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We study the Zakharov-Kuznetsov (ZK) equation with the triple-power law non-linearity. We determine the invariance properties and
construct classes of conservation laws and show how the relationship leads to double reductions of the systems, yielding stable solutions
such as travelling waves and solitons. This relationship is determined by recent results involving ‘multipliers’ that lead to ‘total divergent
systems’. Multi-solitons analysis is performed using invariance transformation, producing stable multi-soliton structures, alongside
vortex soliton solutions that exhibit localized, bell-shaped profiles. A comparison between symmetry and multi-reduction is presented,
highlighting the efficacy in achieving integrable outcomes. The physical interpretation of soliton solutions is also discussed in this
study, emphasizing their stable propagation and relevance to modeling coherent ion-acoustic and vortex waves in magnetized plasmas.
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1. INTRODUCTION AND BACKGROUND

A large class of equations in space science and mathematical physics are special cases of the Zakharov-Kuznetsov
(ZK) equation
U+ Guux + 0 (Uxx +uyy)x = 0. (D

For example, the triple-power law non-linearity [1] is given by G(u) = au™ + bu®" + cu", which will be the main
focus here. Various other versions have been studied, inter Biswas, A and Zerrad [2]. The Zakharov-Kuznetsov (ZK)
equation is used to model non-linear ion-acoustic waves [3] through a plasma [4, 5] in the presence of a magnetic field
and also construed as an extension of the Korteweg-de Vries (KdV) equation in higher dimension, where the u, and
Uyyy are levels of dispersion. The ZK equation plays a valuable role for understanding multidimensional wave phenomena
in plasma physics [6, 7] to study ion-acoustic solitons [8] that maintain shape and weak turbulence. With applications
in space physics and fusion research, the ZK equation offers opportunities to explore facts regarding wave interactions,
stability, and turbulence in two and three-dimensional plasma systems by building non-linearity and dispersive effects.
The Lie symmetry approach is now an established route for the reduction of differential equations and its advantages
in the analysis of nonlinear partial differential equations (PDEs) is vast. The method centres around the algebra of one
parameter Lie groups of transformations that are admitted by the PDE; once known, the reduction of the PDE is standard
and may lead to exact (symmetry invariant) solutions [9, 10].
There are a number of reasons to find conserved densities of PDEs. Some conservation laws are physical (e.g., conservation
of momentum and energy) and others facilitate analysis of the PDE and predicts integrability. Also, some reasons are
related to the numerical solution of PDEs. For example, one should check whether the conserved quantities are in fact
constant [11]. For instance, if u = u(z,x,y) and u — 0 for |x| — +oo, the conserved form D,;®' + D, ®* + D, ®¥ =0
implies

/ D,®' = constant, (2

for all solutions of the PDE. Lastly, the use of symmetry properties of a given system of partial differential equations to

construct or generate new conservation laws from known conservation laws has been investigated extensively [12—14].
We will discuss the line travelling wave reductions for ZK equation (1) with a 2-dimensional symmetry algebra in

(2+1)-dimensions such as line solitons and eikonal waves, via invariance under two commuting translations given by

X = (,112 + v2) Or + 10x +v0y, Xy =v0x — pudy. 3)
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Reduction under the above type of commuting translation symmetries is very common in applications and yields interesting
types of solutions called line travelling wave solutions, under similarity invariant transformations, { = ux + vy —t and
u(t,x,y) = U(Z). The physics of the line travelling wave is presented in [15] and yields the solutions corresponding to
the reduction

u(t,x,y) = U({), 4)

and satisfy the reduced ODE obtained from the PDE via double reduction under the condition of symmetry invariance that
is associated with a conservation laws and can be expressed by the canonical transformation

(al’ax,ay,au) - (6496p3 6/\/3 C{)V)7 (5)
under
x> {=ux+vy—t, 6)
y o p=cit; c=1/\u2+2, @)
t—)/\/:f (or:—X’ (3
v H
u—u=U(), )

for which the pair of symmetries jointly take the form as
Xi =8, X2=0,. (10)

This transformations sends a conservation law Div(7, ®*, ®Y) = 0 to an equivalent canonical form Div(T, ®°, ®) = 0
and can be expressed in conserved vector form

(T, ", ®”) — (T, ®°, DY) (11)

Finally, the reduction of conservation laws can be obtained as every invariant conservation law D évT +D ptiJP +D X&V( =
0 reduces to D ¥ = 0 which is a first integral ¥ = k1, where k is a constant. The explicit formula for the first integral is
given by

WU, ) =T +/ (8,8 + 0,0Y) d¢.
This is important to note that the double reduction can only be carried out if the conservation law (7, ®*, ®Y) is associated
with X; and X, as studied in [12]. Since association of symmetries with conservation laws is challenging and the

calculations are tedious, the symmetry association with conservation laws is equivalent to and can easily be built using
multipliers instead of conservation laws. The association of symmetry with a multiplier is studied in [16].

