if not deterministic, then very
predictable.
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Fgure 3. The wave functions of the first three levels in different wells of a symmetric two-well potential; numeration starts with the
ground level. See Ref. [52] for details.

Fgure 4. The wave functions of the first three levels in different wells of an asymmetric two-well potential. See Ref. [52] for details.

5. CPT/PT-INVARIANT HAMILTONIANS CORRESPONDENCE
As we have noted in Section 2, the spectra of paired Hamiltonians are connected by the intertwining relations (7).

Their role becomes even more important for non-stationary Supersymmetric Quantum Mechanics, as well as in the case
of quantum description of open systems. The following section is devoted to the supersymmetric Lindbladian dynamics.
Here we focus on a non-trivial correspondence between CPT and PT invariant models.

First, let’s recall the generalization of the intertwining relations (29) to the non-stationary SQM:

�i∂t �H�� Q̃ � Q̃ �i∂t � H̃�� . (31)

H� is the paired to H� and H̃� Hamiltonian (cf. Section 4). For the non-stationary case, H� becomes the part of the
complete Schrödinger operator acting on a time-dependent wave function

�H� � i∂t�ψ����x, t� � 0, H� � �∂
2
x � V��x, t�. (32)

In the general case, the potential V� also depends on the time parameter. The way ofH� factorization is implemented as in
eq. (21),H� � Q

†
Q, but superchargesQ andQ† now include a time-dependent superpotentialW �x, t�. The Hamiltonian

H� is realized as H� � QQ
†.

Just as before (cf. equation (24)), we will require another factorization of H� in terms of Q̃ and Q̃† supercharges,
which, as now required, must be [54–58]

Q̃ � l�t� �∂x � f�x, t�� , f�x, t� � 1

2
∂xW �x, t� � ϕ�x, t�. (33)

The functions l�t� and ϕ�x, t� are generally complex-valued functions, and this fact will be important in what follows.
And the use of the intertwining relation (31) makes it possible to derive the relation [54, 55] between the new and the old
potentials,

Ṽ��x, t� � V��x, t� � 2∂xϕ�x, t� � i∂t ln l�t�. (34)

The function ϕ�x, t� is restricted to satisfy

∂x �f2�x, t� � ∂xf�x, t� � Ṽ��x, t�� � i∂tf�x, t� � 0, (35)
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Fgure 5. The wave functions of the first three levels in different wells of an asymmetric three-well potential. See Ref. [52] for details.

a)
b)

Figure 10: Evolution of the Gaussian wave packet �(x, t) in the external periodic driving force:
a) for the symmetric two-well potential with the initial tunnel doublet W = 0.02; R = 0.75,
x0 = 1.525; b) for the asymmetric potential with W = 0.02 and ⇤ = 0.5; R = 0.75, x0 = 1.607.

within the initial local minima. There is a difference in localization for asymmetric potentials,
since it is provided by a particular localization from the unperturbed case and by the tunneling
suppression due to quasi-crossing of the lowest Floquet levels upon turning on the periodic
driving. In the symmetric case localization is provided by crossing the Floquet levels of the
periodically-driven Hamiltonian [24]. One may identify a small fracture of the wave packet in
the left part of Fig.10a, related to the contribution of higher states.

6 Summary and Conclusions

Studies of the tunneling dynamics by use of exactly-solvable models with multi-well potentials
is one of examples of the so-called quantum-mechanical engineering. Variations of the reviewed
model parameters (value of energies of added states, deformation parameters etc.) allows one to
investigate features of the tunneling processes in systems with different number of local minima,
and to control the change of their specific parameters (the minima depth, the barriers width, the
deformation degree). Recall that the asymptotic behavior of the considered here potentials does
not change upon altering the amount of the local minima; models with the phenomenological
type potentials do not share such a hallmark. This fact might be crucial in studies of the Bose-
condensate dynamics of atoms in the Pauli-type traps with several local minima in their central

24

Fgure 6. Numerical simulation of evolution of the Gaussian wave packet Φ�x, T � in the external periodic driving force. We refer the
reader to [52] for details.

and, if we will require the real-valued spectrum of H̃�, the following constraints should hold:

∂t ln ¶l�t�¶2 � �4∂x �Imϕ�x, t�� � ∂
2
x �Imϕ�x, t�� � 0. (36)

From the relations (36) it becomes clear that for a non-trivial l�t� it is required a complex-valued function ϕ�x, t�.
Now let us associate the stationary Hamiltonian (27) with its time-dependent cousin. Recall, we have an arbitrary

integration constant λ in the construction of H̃� (cf. eqs. (27)). However, changing the λ does not affect the spectrum,
affecting the potential and wave functions instead. Therefore, we can instantly change the λ in its value, within its range,
determined by relation

λ � E
�

x
dz e

�W �x�
j 0, (37)

and still have the steady spectrum. Hence, we can relate any instant λ changing to some unique value of the time parameter.
Smooth changes will form a function of time λ�t� after that [59].

The so introduced time-dependence of λ induces the time-dependence of ϕ�x� function of (25) (see [59]):

ϕ�x, t� � e
�W �x�

λ�t� � D�x dz e�W �z�
. (38)

Then, the time dependence of the H̃� ground state wave function,

Ψ̃0�x, t� � Ñ0e
�

1
2
W �x�

e
D
x

0 dz ϕ�z,t�
, (39)

can be treated as a time-dependent geometric phase, i.e.,

Ψ̃0�x, t� � Ñ0e
�

1
2
W �x�

e
iΦ�x,t�

, iΦ�x, t� � E x

0
dz ϕ�z, t�. (40)
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Wave functions with time-dependent geometric phase naturally appear in quantum systems with time-dependent boundary
conditions. (See, e.g., Ref. [60].) And interesting consequence of introducing time-dependent boundary conditions is
introducing the field-compensator in time direction (a vector field with one non-trivial component, to make the formalism
close to the standard theory of gauge fields).

To find the Hamiltonian H̃� paired to a stationary Hamiltonian H�,

�H� � i∂t�ψ�x, t� � 0, H� � �∂
2
x � V��x�, (41)

with the stationary wave functions ψ�x, t� � e
�iεt

ψε�x� and independent on time potential V��x� in the situation with
time-dependent integration function λ�t�, one needs to form an analog of the covariant derivative in time direction: Dt �

∂t �At. Then, the non-stationary Hamiltonian H̃� obeys the complete Schrödinger equation [59]

�H̃� � iDt�Ψ�x, t� � 0, H̃� � �∂
2
x � Ṽ��x, t�, (42)

and two (almost)isospectral potentials V��x� and Ṽ��x, t� are related to each other as

Ṽ��x, t� � V��x� � 2∂xϕ�x, t� � i∂tλ

λ�t� � D�x dz ¶Ψ0�z�¶2 . (43)

The compensator field is given by

At�t� � ∂tλ�t�
λ�t� � D�x dz ¶Ψ0�z�¶2 , (44)

so that the paired non-stationary Hamiltonian H̃� becomes complex-valued! In general, the Hermitian condition is not
preserved, the energy is not conserved, so that such a Hamiltonian may be used for the description of either an open system
or a system with dissipation. (See [59] for a brief discussion on possible applications of complex-valued non-stationary
Hamiltonians, and Appendix therein.)

It is important to note that dealing with a real-valued potential to get real-valued eigenvalues of the Hamiltonian
is an excess requirement [61–63]. Instead, one may consider complex-valued Hamiltonians with real spectrum, which
after [62, 63] are called as PT-invariant Hamiltonians. The requirement to have a real-valued potential Ṽ��x, t� leads to
the following relation between the function ϕ�x, t� and the “compensator” field:

ReAt�x, t� � 2∂x �Imϕ�x, t�� . (45)

Hence, in the case of PT-invariant Hamiltonians, ϕ�x, t� should be complex-valued to supply the non-triviality of the
compensator At�x, t�. This requirement essentially narrows the class of physical systems to describe. More on the
application of complex-valued potentials with complex-valued spectra can be found in Ref. [64].

