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The frequency-temperature dependences of the probability of two-photon absorption (2PA), caused by transitions from the branch of 
light holes to the subband of spin-orbit splitting and linear-circular dichroism (LCD) associated with 2PA, as well as the coefficient of 
two-photon light absorption in GaAs and InAs, where the contribution to the absorption of the effect of coherent saturation. The role 
of various types of transitions, differing from each other in virtual states and participating in the 2PT, is analyzed. In GaAs and InAs, 
the presence of several peaks in the frequency-temperature dependences of the 2PA coefficient was revealed; the appearance of the 
peaks is explained not only by a specific change in the distribution functions of photoexcited holes, but also by the fact that at certain 
frequency values, some denominators in the expressions of the composite matrix elements tend to zero. 
Keywords: Two-photon optical transitions; Virtual states; Multiphoton optical transitions; Two-photon absorption coefficient; 
Coherent saturation effect; Semiconductor 
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INTRODUCTION 
Nonlinear spectroscopy of solids has proven invaluable in determining their optical and electronic parameters. For 

instance, when single-photon absorption is forbidden by selection rules, multiphoton transitions may become allowed [1]. 
The processes of multiphoton absorption in crystals have been the subject of extensive theoretical and experimental 
studies since the advent of the laser (see, for example, [2–7]). This interest in multiphoton absorption has been driven by 
the significance of nonlinear absorption facilitated by powerful lasers and masers, as well as its role in numerous aspects 
of fundamental research in semiconductor physics. It should be noted that in the processes of electron-hole pair generation 
induced by intense optical radiation, both in bulk [2–13] and low-dimensional crystals, multiphoton interband and 
intraband transitions play a critical role [14–24]. 

Although [14–24] investigated optical phenomena in bulk and low-dimensional crystals, where either interband 
transitions or transitions between the branches of light and heavy holes are restricted, the question of single- and 
multiphoton absorption of linearly and circularly polarized light in narrow- and wide-bandgap semiconductors, driven by 
optical transitions from the branches of light and heavy holes to the spin-orbit split subband of the valence band, remains 
unresolved. This study is dedicated to addressing this issue. 

Effective Luttinger–Kohn Hamiltonian for III–V Semiconductors (GaAs, InAs) Formulation of the 
Luttinger–Kohn Hamiltonian 

In zincblende III–V semiconductors, the top valence bands (heavy-hole, light-hole, and split-off bands) are described 
by the Luttinger–Kohn (LK) Hamiltonian derived from 𝑘 ⋅ 𝑝 theory. This effective Hamiltonian acts on the Bloch states 
at the Brillouin-zone center with total angular momentum 𝑗 = 3/2 (degenerate heavy-hole and light-hole, Γ଼  symmetry) 
and 𝑗 = 1/2 (split-off band, Γ଻) due to the spin–orbit interaction. The LK Hamiltonian is a 6 × 6 matrix (or 4 × 4 if the 
split-off band is excluded) built from the angular momentum 𝐽 = 3/2 matrices 𝐽መ௫, 𝐽መ௬, 𝐽መ௭ and wavevector components 𝑘௫, 𝑘௬,𝑘௭. To second order in 𝐤, the general form can be written (in the 𝑗 = 3/2 basis) as a quadratic form in 𝑘௜𝑘௝𝐽௜𝐽௝ 
terms with three dimensionless Luttinger parameters 𝛾ଵ, 𝛾ଶ, 𝛾ଷ. In an isotropic approximation (neglecting cubic 
anisotropy), the Hamiltonian simplifies to:  𝐻௅௄ = ℏమଶ௠బ ቂቀ𝛾ଵ + ହଶ 𝛾ଶቁ 𝑘ଶ − 2𝛾ଶሺ𝒌 ∙ 𝑱ሻଶቃ, 
where 𝑚଴ is the free electron mass, 𝑘ଶ = 𝑘௫ଶ + 𝑘௬ଶ + 𝑘௭ଶ, and 𝐤 ⋅ 𝐉 = 𝑘௫𝐽መ௫ + 𝑘௬𝐽መ௬ + 𝑘௭𝐽መ௭. This is the so-called spherical 
approximation (𝛾ଶ = 𝛾ଷ), which is often used for simplicity. In the general case for cubic crystals, 𝛾ଶ ≠ 𝛾ଷ, and one must 
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include distinct terms for 𝐽መ௜ଶ𝑘௜ଶ and the off-diagonal couplings 𝐽መ௜ , 𝐽መ௝𝑘௜ , 𝑘௝ (which cause band warping). An explicit 
representation of the full 4 × 4 LK Hamiltonian (for the 𝑗 = 3/2 subspace) in the Bloch basis |3/2,𝑚௝ൿ is  