2. SYMMETRY GENERATORS AND CONSERVATION LAWS

We now present some preliminaries [17, 18] [19,20]. Consider an rth-order system of partial differential equations

(PDEs) of n independent variables x = (x',x?,...,x") and m dependent variables u = (u',u?, ..., u™)
G”(x,u,u(l),...,u(,))zo, u=1,...,m, (12)
where u(1y,u(2),...,u() denote the collections of all first, second, ..., rth-order partial derivatives, that is, u* =

D;(u%), ”Z =D;D;(u®),...respectively, with the total differentiation operator with respect to x* given by

0 o« 0 o )
Di:ﬁ+uiﬁ+u”au—q+..., i=1,...,n, (13)
J
where the summation convention is used whenever appropriate. A current ® = (®!, ..., ®") is conserved if it satisfies
D;®" =0, (14)

along the solutions of (12). It can be shown that every admitted conservation law arises from multipliers Q,, (x, u, u(yy, . . .)
such that

0,G" = D;®', (15)

holds identically (i.e., off the solution space) for some current ®'.
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We determine the conserved flows by first constructing the multipliers Q,, which are obtained by noting that the
Euler(-Lagrange) operator, 675(1, annihilates total divergences, i.c., a defining equation, for Q,,, would be

1)
M_“[Q“Gﬂ] =0. (16)
The conserved flow ® may be obtained in a number of ways, for instance, by a well known ‘homotopy’ formula. We
consider second multiplier in the space of (X, y,#, u, tx, Us, Uy, Uxx, Urx, Uxy, Ury, Uyy, Uy) given by

Q:=f (x’ Vol Uy Uy, Up, Uy Uxx, Upx, Uxy, Uty , Uyy, utt)
The symbolic computation provide us the set of multipliers for ZK equation (1) given by

1 2n+1 u3n+1

N cru™t N bciu L e
om+1l) ocQ2n+l) o @Bnrn+1l)

O =cruy + Clux +cou+ F(y)

The multiplier Q is arbitrary function of y given by
Q1=F(y)=y.
Multiplier Q; and Q3 are

un+l bu2n+l cu3n+l

+0'(n+l)+0'(2n+1)+0'(3n+1)'

Q2 =u, Q3 =uy+uy

The Conservation laws corresponding to multiplier Q1 = 1 and Q, = u respectively are given by

y _ 2 1 3 3 1 2 2n+1 2
(T1, @y, @) = (u,gtruxy,mmn O Uy + 2070 tyy + 6u™ an” + 3u”"* ' bn

+2u3m en? + 11 n%0 uy, + 13—1 n2o Uy + 5 W lan + 4u™pn + 33" en

+610 gy + 2100 Uyy + u™la + W 13t e o + %a'uyy]).

and

(T1, @7, ®7) = (%uz, %0' (2uuxy — uxuy), m[—% 2o uy? — 36 no ux>
930 u, 2 +30uan + 18u* 3 "en — 3’0 uyz -1l %o uyz - 12no uy2
+18ur™an? + 24 22" pp + 6 u3"en? + 9 U2 bn2 + 24 uo uy, + 8uo Uyy

+12u%a + 121227 + 12123 c — 12 0 u,? - 40'uy2 + 18130 uttyy + 66 n20 Uity

3 2
+72 00 Uty + 6 070 Uity + 22 070 uityy + 24 no uuyy]).

In the next section, we will check the association of multipliers with symmetries so that we can use conservation law
theorem to perform double reduction.

3. DOUBLE REDUCTION AND INVARIANT SOLUTIONS
Applications to double reductions has been studied in various ways [21,22] via conservation Law theorem under
double reduction theory. In this study, we discussed the double reduction via multiplier association. Furthermore, for the
(1+2) case, if X = £€0x + 60, + 70, + 10, is a Lie point symmetry that leaves a scalar PDE in (12), say,

G(xat7u,ux’uy,ut’uxx-'~) =0’ (17)
invariant with
XG = RG, (18)
and
A=D;t+ D&+ D0, (19)
such that
X0+ (R+41)Q =0, (20)

then X is associated with the corresponding conserved flow ® = (T, ¢*, ¢*) and, via X and ®, double reduction may be
obtained [15, 16]. Here, D;T + D ¢* + Dy ¢” = 0|(;7). Moreover, in transformed coordinates ({, p, x, U), X = d, and
X5 = 0, so that

Xi(p=1 X =1
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and @ = (T, ¢°, ¢*) leads to DT + D,¢” + D, ¢* = 0. Thus,

- 2dT L do* | dDY
DT + Dx¢* + Dy¢p” = —£+c dp"':“d:‘*?W“L a7 2n
so that B
T =-T+ ud* + vd”,
o = T, (22)
oY = Lo~
4
Finally, we obtain the double reduction of the original system by following
dor
Y=T+ / (— —)d( 0. (23)
given by )
k=Tl uvuv,.., (24)

where k is a constant - for details, see [15]. Finally the equation (24) provide us reduced ODEs, which are second order
ODEs given by

p(1+nm)b(1+3mUQ)"**" =6 (= cp (1 +n)UQ)' "
+(—po (u* +vH (1 + n)d?U({) - U() ™ ap
+U)(1+n) (3 +n) (5 +n) =ki(6n* +11n* +6n+1), (25)

ODE (25) is second order reducible ODE with missing independent variable ¢.

d? C
AU = (26)

1
¢ T 6 (L mur(2 +v) (L +m (L +n)’
where

C = [k (6n® + 11n? + 6n + 1) = 3u(1 + n)b(% + n) (U (L))"
+6(=5cu(1+n)(UQ))'" + (—=(U) *"ap
+U(O)(1+n)(5+n)(5 +n)].

