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The present study investigates the dynamical symmetries of even-even Se”*~78 Rul04106 and Mo106=108 jsotopes within the
framework of the Interacting Boson Model-1 (IBM-1). The analysis explores the three fundamental symmetry groups: SU(5)
(vibrational), O(6) (gamma-soft), and SU(3) (rotational). Energy levels were calculated using newly optimized Hamiltonian
parameterizations based on the U(6) unitary group structure in six dimensions, and the results were compared with experimental data,
demonstrating excellent agreement. A key finding of this study is that for each nucleus, the predominant Hamiltonian parameter can be

+
selectively adjusted to achieve an optimal theoretical-experimental match, particularly in relation to the % energy ratio. This approach
1

provides a systematic and efficient method for refining Hamiltonian parameterization, offering a standardized technique to enhance the
accuracy of nuclear structure studies. The findings contribute to a deeper understanding of nuclear collective motion and may serve as
a foundation for further advancements in theoretical nuclear physics.
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INTRODUCTION

The Interacting Boson Model (IBM-1), developed by Arima and Iachello, revolutionizes the study of nuclear structure
by offering a simplified yet powerful framework rooted in group theory [1]. In the six-dimensional space governed by the
unitary group U(6), the IBM-1 model explains dynamical symmetry through its fundamental subgroups: SU(5) for
vibrational nuclei, SU(3) for rotational nuclei, and O(6) for gamma-soft nuclei [2].

Several studies have utilized the IBM-1 model to investigate the nuclear structure of various isotopes.
S.A. Abdulsahib et al. employed IBM-1 for even-even Se’®782 isotopes, considering them as O(6) shapes. Their study
focused on the impact of the O(6) dynamical symmetry group chain on the Hamiltonian parameterization, particularly on
(ao, @1, and as) [3]. Similarly, Yaseen, Mustafa T., et al. analyzed the Se”?~8° isotopes, primarily highlighting the dominance
of U(5) characteristics. They also noted a minor influence of the a» parameter, beginning from Se’* to Se®°. Their energy
ratios indicated that Se”? is the closest to a typical vibrational limit, while the Se”#~8° isotopes exhibit a gradual transition
toward the rotational region along the U(5)-SU(3) limit [4].

Beyond selenium isotopes, Sharrad, Fadhil I. et al. investigated Ru isotopes, demonstrating their U(5) dynamical
symmetry. They highlighted the significant influence of the € parameter in the IBM-1 Hamiltonian. Furthermore, the even-
even Rut%8112 jsotopes were classified as transitional nuclei, positioned between the U(5) spherical vibrator and SO(6) -
unstable rotor symmetries [6]. More broadly, several studies focus on refining the IBM-1 Hamiltonian to enhance its
applicability to these isotopes.

In addition, Berun et al. have carried out significant research on the nuclear structure of Mo isotopes, including
2%Mo [7], °°738Mo [8], and 99Mo [9], using the IBM-1 model. Their studies emphasized the vibrational nature of these
nuclei under SU(5) symmetry, highlighting the crucial role of four Hamiltonian parameters (e, ai, a3, and a4) in determining
their energy spectra. More recently, Ghafoor and Shwan (2024) explored the nuclear structure of 132Mo within the IBM-1
framework, analyzing the impact of the Hamiltonian parameters ao, a1, and a3. Their findings established a strong correlation
between these parameters and the O(6) dynamical symmetry group, which characterizes gamma-soft nuclei [10].

The objective of the current study is to systematically investigate the Hamiltonian parameters for constructing the

_ _ . . . Eat
104-106 " and Mo1°6~108 jsotopes. A particular focus is placed on the Ez_}f energy
1

ratio, which serves as a key indicator of nuclear dynamical symmetry. Furthermore, this study examines the specific
dynamical symmetries exhibited by these nuclei within the IBM-1 framework, refining the parameterization approach for
future nuclear structure studies.

96,98

energy levels of even-even Se”*~78, Ru

THEORETICAL BACKGROUND
The Hamiltonian, which establishes connections between the basis states, is formulated using the principles of
second quantization. As a result, it exclusively consists of combinations of the operators s, st d, and d*t. Such a
Hamiltonian operator (H) comprises both one-body and two-body operators [1].
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H=¢,s5"5+ ¢ Y,,d"d +V. )

The parameters &; and &4 represent the single-boson energies for the s- and d —bosons, respectively, and
m represents the magnetic quantum number of the dd-boson states, which range fromm = —2,—1, 0, 1, 2 corresponding
to the angular momentum quantum number L = 2. while V denotes the boson-boson interaction potential. The operators
st(§) function as creation and annihilation operators for the s-boson state, whereas df(d) serve as creation and
annihilation operators for the d-boson state. The most widely utilized formulation of the IBM-1 Hamiltonian [11], which
also provides the clearest insight into how each term influences the resulting nuclear structure, is known as the multipole
expansion. In this approach, different boson-boson interactions are categorized systematically, allowing the Hamiltonian
to be expressed in a structured form.