𝐻௅௄ସ×ସ = ℏଶ2𝑚଴ ൮ 𝐴 −𝐵 𝐶 0−𝐵∗ 𝐷 0 𝐶𝐶∗ 0 𝐷 𝐵0 𝐶∗ 𝐵∗ 𝐴൲ 

where (suppressing factor ℏଶ/2𝑚଴) 𝐴 = 𝛾ଵ𝑘ଶ + (𝛾ଶ + 𝛾ଷ)(𝑘௫ଶ + 𝑘௬ଶ − 2𝑘௭ଶ), 𝐷 = 𝛾ଵ𝑘ଶ + (𝛾ଶ + 𝛾ଷ)(𝑘௭ଶ + 𝑘௬ଶ − 2𝑘௫ଶ) 
(cyclic permutations for 𝐷) and the off-diagonal couplings are 𝐵 = 2√3, 𝛾ଷ, 𝑘௭(𝑘௫ − 𝑖𝑘௬), 𝐶 = −√3, 𝛾ଶ, (𝑘௫ଶ − 𝑘௬ଶ) +2𝑖√3, 𝛾ଷ, 𝑘௫𝑘௬. (Here the basis is ordered as |3/2, +3/2⟩, |3/2,−1/2⟩, |3/2, +1/2⟩, |3/2,−3/2⟩ for this matrix.) The 6 × 6 Hamiltonian including the split-off 𝑗 = 1/2 states is an extension of the above, with the spin–orbit energy Δୗ୓ 
separating the Γ଻ band on the diagonal and additional 𝑘-dependent coupling terms between 𝑗 = 3/2 and 𝑗 = 1/2 blocks. 
In the absence of inversion asymmetry (no bulk inversion asymmetry term 𝐵 = 0 for centrosymmetric zincblende), the 
above 𝐻୐୏ is the standard effective Hamiltonian for holes in III–V compounds first formulated by Luttinger (1956). 
Eigenenergies and Eigenfunctions Zone-center basis: At 𝑘 = 0 (the Γ point), the valence-band edges consist of a four-
fold degenerate Γ଼  state (spin–orbit j=3/2 quartet) and a split-off Γ଻ doublet separated by Δୗ୓. One convenient choice of 
orthonormal Bloch basis for the Γ଼  valence states is in terms of spin–orbit coupled atomic 𝑝-orbitals |𝑋⟩, |𝑌⟩, |𝑍⟩ and spin ↑, ↓. For example:  |3/2, +3/2⟩ = ିଵ√ଶ (|𝑋 + 𝑖𝑌⟩ ↑), 

|3/2, +1/2⟩ = ିଵ√଺ (|𝑋 + 𝑖𝑌⟩ ↓) + ටଶଷ (|𝑍⟩ ↑, 
|3/2,−1/2⟩ = ଵ√଺ (|𝑋 − 𝑖𝑌⟩ ↑) + ටଶଷ (|𝑍⟩ ↓),  |3/2,−3/2⟩ = ଵ√ଶ (|𝑋 − 𝑖𝑌⟩ ↓),  

up to overall phase factors. Here |3/2, ±3/2⟩ are “heavy-hole” (HH) states with angular momentum projection 𝑚௝ =±3/2 (maximally aligned orbital and spin), and |3/2, ±1/2 > are “light-hole” (LH) states (𝑚௝ = ±1/2) which are a 
mixture of spin-up and spin-down with the 𝑝௭-orbital character. The split-off |1/2, ±1/2⟩ states (not written above) are 
primarily 𝑝௭-type with opposite spin mixture and lie Δୗ୓ lower in energy.  

Dispersion and effective masses: For a given wavevector 𝐤, one finds the band energies by diagonalizing 𝐻୐୏. Along 
high-symmetry axes, the eigenstates can often be chosen as pure 𝑚௝ states. For example, if 𝐤 is taken along the 𝑧-axis 
([001] direction), then 𝐽መ𝑧 commutes with 𝐻LK , so 𝑚௝ remains a good quantum number. In this case, the HH states (𝑚௝ =±3/2) decouple from the LH states (𝑚௝ = ±1/2), yielding parabolic dispersions:  

Heavy-hole band: 𝐸௛௛(𝑘|) = ℏమ௞|మଶ௠బ (𝛾ଵ − 2𝛾ଶ) for 𝐤 = 𝑘|𝑧̂. This implies an effective mass 𝑚௛௛[଴଴ଵ] = ௠బఊభିଶఊమ 
along [001].  