For n = 1, (27) has solution in integral representation takes the form given by

30uo (1% +v?)

dQl-c2=0

Uu()
/ \/—30/10' (12 +v2) (BQ0cu + 5Q%*bu + 10Q3au + 60c; 3o + 60c pvZo — 30Q2 — 60Q; )
On the other hand, ODE (27) is second order non-linear ODE with missing independent variable { presented by
3(3+mu2+mbU))*" +6(1+n)(5ep(2+n)(U))*"

+H(U() M ap = 3 (-2p o U (1? + Vz)d%U(() +po (U + V2)(%U(§))2
+U)HQ2+n)(3+n) = ka (61> +22n° + 240 + 8). 27)

For n = 1, (27) has solution in its integral representation given by

/U(é) mya' (,u2 + Vz)
\/ya' (12 +v2) (-3 cp — 5Q%bp + 30Qu3o ey + 30Quvoc) — 10Q3au + 30Q% — 60k,)

dQ—{—CZZO

3.1. Analysis of ODE (25) and Travelling Wave Solution

An analysis of (25) is presented in this section. ODE (25) can further reduce using invariance analysis. The ODE
(25) reduces to first order ODE by single reduction using the symmetry X; = 0. The reduced ODE is given by

6w(a)( w(a))yn V2o + 11w (a) (daw(a))/,tn vio + 6w (@) (daw(a))unv o
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+3#ba,l+2n 2+2C#a,1+3n 2+ 6nla 1+"au+4ybal+2”n+3cua1+3”n
+5na*ap +w () ( w (a))u oc+a'au + puba'"? +cpa — 6k n® — 11k n?
—6kin—a—k —6an—1lan’>-6an’+6w(a) (%w(a))y3n0'+w(a) (%w(a)),uvzg

+6w(a)( w(a/)),u 0'+llw(a)( w(a)),una' 0, (28)

under the similarity variables w (@) = % U (¢) and @ = U (¢). Using Lie symmetry, we get a single reduction as symmetry
reduces second order ODE (25) to first order ODE (28), solving with respect to @ get us to the invariant solution given by

. VA
M G ) (2 (L +3m e ) (L) (@ v (29)

where

A=-648(1+n) (3 +n)(§(L+n)u(} +n)c(n+2)e’*?
+(% + n)(%b,u(n +2)a?*? + (% +n)(apa™? —1/2(n +2)(1 + n)(ci o +
cipvio +a? +2kia)))(n + %))(,u2 + vz),u(% +n)o(n+2/3)(n+2).
The invariant solution can be written as
U(Q) =w(@){ +ci.

The invariant solution in integral representation is given by

§+/U(§)0y Bn+2)(1+2n)(1+3n)(n+2)(1+n) (,u2+v2)

dQ +c¢; =0, (30)
i 1

where
A = —648(1 242 : 2 2 1 1
=—648(1 +n)(u” +v )(5 +n)(§ +n)o(n+ g)u(n + )(5(
+n)(% +n)cpu(n +2)Q? + (% +n)(n+ %)(ibu(n +2)Q2*2 4
(% +n)(auQ"+? — %(1 +n)(ci o+ cipvio + (Q)(Q + 2k1))(n +2)))).

In the similar way, solution ODE (25) in integral representation corresponding to the values of n = 1,n =2 and n = 3 are
presented, respectively

dQ—¢—cr=0,

/U(g*) V30u o (12 +v?)
J

10 (—3c1u3a+ (3/1095c+ %Q4b+93a—3v2c10'),u—3 Q) (Q+2k1))o- (12 +v?) u

/Um 2V105p o (u? +v?)
\/—700' (2 +v?)p (—6c1 o+ (3/14Q8¢ +2/5Qb + Q*a — 6v2ici o) u—6 (Q) (Q+2k))

dQ—-¢—-cy =0,

dQ—(¢—c,=0.

/U([) 2V385u o (p* +v?)
\/ 1540 (u +v2)( 10¢) 1 0'+(2/11ch1 Sh9 4 405 — 10V2610'),u—10 Q) (Q+2k1)),u

The ODE (25) is cumbersome and its solution is presented above in integral form as the general value of n and k. Suppose
a solution of the form given by

U(g) = G(g)e™t.
Where G (¢) is to be determined, and A is a constant. This assumption reduces the ODE (25) to a manageable equation
—6(—po (1 +v2) (1 +n)e 2> + e (1 + n))(% + n)(% +n)G({)
+3u(1+ )b (5 +n)(G(e'd) 2" —6(=geu(l +n)(G(L)e)
+(—por (1 + v (1 + 1) (2(35 G (£) e + (dzzG(é))el{)
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—(G(Oe*)* M ap) (3 +n)) (3 +n) = ky(6n® + 11n* + 6n + 1). (31)

By factoring out e*¢ from the above equation, comparing nonlinear terms of G () and by simplifying, we get the following
condition

6(%+n) (—1+,L10'(,Lt2+v2)/12) (1+n) (%+n)=0, (32)

that yields the values of A given by
1 1

) T S T S—
Vo + uio Vdo + o

Finally, it provide us the solutions of the form U(¢) = Ge'¢, where G is a constant, as we received G’'(¢) = 0. The
solutions are given by

(33)

I S R T
U) =cie Vﬂgoﬂwzoé + cre VH§U+HV70§. (34)

Thus, the solution of the ZK equation (1) can be obtained in original variables by substituting the value of { = ux + vy —
t and u(t,x,y) = U({) presented by

1 1
——— (ux+vy-t) - (ux+vy-t)
u(t,x,y) = ce Voo + cpe Vol . (35)

This solution represent travelling wave solution and its behaviour over time for different values of parameters is presented
in Figure-1.

