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Fusion cross sections for heavy-ion reactions have been calculated in various classical and semi-classical models. In the classical
approach fusion cross sections have been calculated using different model such as Classical Molecular Dynamics (CMD), Classical
Rigid-Body Dynamics (CRBD), a 3-Stage Classical Molecular Dynamics (3S-CMD) model and a microscopic Static Barrier Penetration
Model (SBPM). In the present work 3S-CMD model is used to calculate fusion cross section. This model combines the advantages of both
CMD and CRBD models. This model uses ion-ion potential obtained from dynamically evolving classical microscopic configurations
of nuclei with a suitable NN-potential. The 3S-CMD model calculation proceeds in the following three stages: (1) Rutherford trajectory
calculation at very large separation, followed by (2) CRBD calculation with rigid-body constraint on both nuclei up to distances close
to the barrier, followed by (3) finding the trajectories of all the nucleons in a full CMD calculation for further evolution by numerically
solving Coupled Newton’s equations of motion for all the point nucleons. In the present work we have calculated fusion cross sections
for 24Mg + 208Pb system in 3S-CMD model. Fusion cross sections have been calculated using a soft-core Gaussian form of NN-potential
with the parameter set New Potential (NP). We also investigated the effect of this potential for 16O + 92Zr reaction which agree very
well with the experimental fusion cross sections. The use of this NP parameter set might give better agreement in the case of 3S-CMD
calculation of classical fusion cross sections for 24Mg + 208Pb reaction.
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1. INTRODUCTION
Fusion cross sections for heavy-ion reactions have been calculated in various classical and semi-classical models.

In the classical approach fusion cross sections have been calculated using different model such as Classical Molecular
Dynamics (CMD) [1], Classical Rigid-Body Dynamics (CRBD) [2], a 3-Stage Classical Molecular Dynamics (3S-CMD)
[3] model and a microscopic Static Barrier Penetration Model (SBPM) [4]. In the present work 3S-CMD model is used
to calculate the fusion cross section. This model combines the advantages of both CMD and CRBD models. This model
uses ion-ion potential obtained from dynamically evolving classical microscopic configurations of nuclei with a suitable
NN-potential.

The 3S-CMD model calculation [3] proceeds in three stages: (1) Rutherford trajectory calculation at very large
separation, followed by (2) CRBD calculation with rigid-body constraint on both nuclei up to distances close to the barrier,
followed by (3) finding the trajectories of all the nucleons in a full CMD calculation for further evolution by numerically
solving Coupled Newton’s equations of motion for all the point nucleons.

In the present work, we calculate fusion cross sections for the 24Mg + 208Pb system in the 3S-CMD model. Fusion
cross sections are calculated using classical approximations and compared with the experiments. Fusion cross sections for
many reactions have been calculated using a soft-core Gaussian form of NN-potential (eq.(1)), with the parameter set P4
[2]. However, the calculated fusion cross sections do not match with the experimental data for many reactions at different
energies [5].

In the present work we have used a parameter set P4 and a new potential parameter set (called as NP) from ref.
[6]. Using this NP potential, the fusion cross sections calculated for the 16O + 92Zr reaction in ref. [6] shows good
agreement with the experimental data. The use of this NP parameter set might give better agreement in the case of
3S-CMD calculation of classical fusion cross sections for the 24Mg + 208Pb reaction.

2. CALCULATION DETAILS
2.1. Nucleon-Nucleon potential

The soft-core Gaussian form of NN-potential is given by
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where V0, C and r0 are respectively, the depth parameter, repulsive-core radius and range parameter. The parameters V0,
C and r0 are chosen so that the NN-potential reproduces gross properties of the nuclei in their ground state such as, the
ground state binding energy, the rms radius etc.