Light-hole band: 𝐸௟௛(𝑘|) = ℏమ௞|మଶ௠బ (𝛾ଵ + 2𝛾ଶ) for 𝐤 = 𝑘|𝑧̂ , with effective mass 𝑚௟௛[଴଴ଵ] = ௠బఊభାଶఊమ.  
Twofold spin degeneracy is retained (e.g. 𝑚௝ = +3/2 and −3/2 give the same 𝐸௛௛). Because 𝛾ଵ > 𝛾ଶ for typical 

III–Vs, the HH band is “heavier” (larger effective mass, smaller curvature) than the LH band. For directions other than 
[001], the angular momentum projection is not a conserved quantum number, and the HH–LH states mix under the 
influence of the 𝛾ଷ terms in the Hamiltonian. This mixing leads to anisotropic dispersion or warping. For instance, for 
motion along the [111] direction one finds 𝐸௛௛(𝑘[ଵଵଵ]) ∝ (𝛾ଵ − 2𝛾ଷ)𝑘ଶ and 𝐸௟௛(𝑘[ଵଵଵ]) ∝ (𝛾ଵ + 2𝛾ଷ)𝑘ଶ, which differ 
from the [001] masses if 𝛾ଷ ≠ 𝛾ଶ. In GaAs and InAs, 𝛾ଷ > 𝛾ଶ (see values below), so the constant-energy surfaces of the 
HH band are non-spherical, with the dispersion being flatter (heavier mass) along [111] than along [001]. The LK model 
thus captures the cubic anisotropy of the valence band, while still providing analytic eigenfunctions (four-component 
spinors) that are combinations of the Bloch basis states above. These LK eigenstates are used as envelope functions in 
envelope-function approximations for heterostructures and to calculate transition matrix elements for optical processes.  

 
Standard Luttinger Parameters for GaAs and InAs 

The Luttinger parameters (𝛾ଵ, 𝛾ଶ, 𝛾ଷ) are typically determined by fitting the model to experimentally measured band 
dispersions (effective masses) or derived from ab initio band structure calculations. Below we list representative room-
temperature values for GaAs and InAs: 

GaAs: 𝛾ଵ ≈ 6.98, 𝛾ଶ ≈ 2.06, 𝛾ଷ ≈ 2.93; these differences are minor and reflect fit updates. Δୗ୓ ≈ 0.341 eV for 
GaAs. 
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InAs: 𝛾ଵ ≈ 20.0, 𝛾ଶ ≈ 8.5, 𝛾ଷ ≈ 9.2 with Δୗ୓ ≈ 0.39 eV. These large parameter values indicate the strongly 
nonparabolic, highly anisotropic valence band in InAs (heavy holes in InAs have an especially large effective mass due 
to 𝛾ଵ − 2𝛾ଶ being small).  

 
Two-photon light absorption in A3B5 semiconductors 

The two-photon absorption (2PA) coefficient is expressed in the following form [9–11]: 
where: 𝑓௟ℎ,௞ሬ⃗(ଶ) ቀ𝑓ℎℎ,௞ሬ⃗(ଶ)ቁ- is the distribution function of light (lh) and heavy (hh) holes, 𝑀௟௛,௠;௛௛,௠ᇲ(ଶ) (𝑘ሬ⃗ ) - is the matrix element 

(ME) of the transition |ℎℎ,𝑚⟩ ଶ௉஺ሱ⎯ሮ ห𝑙ℎ,𝑚′⟩, I (𝜔)- represents the intensity (or frequency, ω\omega) of light, the wave 

vector of holes participating in optical transitions |ℎℎ, ±3/2⟩ ଶ௉஺ሱ⎯ሮ |𝑙ℎ, ±1/2⟩, with the energy dispersion 𝐸௏೗(𝑘ሬ⃗ ) =(𝐴 − (−1)௟𝐵)𝑘ଶ = ℏమଶ௠೗ 𝑘ଶ (𝑙 = 1,2, 𝑙 = 1(ℎℎ), is given as: 𝑙 = 2(𝑙ℎ)-for heavy holes, the wave vector is expressed as: 𝑘௟ℎ,ℎℎ(ଶఠ) = ൫2𝜇௟ℎ,ℎℎℏିଶ2ℏ𝜔൯ଵ/ଶ
, where 𝜇௟ℎ,ℎℎ = ௠ℎℎ௠೗ℎ௠ℎℎି௠೗ℎis the 

reduced mass of the holes. 
The energy of heavy holes with such a wave vector is equal to 𝐸ℎℎ൫𝑘௟ℎ,ℎℎ(ଶఠ)൯ = ௠೗ℎ௠ℎℎି௠೗ℎ 2ℏ𝜔, while the energy of light 

holes is 𝐸௟ℎ൫𝑘௟ℎ,ℎℎ(ଶఠ)൯ = ௠ℎℎ௠ℎℎି௠೗ℎ 2ℏ𝜔, and their distribution functions are determined respectively as: 