Ultx,y) fort=0 Ut,x,y) fort =1 Ut,xy) fort=2
3.5 15
3 3
05 , 25
2 2
5 5

Figure 1. Travelling wave u(z, x, y) over time

For another set of parameters, the solution u(t, x, y) is presented in Figure-2, which is depicting the wave behaviour
over time ¢.

3.2. Analysis of ODE (27) and Travelling Wave Solution
An analysis of (27) is presented in this section. ODE (27) can further reduce using invariance analysis. The ODE

(27) reduces to first order ODE by single reduction using the symmetry X; = 0. The reduced ODE is given by
—6kon® — 22kon?* — 24kon — 8ky + dcpa®3" + 6w(a)(%w(a/))a,u3n30'
+22w(a)(£w(a))cm3n20' + 24w(a)(£w(a/))a,u3n0' + 8w(a/)(£w(cy))a//1v20'
—11a?n® - 3203 — 12a%n + 6w(a)(£w(a’))a,un3v20' + 22w(a)(%w(a'))aun2v20'
+24w(a)(%w(a/))a,unv20' + 8w(a)(£w(a))cm30' —3(w(a))?un®*v?o - 11(w(a))>un*v*o
—12(w(@))?unv?o + 3uba?"n? + 2cua®3n? + 6n’a® " au + Suba®*?n + 6¢cua*t'n
+10na*au — 11(w(a))*wn’o — 12(w(a))*1’no — 4(w(a))>uw’o - 3(w(a)*u’n’o - 4a?
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Uftx,y) fort=0 Uft,x.y) fort=1 Uitx,y) fort=2

Uit x,v)
Uit xy)

Figure 2. Travelling wave u(z, x, y) over time

+4uba®? —A(w(@)* 1o + 40> au = 0, (36)

under the similarity variables w (@) = %U () and @ = U ({). Using Lie symmetry, we get a single reduction as
symmetry reduces second order ODE (27) to first order ODE (36) in w(a). Solving (36) yield us the invariant solution
given by

\/—648aAC($CcuB(D)a3+3" + A($bp(D)a?*3 + (¥)B)E) (12 + v2)Epo B(D)

w(a) =1/18 oua(u? +v¥)ABE(D)C

bl

where,

2+n=A2+3n=3A,n+3=B2n+1=2B,
l+n=C,1+n=C2+n=D,n+}=E3n+1=3E,

a"Bay - %0(2 +n)(1+n) (au30'cl +amvioc) +a® - 2k2) =Y.
Using similarity variable, the invariant solution can be written as
U(Q) =w(@){ +cr.

The invariant solution U () is given by

‘o /W ) 18 TUQABE (D)C (1% +v?)
\/—648(%C,ucB(D)Q3A + ($bu(D)Q¥2 + (P)B)AE)CuB (12 + v2)Q2ATE(D)

dQ+c; =0,

where
2 1
§+n=A,2+3n=3A,n+§:B,2n+1=2B,
1
1+n:C,1+n:C,2+n:D,n+§:E,3n+1=3E,
24n 1 3 2 2
a au—§(2+n)(1+n) (a,u ocy+auveocy +a —2k2) =V

The ODE (27) is complex and its solution even for n = 1 and for particular value of k, = 0 is challenging to find as
presented

v V30(u2 + v¥)ou
V2 + v opu(=3¢Qu + 30c; 130 + 30c; uv2o — 563 — 10Q22au + 30Q)Q

dQ-¢—c;=0.

For ODE (27), we will find the solution of the form given by
U(Q) = G(Q)es,
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where G () is to be determined, and A is a constant. This assumption reduces the ODE (27) to a manageable one.
3u(n+ 3)(2+m)b(G(L)e*)* " +6(5cu(2+n)(G(ed) > + (ap(G(He'd)*
+3()?2G (o (u* + Vz)%G(C) —po (1 + V) (§F G () +26(Duad(p* +v*) G(Q)
+(G ()2 (P Po + PuvPo —1)(2+n))(n+ %))(1 +n) = ky(6n° +22n% + 24n + 8) (37

By factoring out e*¢ from the above equation, comparing nonlinear terms of G () and by simplifying, we get the following
condition

3(14n)(n+2/3)(2+n) (—1+ua (,u2+v2) /12) -0, 38)
that yields the values of A given by
1 1
A=, = (39)

Vdo + uvzo" Vdo + ,uv20'.

Finally, it provide us the solutions of the form U(¢) = Ge*¢, where G({) = ¢1{ +c; is a constant, as we received G” (£) =
0. The solutions are given by

1

o I
U() = (c1{ + cr)e e mte (c1{ +c2)e i (40)

Thus, the solution of the ZK equation (1) can be obtained in original variables by substituting the value of { = ux + vy —
t and u(t,x,y) = U({) presented by

;( + —t) _+( + —t)
u(t,x,y) = [e1(ux + vy — 1) + ealeVimamma T e (ux 4 vy — 1) + a)e Niaemte

The solution is presented in Figure-3.