H=emg)+ay(P.P)+ay(L.L) +ay(Q.Q)+ a3 (T5.T3) + ay (T4 T4). )

A A A A oA oA oA

pairing, angular momentum, quadrupole, octupole, and hexadecapole operators, respectively. Additionally, n; denotes
the d-boson number operator.

RESULTS AND DISCUSSION
The first step in our calculations is to determine the total number of bosons. In the original IBM-1 model, there is
no distinction between protons and neutrons [12], and the valence number is always counted relative to the nearest closed
shells. To calculate the total boson count, we first determine the difference in proton or neutron numbers relative to the
nearest closed shell, divide this value by two, and then sum the resulting proton and neutron bosons. Following this
method, the total number of bosons for even-even isotopes is as follows: Se’*~78 has 8, 7, and 6 bosons, respectively;
Mo1967108 hag 11 and 12 bosons, respectively; and Ru'®4~1% has 8 and 9 bosons, respectively. In the present study

+
the ;Liratio was used in order to determine the dynamical symmetry region for isotopes. Table 1 provides the IBM-1
1

Hamiltonian parameters essential for calculating the low-lying positive parity energy levels of presented nuclei. In the
Interacting Boson Model-1 (IBM-1), the Hamiltonian plays a crucial role in describing nuclear structure by incorporating
different interaction terms that govern the behavior of bosons. To ensure accurate results, the IBM-1 Hamiltonian is
constructed and solved within the framework of dynamical symmetry regions. This approach allows for a systematic
understanding of nuclear shape transitions, whether vibrational (U(5)), rotational (SU(3)), or gamma-soft (O(6)).
The calculations are performed using the PHINT computer program [13], which efficiently handles the matrix
diagonalization and provides the energy eigenvalues necessary for analyzing nuclear excitations.

Table 1. IBM-1 Hamiltonian parameterization for description of presented nuclei

Hamiltonian Parameters (MeV)

Nucleus EPS PAIR ELL Q0 0CT HEX X 50(6)
se”* 0.2700 0.0070 0.0188 0.0000 0.0606 0.0850 0.0000 1.0000
Se7s 0.2670 0.0060 0.0188 0.0000 0.0506 0.0850 0.0000 1.0000
Se78 0.1600 0.1160 0.0108 0.0000 0.3406 0.0550 0.0000 1.0000

Rul%* 0.5000 0.0500 0.0105 -0.0080 0.0000 0.0000 -1.3200 1.0000

Rul% 0.4700 0.0500 0.0105 -0.0070 0.0000 0.0000 -1.3200 1.0000

Mo 0.4800 0.0500 0.0105 -0.0080 0.0000 0.0000 -1.3200 1.0000

Mo'%8 0.4800 0.0400 0.0120 -0.0080 0.0000 0.0000 -1.3200 1.0000
ELL 00Q

Where the Parameters are related to its coefficients such € = EPS,a, = 2 * PAIR ,a; = =503 = 5% OCT,

a, =5 * HEX [14] The low-lying positive parity energy levels of Se isotopes have been investigated, and the theoretical
results show strong agreement with experimental data [15-17], as illustrated in Figure 1.

The Hamiltonian parameters €, a; and a, play a crucial role in accurately reproducing the energy levels for Se”* due
to its SU(5) dynamical symmetry. However, in the case of Se”®, the sensitivity shifts towards a,, where even a slight
variation in a, yields the best agreement between theoretical and experimental values. This indicates that Se”® exhibits
characteristics intermediate between SU(5) and O(6) dynamical symmetries. On the other hand, Se’® predominantly
exhibits O(6)-like gamma-unstable behavior, with ay , a; and a; emerging as the most influential parameters in
determining its energy structure. Additional energy levels that are not explicitly shown in Figure 1 have also been
investigated, demonstrating strong agreement with experimental data. For Se”*, the calculated energy values for 23, 37,
67, 63, and 47 are 1.268 MeV, 1.0904 MeV, 2.294 MeV, 3.096 MeV, and 3.050 MeV, respectively. These results closely
match the corresponding experimental values [15] of 1.269 MeV, 1.884 MeV, 2.232 MeV, 2.986 MeV, and 3.078 MeV.
Similarly, for Se”®, the calculated energy levels for 23 and 43 are 1.216 MeV and 2.805 MeV, which align well with the
experimental values [16] of 1.230 MeV and 2.840 MeV. For Se”8, the calculated energy values for 23, 4%, 67, and 67,
are 1.308 MeV, 2.191 MeV, 2.546 MeV, and 3.140 MeV, respectively. These values show excellent agreement with the
experimental data [17], which are 1.378 MeV, 2.207 MeV, 2.464 MeV, and 3.123 MeV, respectively.
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The energy levels of Ru'® and Ru'®® are depicted in Figure 2 and compared with experimental data [18, 19],