The Coulomb potential between protons has the form

VC
(
rij

)
=

1.44
rij

(MeV) (2)

is also added to the two-body potential.
24Mg + 208Pb reaction has been studied with the potential parameter set P4 [1] and New Potential (NP) [6], which

is shown in Table 1. In the present 3S-CMD calculation, the individual nuclei are first generated using the variational
potential energy minimization code STATIC [7] and are further “cooled” using DYNAMIC [7] method. The nuclear
configurations are generated using the parameter set P4 and NP which reproduces the ground state properties close to the
experimental values (see Table 2).

Fusion cross sections are calculated using the classical formula [1]

𝜎fusion = 𝜋b2
cr, (3)

where bcr is the maximum (critical) impact parameter for which the two nuclei fuse.

Table 1. P4 and New Potential Parameter Set for the NN-potential of eq. (1).

POTENTIAL
V0 C r0

(MeV) (fm) (fm)

P4 1155 2.07 1.2

NP 900 1.95 1.2

2.2. Construction of nuclei in their ground state
Utilizing the “STATIC” minimization technique around 2000 ground state configurations for 24Mg and 208Pb are

produced using the P4 and NP potential parameter sets. The calculated ground state properties of the 24Mg and 208Pb
nuclei are presented in Fig. 1 and Fig. 2. Out of these 2000 ground state configurations in each case, the ones having
quadrupole deformation 𝛽2 value close to the experimental value is selected, which is indicated in Fig. 1 and Fig. 2 by a
red circle. The generated ground state properties using both potentials are shown in Table 2.

Table 2. Ground state properties of 24Mg and 208Pb nuclei used in present calculation.

BE R 𝛽2

(MeV) (fm) (fm)

24Mg Cal. P4 -198.72 2.94 0.37
NP -250.71 2.76 0.43

Exp. -198.25[8] 3.07[9] 0.39[10]
208Pb Cal. P4 -1870.41 6.08 0.24

NP -2389.46 5.73 0.16
Exp. -1636.46[8] 5.50[9] 0.00[10]

From Table 2 it can be seen that the ground state binding energy, rms radius and 𝛽2 of the chosen 24Mg nucleus
calculated using P4 potential are very close to the experimental values. None of the 2000 configuration generated for 208Pb
with potential P4 are very close to the experimental values of binding energy and rms radius. However, a configuration
with quadrupole deformation 𝛽2 ≈ 0 is chosen which over estimates binding energy by 12% and rms radius by 6%.

In a similar way a configuration with quadrupole deformation 𝛽2 ≈ 0 is chosen for 24Mg and 208Pb for NP potential.
For 24Mg the binding energy is over estimates by 21% and rms radius is under estimates by 11%. For 208Pb the binding
energy is over estimates by 31% and rms radius is over estimates by 4%.

3. RESULTS AND DISCUSSION
24Mg + 208Pb Reaction : Fusion cross sections for 24Mg + 208Pb reaction calculated using P4 and NP potential

parameter set and using eq.(2.1) are shown in Fig. 3 and 4 are compared with the experimental data of ref. [11]. The
dynamical simulation is carried out in the 3S-CMD model.
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(a) Ground state configuration of 24Mg

(b) Ground state configuration of 208Pb

Figure 1. Ground state properties of the 24Mg and 208Pb nuclei generated by the “STATIC” method using P4 potential.
Red circle indicate the ground state properties of the nuclei used in the present study.

(a) Ground state configuration of 24Mg

(b) Ground state configuration of 208Pb

Figure 2. Ground state properties of the 24Mg and 208Pb nuclei generated by the “STATIC” method using NP potential.
Red circle indicate the ground state properties of the nuclei used in the present study.
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For this system fusion cross-sections averaged over about 500 initial orientations for ECM = 160-190 MeV and 1000
for ECM < 160 MeV are determined using both potentials (P4 & NP) and are shown in Fig. 3.