1: ¢1=1.0, ¢2=1.0, mu=-5.0, nu=1.0, sigma=1.0, v=1.0 2: ¢1=1.0, ¢2=1.0, mu=-4.0, nu=1.0, sigma=1.0, v=1.0 3: ¢1=1.0, €2=2.0, mu=-2.0, nu=2.0, sigma=2.0, v=2.0

100 100

50 50
<0 X X 0
5 =1 5
50 -50
-100 \ -100
10 10
10 0
0 0 0
X ¥ A0 0 X
4: ¢1=1.0, c2=2.0, mu=1.0, nu=1.0, sigma=0.5, v=1.0 5: ¢1=1.0, ¢2=2.0, mu=4.0, nu=1.0, sigma=1.0, v=0.5 6: ¢1=2.0, c2=3.0, mu=10.0, nu=1.0, sigma=0.8, v=0.9
10
%10 10t <104
1
2
1 0.5
= =
x 0 x 0
=} 1 =1 05
2

-1
10

=100 -
y 10

Figure 3. Travelling wave u(z, x, y) over time

This solution represent travelling wave solution and its behaviour over time for different values of parameters.

4. A COMPARISON BETWEEN SYMMETRY REDUCTION AND MULTI-REDUCTION VIA MULTIPLIERS

In this section, we study the symmetry classification and possible reductions of ZK equation (1) based on the
parameters involved in function G () = au™ + bu*" + cu" containing triple power non-linearities. The ZK equation (1)
has three translation symmetries given by

Xi=D;, Xo=Dy, and X3 =D,, (41)
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which has corresponding single reduction from (1 + 2) ZK equation (1) to (1 + 1) second order PDE in (a, B)-space given
by respectively

(& F(a.B)a(F(a,B)" + (5 F(a,B)b(F(a,B)*" + (% F(a, B))c(F(a, )"
+ 25 F () + 5852 F(@.B) =0, (42)
with similarity variables [{U(x,y,t) = F(x,y)}, {@ =x,8 = y}].

2 F(B.a) =0, (43)
with similarity variables [{U(x, y,t) = F(y,t)},{a =1t,8 = y}].

and

32 F(B.a) + (55 F (B, @))a(F (B, )" + (55 F (B, @))b(F (B, @))*"
+(Z5F (B, a)c(F(B,@)*" + 2F(B,)} = 0 (44)
with similarity variables [{U(x, y,t) = F(x,t)},{a =t,8 = x}].

Lie symmetries provide only single reduction upto a independent variable and we received (1 + 1) reduced PDE from (1 +
2) PDE. In order to get invariant solutions, it require further analysis to study the problem, which is even challenging to
solve one dimensional PDE. Even reduction under symmetry generators

X'=X1+X, X’=X1+X;, and X’ =X, + X0 + X3 (45)
provide us the single reduction to (1 + 1) PDE in («, 8)-space given by respectively

P (@.B) - (FF(a,B)a(F(a,B)" - (FF(a.B))b(F(a,B))*"

~(agF (@ B)e(F (@ p)*" = F5F (@) = gz (@.f) = 0 (46)
with similarity variables [{U(x,y,t) = F(y,—x + )}, {a = y, 8 = —x + t}].

%F(a’,ﬁ) + (L F(a,p)a(F(a,f)" + (F(a,B)b(F(a,p))*"
HEF(@p)e(F(@.B)" + L5 F(a.p) + s F(a.f) =0 @)
with similarity variables [{U(x,y,t) = F(x,~y + )}, {a = x, 8 = —y + t}].

and

32 F(B.a) = (F(B,@))a(F(B.@))" — a(F(B,a))" 55 F (B, @) — (55 F (B, @))b(F (B, @))*"
~b(F(B,@)*" & F (B.@) = (Z5F (B, )e(F (B, @))*" = c(F(B,a)*" & F(B,) =2 £ F (B, )

~4 755 F (B, @) =3 75 F(B,@) - 2 F(B,a) =0 (48)

with similarity variables [{U(x, y,t) = F(-x+y,-x+ )}, {a = —x+1,8=—-x + y}].

So, multi-reduction using conservation laws analysis is better approach to study higher order and higher dimensional
model.

5. MULTI-SOLITON SOLUTIONS VIA INVARIANCE TRANSFORMATION

The early history of solitons is presented in [23] and the forms of solitons we presented in this study is discussed
in [24,25]. In this section we shall discuss soliton and multi-soliton solutions for ZK equation (1). The solutions can be
expressed as u(t,x,y) — f(ax + By — vt), where the solitons propagates along the x and y directions with velocity v.
As we discussed earlier the line travelling wave reductions for ZK equation (1) with a 2-dimensional symmetry algebra in
(2+1)-dimensions such as line solitons via invariance under two commuting translations given by

X, = (a2 + ﬂz) 3, + audy + Bdy,  Xp = By — ady. (49)

Reduction under above type of commuting translation symmetries is very common in application and yield interesting
types of solutions called line travelling wave solutions or line soliton solutions, under similarity invariant transformations
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{ =ax+ By — vyt and u(t,x,y) = f(£), where v is the spped of. The physics of the line travelling wave is presented
in [15] and yield the solutions correspond to the reduction

u(t,x,y) = f(ax + By = y1) (50)
and satisfy the reduced ODE. Under the transformation
u(x,t,y) = f({), { = ax+ By -yt
the ZK equation (1) reduces to ODE given by
Y £+ @(fQ)" +bf(OP" +c(f(OYMag f(O)
+o (@& () + a5 £(0) = 0 (51)
It can be further simplified to

aaf (™! baf(@P!  caf()!

n+1 2n+1 3n+1

2
ao (o> + ) (d—f({)) " Fyf(0) =0

dz?