6. SUPERSYMMETRIC QUANTUM MECHANICS FOR OPEN SYSTEMS
As we have noted in previous sections, the spectra of paired Hamiltonians and their potentials are connected by the

intertwining relations (7), (29), (31). They become main relations for the developed in [54–58] non-stationary SQM, as
well as in the polynomial (nonlinear, higher derivative) formulation of Supersymmetric Quantum Mechanics [65–68].
The latter approach has been used in extending the SQM to the description of open systems with exchanging the energy
with the environment. We have noted that complex-valued Hamiltonians can be potentially used to this end. The gold
standard in the description of open quantum systems is the application of the Franke-Gorini-Kossakowski-Lindblad-
Sudarshan [69–72] (FGKLS) equation. The supersymmetrization of the FGKLS equation was considered in Ref. [73],
and here we closely follow this approach.

The quantum states of an open system are mixed. Thus, one needs to use the density matrix formalism, in which the
density matrix operator of a sub-system evolves according to

∂ρ

∂t
� �i �Heff ρ � ρH

†
eff� � L�ρ�. (46)

Here Heff is the effective Hamiltonian (which is not Hermitian in the case), and L�ρ� is the so-called Lindbladian

L�ρ� �=
j

�AjρA
†
j �

1

2
�ρ,A†

jAj�
 . (47)

The Aj operators are unspecified, and they may be used to model the influence of the measurement devices on a quantum
system. The Lindbladian operator is introduced to evolve pure states into mixed states. So that Aj operators are naturally
restricted to provide increasing the entropy

S � Tr ��ρ log ρ� (48)
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upon the evolution of the system.
To construct the supersymmetric version of the FGKLS equation (46), let’s introduce the supermultiplet of two

paired Hamiltonians

H � � H� 0
0 H�


 � � �∂
2
x � V��x� 0

0 �∂
2
x � V��x� 
 . (49)

Following [73] we suppose the super-Hamiltonian to be independent on time.
Isospectrality of H� and H� follows from the intertwining relations (7) (replacing �H0, H1� with �H�, H��, re-

spectively)
AH� � H�A, H�A

†
� A

†
H�. (50)

The supercharges Q and Q† are constructed out the A, A† operators:

Q � � 0 A
†

0 0

 , Q

†
� � 0 0

A 0

 . (51)

Then, the intertwining relations (50) reflect the conservation of supercharges during the evolution of the system:

�H, Q� � �H, Q†� � 0. (52)

The full superalgebra is closed by adding the following anti-commutator of supercharges,

rQ,Q†x � P�H�, (53)

where, in dependence on the realization of A and A† by first or higher order derivative operators, P�H� is a linear or
polynomial function of the super-Hamiltonian, respectively. (See [73] and Refs. therein for details.)

Similarly to the super-Hamiltonian H we can introduce the super-density matrix

P � � ρ� 0
0 ρ�


 . (54)

Then, the Schrödinger-Liouville equation (for L�P� � 0) is

∂

∂t
P � �i�H,P�, (55)

and we have to find the analog of intertwining relations (50) for super-partners ρ� and ρ�. We can use the standard
definition of the mean value to this end. For the super-Hamiltonian it becomes

�P�H�� � Tr �P�H�P� � Tr �ÕP�H�PÕ
P�H�	 � Tr�QPQ

†
�Q

†
PQ�, (56)

and the proposed by the authors of Ref. [73] intertwining relations are

Q
†
P

Õ
P�H� � Õ

P�H�PQ
†
, QP

†
Õ
P�H� � Õ

P�H�P†
Q. (57)

Analogous relations can be used for the Lindbladian operator with generally non-Hermitian Aj . For the super-density
matrix the Hermiticity condition still holds: P � P

†.
The generalization of (47) to the SQM is apparent: we have to introduce

Aj � � Aj� 0
0 Aj�


 (58)

and to form, by use of (54) and (58), the super-Lindbladian operator. The intertwining relations for linear and quadratic
in Aj combinations (cf. (57)) are:

Q
†
Aj

Õ
P�H� � Õ

P�H�Aj Q
†
, QA

†
Õ
P�H� � Õ

P�H�A†
Q, (59)