demonstrating excellent agreement.
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Figure 1. IBM-1 calculated energy level schemes for Se isotopes compared with experimental data [15-17].

The O(6) dynamical symmetry is predominant in Ru

104

, making a, a highly sensitive parameter alongside as,.

104

However, variations in the € parameter can systematically alter the energy levels due to the vibrational nature of Ru"*,

which aligns closely with SU(5) symmetry. In contrast, Ru

104

also exhibits gamma-soft behavior, with O(6) symmetry

remaining dominant. However, it slightly deviates from the O(6) group chain, displaying characteristics that gradually
shift toward rotational motion. While maintaining the calibration of a, , a; and a5, minor adjustments to the a,, parameter
is necessary. Additionally, in Figure 2, several energy levels have been analyzed using the optimized Hamiltonian
parameterization. For Ru'%?, the calculated values for 23, 03, 03, 43, 4%, and 33 are 0.880 MeV, 0.899 MeV, 1.288 MeV,
1.451 MeV, 1.995 MeV, and 2.401 MeV, respectively, showing strong agreement with the experimental values [18] of
0.893 MeV, 0.988 MeV, 1.335 MeV, 1.502 MeV, 2.080 MeV, and 2.330 MeV, respectively. Similarly, for Rul%®, the
calculated energy levels for 23, 0Fand 43 are 0.702 MeV, 0.832 MeV, and 1.276 MeV, which align well with the
experimental data [19] 0of 0.792 MeV, 0.991 MeV, and 1.306 MeV, respectively.
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Figure 2. IBM-1 calculated energy level schemes for Ru isotopes compared with experimental data [18, 19].

The energy values of Mol% and Mo'%® are presented in Figure 3, demonstrating excellent agreement with
experimental data [19, 20]. For M0°®, the Hamiltonian parameters a, and a, exhibit the highest sensitivity, as the
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nucleus is close to the SU(3) dynamical symmetry. Additionally, the parameters a, and a; show minor sensitivity,
indicating the influence of O(6) dynamical symmetry. Consequently, Mo'%%s positioned within the O(6)-SU(3)
dynamical symmetry limit. On the other hand, M08 is highly sensitive to a; and a,, confirming its strong proximity to
SU(3) dynamical symmetry.

Furthermore, additional energy levels not listed in Figure 3 have been investigated. For Mo1°®, the 43, 63, and the
double gamma band state 77 are calculated as 1.105 MeV, 1.606 MeV, and 2.127 MeV, respectively, showing excellent
agreement with the experimental values [19] of 1.068 MeV, 1.563 MeV, and 2.127 MeV. Similarly, for M08, the 27,
47 and the two-phonon vibrational band state 97 are calculated as 0.644 MeV, 1.056 MeV, and 2.908 MeV, respectively,
aligning well with the experimental data [20] of 0.586 MeV, 0.978 MeV, and 2.883 MeV.
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Figure 3. IBM-1 calculated energy level schemes for Mo isotopes compared with experimental data [19, 20].

The energy ratio % plays a crucial role in diagnosing dynamical symmetry behavior. As previously mentioned, this
ratio serves as a key indicator of nuclear structure: it is 2.0 for SU(5)-like vibrational nuclei, 2.5 for O(6) gamma-soft
nuclei, and 3.33 for SU(3) rotational nuclei [21-24]. The calculated % values for the investigated nuclei are presented
in Figure 4. The figure reveals that these nuclei predominantly align with the SU(5) symmetry, deviating from the O(6)
limit and gradually approaching the SU(3) region. Furthermore, the energy ratio % provides insights into the evolution
of Hamiltonian parameters, highlighting which interactions dominate within each symmetry group.
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The energy ratlo 1s crucial because it directly measures the collective motion inside the nucleus, differentiating

between vibrational, gamma -soft, and rotational motions. Furthermore, it acts as a standard for verifying theoretical
nuclear models, assisting in parameter refinement and improving the ability to predict of nuclear structure predictions.