Since the effect of reorientation is expected to be noticeable at collision energies near the Coulomb barrier, it is
desirable to find fusion cross-sections at energies well below the lowest ECM used in ref. [11]. Therefore, to clearly
bring out the effect of reorientation, fusion cross-sections are determined in 3S-CMD calculation up to energies as low as
124.5 MeV, which is well below the lowest energy in the experiment by Back. For ECM ≤ 124.0 MeV, no pocket in the
ion-ion potential is found in any of the 2000 initial random orientation that are considered. Therefore, fusion cross-section
is assumed to be zero for ECM ≤ 124.0 MeV MeV in the 3S-CMD calculation for this system.

Fusion cross section calculated using potential parameter set P4 and eq.(2.1) in 3S-CMD model are highly over-
estimated compared to the experimental data at all energy ranges. The reason for this overestimation is the larger rms
radius of the 208Pb produced in this calculation as compared to the experimental value (see Table 2). Fusion cross sections
calculated using potential parameter set NP and eq.(2.1) in 3S-CMD model shows close agreement with the experimental
data than the fusion cross sections calculated using P4 potential.

Figure 3. Fusion cross section for 24Mg + 208Pb reaction
(log scale)

Figure 4. Fusion cross section for 24Mg + 208Pb reaction
(linear scale)

4. CONCLUSIONS
Although fusion cross sections calculated using potential parameter set NP which gives good agreement for 16O +

92Zr reaction in ref.[6], however, it is slightly overestimated around the barrier energies for the medium heavy mass and
heavy mass nucleus. i.e., 24Mg + 208Pb reactions.

However, it may be noted that the ground state properties of the nuclei generated using this potential (NP) are not
close to the experiment values (see Table 2).

ORCID
Jignasha Patel, https://orcid.org/0009-0008-1454-4283; Subodh Godre, https://orcid.org/0000-0001-5677-648X;
Pinank H. Jariwala, https://orcid.org/0000-0003-1141-0761

REFERENCES
[1] S.S. Godre, and Y.R. Waghmare, ”Classical microscopic calculations of 16O+16O and 40Ca+40Ca fusion cross sections,” Phys.

Rev. C, 36, 1632 (1987). https://doi.org/10.1103/PhysRevC.36.1632
[2] P.R. Desai, and S.S. Godre, ”Coulomb reorientation in near-barrier fusion of deformed+spherical systems in classical dynamical

approach,” Eur. Phys. J. A, 47, 146 (2011). https://doi.org/10.1140/epja/i2011-11146-8
[3] M.R. Morker, and S.S. Godre, ”Rotational and Vibrational Excitations of Colliding Nuclei in a Three-Stage Classical Molecular

Dynamics Simulation,” Proc. Symp on Nucl. Phys. 57, 560-561 (2012). http://www.sympnp.org/proceedings/57/B86.pdf
[4] S.S. Godre, ”Heavy-Ion Fusion Cross Sections in Microscopic Barrier Penetration Model,” Nucl. Phys. A, 734, E17-E20 (2004).

https://doi.org/10.1016/j.nuclphysa.2004.03.009
[5] J.H. Patel, M.R. Morker, and S.S. Godre, ”Near and above barrier fusion cross sections for 16O+16O and 16O+208Pb reac-

tions in three-stage classical dynamical model,” Proc. Symp on Nucl. Phys. 61, 454-455 (2016). https://inspirehep.net/files/
36e3a9830d547a60112fe0722874f366

https://orcid.org/0009-0008-1454-4283
https://orcid.org/0000-0001-5677-648X
https://orcid.org/0000-0003-1141-0761
https://doi.org/10.1103/PhysRevC.36.1632
https://doi.org/10.1140/epja/i2011-11146-8
http://www.sympnp.org/proceedings/57/B86.pdf
https://doi.org/10.1016/j.nuclphysa.2004.03.009
https://inspirehep.net/files/36e3a9830d547a60112fe0722874f366
https://inspirehep.net/files/36e3a9830d547a60112fe0722874f366