Q
† =

j

A
†
jAj

Õ
P�H� � Õ

P�H� =
j

A
†
jAj Q

†
, Q =

j

A
†
jA

Õ
P�H� � Õ

P�H� =
j

A
†
jAQ. (60)

Examples of the application of the formalism can be found in Ref. [73].
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7. CONCLUSIONS
In conclusion, let us recall the main advantages of Supersymmetry that make this approach preferable to others.
First, as it has been pointed out in one of the underlying work on Supersymmetry [15], supersymmetric models are

super-renormalizable ones: the UV divergency problem, actual for standard field theories including the Standard Model,
is completely absent for them. Unfortunately, our Universe is not supersymmetric; but this fact is about the energy scale
on which SUSY is broken.

Second, application of Supersymmetry as a tool to investigate various physical models in different regimes and on
different energy scales has shown its self-consistency and efficiency. We can just cite a few quotes from the modern
literature in favor of this claim. For instance, the authors of Ref. [42] write: “ . . . optical and condensed matter systems
at the SUSY points can be used for quantum information technology and can open an avenue for quantum simulation of
the SUSY field theories.” In Ref. [74] one can read off: “ . . . the atomic nucleus 195Pt represents an excellent example
of the dynamical U(6/12) supersymmetry. . . . certainly the best documented example of the manifestation of dynamical
supersymmetry in atomic nuclei.” As it comes from reading Ref. [75], the potential of supersymmetry has not yet been
definitively revealed, since the author “. . . brings the attention to the role of supersymmetry in quantum computation and
quantum information more broadly, a subject much underexplored.” Furthermore, in our studies [50–52] we have noticed
the advantages of using the SQM approach, such as full knowledge of the spectrum and explicit analytical expressions for
the wave functions, which makes studies of the evolution of quantum systems simple and straightforward, via the exact
Green’s function. The Coherent Tunneling Destruction and other tunneling effects in multi-well potentials require within
the SQM approach a finite number of states (of the order of ten), while the same numerical simulation for potentials
constructed by stitching a harmonic oscillator potential requires consideration of hundreds of states.

And finally, here we have shown the perspectives of applying the SQM formalism in studying quantum sytems.
Especially in cases closer to the real world [73]. Recently, we have extended the approach to include the temporal
dependence into the game [59], that made it possible to relate CPT-invariant stationary Hamiltonians to their PT-invariant
non-stationary partners. It opens new avenues in investigations of quantum-mechanical models with complex-valued
potentials, having more reach structure of physical phenomena, and being applicable to an essentially wide class of
physical systems, including open systems. We expect new non-trivial results along the way and will strive to contribute to
exciting intertwining Supersymmetry with quantum realm.
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ПРИКЛАДНА СУПЕРСИМЕТРIЯ
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bХаркiвський нацiональний унiверситет iм. В.Н. Каразiна, майдан Свободи, 4, Харкiв, 61022, Україна

cIнститут радiофiзики та електронiки iменi О.Я. Усикова, вул. Ак. Проскури, 12, Харкiв, 61085, Україна

Суперсиметрiя є одним iз найважливiших i невiд’ємних iнгредiєнтiв сучасної теоретичної фiзики. Однак вiдсутнiсть, принаймнi
на момент написання цього огляду, експериментального пiдтвердження суперсиметрiї у фiзицi елементарних частинок i високих
енергiй ставить пiд сумнiв життєздатнiсть цього концепту на рiвнi енергiй, досяжних на LHC. Тим бiльш несподiваним є
або вже експериментально верифiкованi, або запропонованi до верифiкацiї прояви суперсиметрiї в галузi низьких (фiзика
конденсованих середовищ, квантова оптика) i середнiх (ядерна фiзика) енергiй, де працює стандартна квантова механiка.
На прикладi рiзних систем з абсолютно рiзних галузей фiзики ми обговорюємо iзоспектральнiсть квантових гамiльтонiанiв,
приховану i явну суперсиметрiю, переваги пiдходу суперсиметричної квантової механiки та її роль у квантовому iнжинiрингу.
Ключовi слова: суперсиметрична квантова механiка; iзоспектральнiсть; точно-розв’язуванi моделi
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