To determine the soliton, we look for a solution that decays to zero as { — +oo. For the construction of solitons, one way
to find solitary wave profile is to consider sech function

f(&) = Asech®(BY)

where A, and B are constants to be determined in terms of wave velocity v, the coefficients a, b, ¢ of the non-linearities
u™, u®", u3" and dispersion’s coefficient o. The ODE under the solitary wave profile takes the form

60 (a* + %) A sech(B{)?(tanh(B()? - 1)B*a + —””(Asecﬂf@z)n“

+ba(A sech(BZ)?)%*! " ca(Asech(BZ)?)3+! +yA SeCh(B{)Z -0 (52)

2n+1 3n+l

For the soliton solutions to hold, we match the coefficients of the non-linear terms and receive the following conditions

20 (¢? + %) B*a +y =0,

6U(az+ﬁ2)A+%m=0.

that yield us the values of B and A respectively, in terms of parameters «, 3,y and o given by

B = 4—1—————ZXZ————
2 Vae (T
A= 1 Y

By substituting values of A and B back in soliton profile provides us the soliton solution of the form

1 1 V2
u(t,x,y) = [~ ——F—— ] sech’(; ——=

E— (ax + By = y1))
1262 (a2 + p2) ao (a? + )y

The 3D plot of the soliton solution is presented in Figure-4.

Now, we can discuss the superposition of two solitons for the construction of multi-solitons structure of the form
u(t,x,y) = fi (a1x + Bry —yit) + f2 (@2x + Bay — vat)
where the solitary wave profile for two-soliton solutions is

fi(&1) = Apsech? (Bi1),
f (&) = Ay sech? (Brln) .

and

{1 = a1x + By — yit,
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Figure 4. Soliton u(t, x, y) with different parameters

$ = anx + Boy — yat.

Each soliton can be determined by its own velocity, amplitude, and width based on the parameters A;, By, a1, 81,y for
the first soliton and A,, By, a2, 52, ¥> for the second soliton. By following the same ansatz, the two-soliton solutions can
be presented by

u(t,x,y) = Ay sech? (By (a1x + By — y1t)) + Az sech? (By (a2x + oy — ¥at))

1 2 1
BIZB2=_L, A=Ay =—-— Y

ao (a®+B2)y 1252 (“2+ﬁ2)2'

The two-soliton takes the form

2
1 ; 1 N2
u(t,x,y) = Z[_Eﬁ] sech’ | = % (ix + Biy = vit) |-
i=1 o? (a7 + 7) a;o (a7 + ) vi

The 3D plot of the two-soliton solution is presented in Figure-5.
For different velocities, when y; # 7>, the elastic collision occurs and pass through each other. Finally, we can
generalise the solitons into multi-solitons by superposing more solitons and can be represented by

(aix + Biy —vit) |-

) = Y sear?| 2
i=1 o2 (a7 + ;) a;o (a? + B2) v
6. VORTEX SOLITON SOLUTIONS

We study the vortex type [26,27] of solitons for ZK equation (1) in both spatial dimensions x and y that exhibit a
vortex structure like a rotating wave. We seek the vortex solitons by using the transformation

u(t,x,y) — u(r,0,1),

where,

x=rcosf, y=rsinf, r=+x2+y2
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Figure 5. Soliton u(t, x, y) with different parameters

r represents the radial distance and 6 is the vortex angle. The Laplacian in polar coordinates provide us the Zakharov-
Kuznetsov equation in polar coordinates given by

ou u 1 0%u
n 2n 3n —
ut+(au + bu" + cu )E+U(m+r—zw)r—0 (53)
Ansatz for vortex solitons can be applied to find solutions with a nontrivial phase of the form

u(r,0,1) =U@r)e’s, ¢ =mb—wt

Under the above transformation the ZK equation in ploar coordinates (53) reduces to ODE given by

2
™ 4y =0 (54)

3
~U(r)w + (aU(r)" + bU(r)*" + cU(r)3”)(%U(r)) + g(%y(r) =

Above ODE represents the radial profile of vortex solitons. The soliton must decay to zero as r — oo, which ensures the
localization of the solution. To find vortex solitons, we consider sech function

U(r) = Ar"™ sech?(Br)

where A, and B are constants to be determined in terms of the coefficients a, b, ¢ of the non-linearities u™, u®", u3" and
dispersion’s coefficient o-. The ODE under the solitary wave profile takes the form

—Ar™ sech(Br)’w
+ (a (Ar™sech(Br)?)" + b (Ar™ sech(Br)z)Z" +c (Arm sech(Br)2)3n) (% (Arm sech(Br)z)) w

m?(Z (Ar™ sec r)?
+o ((;9733 (Ar™ sech(Br)?) - (4 p hBr) ))) =0 (55)
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For the soliton solutions to hold, we match the coefficients of the non-linear terms in r and receive the following
conditions

1 2
ZBsz' +30m (m - 5) =0

1 1
ﬁw + ZBZmO' =0

1
maB3+1&#ma+46aB(—Zm2+%m)=o
ABm?o - 5B*c — AB =0

which respectively provide us the the values of B and A given by

By = £2V-3m + 2,
By = e,
By = —fm + = V145m2 — 96m
A = 103m-2) o

- V—3m+2(m20'—1) ’

A2 - _ Swo
\/—f)m(rw(mzc'—l) ’
a‘(—9m+\/l45m2—96m)

Az ==
3 16 m2o—1 :

Finally yields the vortex soliton solutions of the form
u(r,0,t) = Ar'™ sech?(Br)e! m0=@1),

Three vortex solutions obtained based on the values of A1, A2, A3 and B1, B2, B3.