CONCLUSION

This study systematically investigated the energy levels of even-even Se ,and Ru isotopes
across the ground state, beta, and gamma bands using a specifically optimized IBM-1 Hamiltonian parameterization.
Based on group theoretical analysis, the examined nuclei were categorized into three primary dynamical symmetry
groups: SU(5) (vibrational), O(6) (gamma-soft), and SU(3) (rotational). The findings reaffirm that for SU(5) vibrational
nuclei, the Hamiltonian parameters €, a;, a3 and a, which correspond to the d-boson number, angular momentum,
octupole, and hexadecapolar operators, respectively—are the most influential in accurately reproducing the nuclear
energy spectra. In contrast, for O(6) gamma-soft nuclei, the dominant parameters are a, , a; and a;, which are associated
with pairing, angular momentum, and octupole interactions, respectively. Meanwhile, in the SU(3) rotational regime, the
a, and a, parameters, linked to angular momentum and quadrupole operators, play the most significant role in
Hamiltonian parameterization. This study highlights that € (d-boson number operator) is the most sensitive parameter for
vibrational nuclei, a, (pairing operator) is the key sensitivity factor for gamma-soft nuclei, and a, (angular momentum
operator) is the dominant parameter for rotational nuclei. These insights contribute to a deeper understanding of nuclear
structure and provide a refined approach for optimizing IBM-1 Hamiltonian parameterization in future nuclear physics

research.
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HOBA TAMLIJIbTOHOBA ITAPAMETPHU3AIIIS IBM-1 HA OCHOBI JINHAMIYHOI CAMETPIi
JJISI TAPHUX-TTAPHUX Se7#78, Ru!%4-106 TA Mo!06-108
Bepyn H. I'agyp
Daxynemem @izuxu, Iledazoziunuil konedc, Ynisepcumem Cyneiimani
V 1bOMy JOCIIiIKEHHI JOCIIIKYIOTECS AMHAMIYHI CHMMETPii napHo-napHux isoronis Se’* 78 Ru!%%1%6  Mo!0-198 y pamkax monmeni
B3aeMozirouoro 603ona-1 (IBM-1). Anani3 nocnimkye Tpu ocHoBHI rpynu cumetpii: SU(S) (Bibpauiitna), O(6) (ramma-m’ska) i SU(3)
(obepransHa). PiBHI eHeprii Oynu po3paxoBaHi 3 BUKOPHCTAHHSM HEIOAABHO ONTHUMIi30BaHHMX IaMUIBTOHIBCBKUX IapaMeTpu3amii,
3aCHOBaHMX Ha CTPYKTYypi yHiTapHOi rpynu U(6) y mecT BUMIipax, i pe3yJbsTaTH MOPIBHIOBAIMCS 3 €KCIIEPUMEHTAIBHUMH TaHUMU,
JEMOHCTPYIOUH YyJIOBY Y3TOUKEHICTh. KIIFOYOBMM BHCHOBKOM LIBOTO JOCIIDKEHHS € Te, IO A KOXKHOTO sipa INepeBaKarodnit

napamerp I'aminbToHa MOXKHa BHOIPKOBO PETYJIIOBATH Ul JIOCSATHEHHS ONTHUMAJIbHOTO TEOPETHUKO-EKCIIEPUMEHTAIBHOIO 30iry,
+

E4 .. ... . .
30KpeMa MIONO EZi chiBBigHOmeHHs eHeprii. Lleil miaxim 3abe3medye cucTeMaTHYHUN Ta €(EKTHBHUN METOH YTOYHEHHS
1

TaMiJBTOHIBCHKOI TMMapaMeTpu3allii, MPOIMOHYIYH CTAaHIAPTH30BaHy TEXHIKY ISl IIBUIICHHS TOYHOCTI JOCHIKEHb SICPHOT
cTpykrypu. OTpUMaHi pe3yabTaTd CIPHUSIOTh DIMOMIOMY PO3YMIHHIO KOJEKTHBHOTO SIIEPHOTO PYXY 1 MOXKYTh CTaTH OCHOBOIO JUIS
HOJAJIBIIIOTO IIPOTPECY B TEOPETUUHIN sAepHii (izuii.

KuarwuoBi cinoBa: [BM-1; ounamiuna cumempis, 2amiibmoHosa napamempusayis, pieni euepeii; Se-izomonu; Ru-izomonu; Mo-
izomonu