158
EEJP. 2 (2025) Jignasha Patel, et al.

[6] J.H. Patel, and S.S. Godre, ”Fusion cross sections for 16O+92Zr reaction in three-stage classical molecular dynamics model,” Proc.
Symp on Nucl. Phys. 64, 549-550 (2019). http://www.sympnp.org/proceedings/64/B115.pdf

[7] I.B. Desai, and S.S. Godre, ”Ground-state properties of nuclei generated with a soft-core Gaussian form of NN potential,” Proc.
Symp on Nucl. Phys. 54, 196-197 (2009). http://www.sympnp.org/proceedings/54/A72.pdf

[8] A.H. Wapstra, and K. Bos, ”The 1977 atomic mass evaluation: in four parts part I. Atomic mass table. Atomic Data and Nuclear
Data Tables,” 19(3), 177 (1977). https://doi.org/10.1016/0092-640X(77)90020-1.

[9] H. De Vries, C.W. De Jager, and C. De Vries, ”Nuclear charge-density-distribution parameters from elastic electron scattering.
Atomic Data and Nuclear Data Tables,” 36(3), 495-536 (1987). https://doi.org/10.1016/0092-640X(87)90013-1
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ПЕРЕРIЗИ СИНТЕЗУ ДЛЯ РЕАКЦIЇ 24Mg + 208Pb У ТРИСТАДIЙНIЙ КЛАСИЧНIЙ МОДЕЛI
МОЛЕКУЛЯРНОЇ ДИНАМIКИ

Джигнаша Пательa, Субодх Годреa, Пiнанк Х. Джарiвалаb
𝑎Унiверситет Пiвденного Гуджарату iменi Вiра Нармада, Сурат - 395007, Iндiя

𝑏Департамент фiзики, Науковий коледж Навуг, Сурат - 395009, Iндiя
Перерiзи синтезу для реакцiй важких iонiв були розрахованi за допомогою рiзних класичних та напiвкласичних моделей.
У класичному пiдходi перерiзи синтезу були розрахованi з використанням рiзних моделей, таких як класична молекулярна
динамiка (CMD), класична динамiка твердого тiла (CRBD), 3-етапна модель класичної молекулярної динамiки (3S-CMD) та
мiкроскопiчнамодель проникнення статичного бар’єру (SBPM).Уцiй роботi для розрахунку перерiзу синтезу використовується
модель 3S-CMD.Цямодель поєднує переваги моделейCMDтаCRBD.Цямодель використовує iон-iонний потенцiал, отриманий
з динамiчно еволюцiонуючих класичних мiкроскопiчних конфiгурацiй ядер з вiдповiдним NN-потенцiалом. Розрахунок моделi
3S-CMD вiдбувається у такi три етапи: (1) розрахунок траєкторiї Резерфорда на дуже великiй вiдстанi, потiм (2) розрахунок
CRBD з обмеженням твердого тiла на обох ядрах до вiдстаней, близьких до бар’єру, а потiм (3) знаходження траєкторiй усiх
нуклонiв у повному розрахунку CMD для подальшої еволюцiї шляхом чисельного розв’язання зв’язаних рiвнянь руху Ньютона
для всiх точкових нуклонiв. У цiй роботi ми розрахували перерiзи синтезу для системи 24Mg+ 208Pb у моделi 3S-CMD. Перерiзи
синтезу були розрахованi з використанням м’якої гауссової форми NN-потенцiалу з набором параметрiв Новий потенцiал (NP).
Ми також дослiдили вплив цього потенцiалу на реакцiю 16O + 92Zr, якi дуже добре узгоджуються з експериментальними
перерiзами синтезу. Використання цього набору параметрiв NP може забезпечити кращу узгодженiсть у випадку розрахунку
3SCMD класичних перерiзiв синтезу для реакцiї 24Mg + 208Pb.
Ключовi слова: перерiзи синтезу; класичнi мiкроскопiчнi пiдходи; реакцiї важких iонiв; деформованi ядра
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