103m - 2)o 5 —
ui(r,0,1) = - ™ sech?(2rV=3m + 2)e!(m0-1),
V=-3m +2 (m?c - 1)
1 V- .
ur(r,0,t) = - Swa r' sech2(8$r)el(m9—wt)’

V-6mow (m*c - 1)
The plot of the vortex solutions u(r, 6, 1) is presented in Figure-6 and u;(r, 6, t) in Figure-7.

50 (—9m + V145m?2 - 96m

us(r,0,t) = 6 o p—

1 .
) r’" sechz((—im + —V145m2 — 96m)r)e! (mf-wt)
16 16

Plot of solution u3(r, 8, t) is presented in Figure-8 for different values of m.

For plotting solutions u;(r, 0,t) and u,(r, 6,t) we considered these values for amplitude m = 6, for scaling of the
secant hyperbolic oo = 1, and w = 1, which determine the angular frequency of the oscillation. The contour plot for vortex
solution u3(r, 0, t) is presented in Figure-9.

In this study, we presented vortex solution u; (r, 0, 1), u(r, 0,1), and us3(r, 8, t) of ZK equation (1) in polar coordinates
includes a radial exponent 7 and a secant hyperbolic function sech(r) and a exponential term e!¢~“?)  where m, o, and
w are key parameters. For vortex solution u3(r, 6, t) we presented four different graphs based on the values of amplitude m.
The parameters involved affect the overall appearance and magnitude of the solutions. We can clearly see how parameters
like radial exponent and secant profile affect the vortex solitons’s decay and oscillation patterns over space.

7. DISCUSSION OF RESULTS IN PLASMA PHYSICS

The plasma waves generated in the model discussed here are stable. This is particularly the case related to travelling
wave solutions. The vortex solutions are in line with a bell-shaped solitary wave solution which suggests that electric field
potential, electric field and magnetic field are stable. Some of the figures indicate a nonlinear ion-acoustic solitary wave
like behaviour of the wave. In all of the cases, the spread of the waves is stable with little or no chaotic type structure
following the initial waves. The amplitudes of the waves, indicated by the magnitudes of the complex cases in some of the
cases, display wave behaviours that are stable.
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Figure 6. 3D plot of the real part and magnitude of u;(r, 6, 1)
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Figure 7. 3D plot of the real part and magnitude of u(r, 6, 1)

The analysis of the Zakharov-Kuznetsov (ZK) equation (1) with triple-power law nonlinearity reveals that the plasma
waves generated in this model exhibit stability of the travelling wave solutions. These solutions, derived through double
reduction approach and invariance transformations, demonstrate consistent and predictable propagation characteristics
across two spatial dimensions and time. The stability of these waves is a critical finding, as it underscores their potential
relevance in modeling multidimensional wave phenomena in plasma physics, such as ion-acoustic waves in magnetized
plasmas.

The travelling wave solutions, represented as line solitons, for example (Figures 1-3) maintain their shape and speed
over time, a hallmark of soliton behavior. This stability is attributed to the balance between the nonlinear effects introduced
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by the triple-power law terms, G (1) = au™ + bu®" + cu®™ and the dispersive effects captured by the terms o (1 + u yy)x in
the ZK equation. The absence of significant chaotic or turbulent structures following the initial wave propagation further
reinforces the robustness of these solutions. This behavior aligns with the physical interpretation of ion-acoustic solitary
waves, which are known to preserve their integrity in plasma environments under the influence of a magnetic field, as
noted in prior studies [3, 5].

Similarly, the vortex soliton solutions (Figures 6-9) exhibit a stable, bell-shaped solitary wave profile, characterized
by a radial decay governed by the sech® function and a phase-dependent oscillatory structure. This suggests that the
associated electric field potential, electric field, and magnetic field components remain stable over time and space. The
vortex solutions, expressed in polar coordinates as u(r,0,t) = U(r)e!?=«"  demonstrate a localized rotating wave
pattern that decays to zero as r — oo, ensuring the confinement of energy and the absence of unbounded growth or
instability. The stability of these vortex structures is particularly significant in the context of plasma physics, where such
solutions can model coherent structures like ion-acoustic vortices in two-dimensional systems.

The figures accompanying the travelling wave and vortex soliton solutions provide visual confirmation of this stability.
For instance, the 3D plots of the travelling wave solutions (Figures 1-3) depict smooth, non-dispersive wave fronts that
propagate without distortion, while the vortex soliton plots (Figures 6-9) illustrate a consistent magnitude and oscillatory
pattern across varying parameters, such as the topological charge m. Notably, some figures indicate a non-linear ion-
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acoustic solitary wave-like behaviour, characterized by a steepened wave profile that remains stable over time, a feature
consistent with experimental observations of ion-acoustic solitons in magnetized plasmas [8].

The amplitudes of the waves, particularly in the complex vortex soliton cases, further highlight their stable behaviour.
The magnitude plots (Figures 6-9) show that the wave intensity remains bounded and predictable, with no evidence of
amplification or dissipation that would suggest instability. This stability is likely a consequence of the symmetry-invariant
conservation laws derived in the study, which impose constraints on the system that prevent chaotic divergence. The use
of multipliers to construct these conservation laws facilitates the double reduction process, yielding reduced ODEs that
admit stable, integrable solutions.

In all cases, whether travelling waves, multi-solitons, or vortex solitons, the spread of the waves remains controlled,
with little to no chaotic structure emerging after the initial wave formation. This stability is particularly pronounced in
the multi-soliton solutions (Figure 5), where elastic collisions between solitons occur without loss of form, a property
indicative of integrability in the ZK system. Such behavior is consistent with the physical context of weak turbulence in
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plasma systems, where solitons maintain their coherence despite interactions, which is a important phenomenon of wave
dynamics in space physics and fusion research [6,7].

Overall, the stable wave behavior observed in this study suggests that the ZK equation with triple-power law
nonlinearity provides a robust framework for modeling plasma waves in higher-dimensional settings. The findings have
implications for understanding the stability and interaction of nonlinear waves in magnetized plasmas, potentially aiding
in the design of experiments or simulations aimed at exploring ion-acoustic solitons and vortex structures in real-world
plasma environments.

8. CONCLUSION

A large class of Zakharov-Kuznetsov (ZK) equation with the triple-power law non-linearity were studied. We
have shown how a study of the relationship between symmetries and multipliers are attained and then utilised to obtain
double reduction from (1+2) ZK equation to an ODE. We determined the invariance properties and constructed classes of
conservation laws and discussed how the relationship leads to double reductions of the systems, ensuring stable solutions.
Multi-solitons analysis is performed using invariance transformation and vortex soliton solutions. A comparison between
symmetry and multi-reduction is presented, highlighting the advantage in producing integrable, stable outcomes. The
physical interpretation of soliton solutions is also discussed in this study, emphasizing their stable propagation, evidenced
by localized profiles, elastic collisions, and conserved quantities, which models coherent ion-acoustic and vortex waves in
magnetized plasmas, offering valuable understanding of wave dynamics in space physics and fusion research.
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3ACTOCYBAHHA MYJII)TI/IPEHYKIIIi TA MVJIBTUCOJIITOHHOT'O AHAJII3Y (2+1) PIBHAHHA
3AXAPOBA-KY3HEIOBA (ZK)
Aui Paza®®, A6aya Xamig Kapa®, Cioycico Moiio!
4 lenapmamenm mamemamuky ma cmamucmuuHux Hayx, Jlaxopcoka wikona exonomiku, Jlaxop, Ilakucman
b Tenapmamernm mamemamuunux nayx, Yuisepcumem Cmeanenéowa, Cmeanenéow, ITiedenna Agppuia
¢ llxona mamemamuru, Yuisepcumem Bimeamepcpand, Hozanunec6ype, Iiedenna Agpuxa
4[IIkona danux ma OGUUCAIOBANBHO20 MUCAEHHS A BaKYAbIMEm MameMamuuHux nayk, Yuieepcumem Cmeanenboud,
Cmennenoow, 7602, Iliedenna Acppura

HocnimxeHo piBHsAHHS 3axapoBa-KysHenosa (3.K.) 3 TprcTyneHeBoo HeliHifdHICTIO. MU BU3HAYa€MO BJIACTUBOCTI iHBApiaHTHOCTI Ta
OyayeMO KJiacH 3aKOHIB 30epeKeHHsI Ta [MOKa3yeEMO, SIK 3B SI30K MPU3BOAUTH [0 MOABIMHOTO CKOPOYCHHS CHCTEM, 10 Ja€ CTaOiibHI
pillleHHs1, Taki K OiKyd4i XBuII Ta coiToHH. Leit 3B’ 130K BU3HAYAETHCS HEL[OJABHIMU pe3y/IbTaTaMH, ITOB’ I3aHUMH 3 «MYJIbTUILTIKA-
TOpaMU», SIKi IPU3BOJSATD JI0 «3arajlbHUX PO30IKHUX CUCTEM». MyJIbTHCONITOHHUI aHAJIi3 BUKOHYETHCS 32 JOIIOMOr0I0 iHBapiaHTHOTO
MepEeTBOPEHHSI, YTBOPIOIOYM CTa0iIbHI 6AaraToCONITOHHI CTPYKTYPH pa3oM i3 BUXPOBHMH COJIITOHHUMH PillIeHHSIMH, SIKi I@MOHCTPYIOTh
JIOKaJIi30BaHi A3BOHONOiOHI podii. [IpeacTaBieHo NOPiBHSHHS MiK CUMETPI€I0 Ta MHOKMHHAM CKOPOYEHHSIM, ITiIKpecondH ede-
KTUBHICTb y IOCSTHEHHI iHTETPOBAHMX PE3yJIbTaTiB. Y IIbOMY JOCJiIKEHHI TAKOXK OOTOBOPIOETHCS (Pi3UUHA iHTEpIIpeTallisi COMITOHHUX
PO3UHHIB, HATOJIOIIYETHCS Ha iX CTaOLIbHOMY MOIMIMPEHHI Ta aKTYaJ bHOCTI [JJIsI MOJETIOBaHHS KOTE€PEHTHUX 10HHO-3BYKOBHX 1 BUXPOBUX
XBWJIb Y HAMarHi4eHii miasmi.
Ku1040Bi ciioBa: noosiiine ckopouentst, 3aKonu 30epedcerst; MHOMCHUKU, pieHsanus 3axaposa-Ky3neyosa, ananiz ineapianmmuocmi;
CONIMOHU; MYALINUCONIMOHU; 8UXPOBI CONTMOHU
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