 𝑓ൣ𝐸௛௛൫𝑘௟௛,௛௛(ଶఠ) ൯൧ = 𝑒𝑥𝑝 ቀ− ଶℏఠ௞ಳ் ௠೗೓௠೓೓ି௠೗೓ቁ 𝑒𝑥𝑝 ቀ ாಷ௞ಳ்ቁ  (2) 

and 

 𝑓ൣ𝐸௟௛൫𝑘௟௛,௛௛(ଶఠ) ൯൧ = 𝑒𝑥𝑝 ቀ− ଶℏఠ௞ಳ் ௠೓೓௠೓೓ି௠೗೓ቁ 𝑒𝑥𝑝 ቀ ாಷ௞ಳ்ቁ. (3) 

Calculations show that if the temperature dependence of the bandgap width, the effective masses of charge carriers, 
and the effect of coherent saturation are not taken into account, the distribution functions increase with temperature at a 
fixed frequency, reach a maximum, and then decrease. At a fixed temperature, the distribution functions decrease with 
increasing frequency. This behavior of the distribution functions plays a key role in the frequency-temperature 
dependence of the 2PA coefficient. 

Further, it should be noted that in subsequent calculations, unlike in [25], it is assumed that during multiphoton 
transitions, virtual states exist not only in the branches of heavy and light holes but also in the spin-orbit split subband. 

Quantitative calculations show that the optical transitions considered in [25] for wide-bandgap semiconductors 
provide the main contribution to absorption in the low-frequency region, while the contribution in the high-frequency 
region ൫𝜟𝑺𝑶 ≤ 𝟐ℏ𝝎 ≤ 𝑬𝒈൯ is less than 5%. Therefore, further analysis will focus on transitions between the light hole 
subband and the spin-orbit split subband, as these transitions make a significant contribution in the frequency region 𝛥ௌை ≤ 2ℏ𝜔 ≤ 𝐸௚ ൫𝛥ௌை ,𝐸௚ ≤ 2ℏ𝜔൯ for wide-bandgap (narrow-bandgap) semiconductors. 

 
Matrix elements of two-photon transitions from the light hole branch to the spin-orbit split subband 

When the photon energy satisfies the condition 𝛥ௌை ≤ 2ℏ𝜔, optical transitions occur from the heavy and light hole 
branches to the spin-orbit split subband. In particular, two-photon optical transitions from the light hole branch of the 
valence band to the spin-orbit split subband occur in two stages: in the first stage, i.e., during a transition of type |𝑙ℎ, ±1/2⟩ ⇒ |𝑆𝑂, ±1/2⟩, the spin direction does not change during the optical transition, while in the second stage, |𝑙ℎ, ±1/2⟩ ⇒ |𝑆𝑂,∓1/2⟩ (see Fig. 1), the spin direction reverses (see Table 1). 
Table 1. Composite matrix elements of optical transitions from the light and heavy hole branches to the spin-orbit split subband (each 

multiplied by ቀ௘஺బ(௖ℏ)ቁଶ, x ye e ie±′ ′ ′= ± 𝑒ᇱଶୄ = 𝑒ᇱ௫ଶ + 𝑒ᇱ௬ଶ). 

Virtual state Composite matrix elements of optical transitions 
  

 Type 1 optical transitions (spin direction does 
not change) 

Type 2 optical transitions (spin direction reverses) 

In the branches of the 
valence band 

𝐵ଶ𝑘ଶℏ𝜔√2 ൤ 3ℏ𝜔𝐸௛௛ − 𝐸௟௛ − ℏ𝜔 𝑒ᇱଶୄ + 4 ൬𝐴𝐵 + 1)൰ 𝑒ᇱ௭ଶ൨ 𝑖√6 2(𝐴 + 𝐵)𝑃௖𝑘ℏ𝜔 𝑒ାᇱ 𝑒௭ᇱ  
In the spin-orbit split 

subband 
− 𝑃௖ଶ3√2 1𝐸௖௢௡ௗ − 𝐸௟௛ − ℏ𝜔 ൫𝑒ᇱୄ ଶ + 4𝑒௭ᇱଶ൯ 1√2 𝑃௖ଶ(𝐸௖௢௡ௗ − 𝐸௟ℎ − ℏ𝜔) 𝑒ା′ 𝑒௭′  

In the conduction band 2√2𝐴𝐵 𝐵ଶ𝑘ଶ(𝐸ௌை − 𝐸௟௛ − ℏ𝜔) 𝑒ᇱ௭ଶ 3√2𝐴𝐵𝑘ଶ𝐸ௌை − 𝐸௟௛ − ℏ𝜔 𝑒௭ᇱ𝑒ାᇱ  
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In Table 1: 𝐴,𝐵 -band parameters of the semiconductor, 𝐵 = ℏమସ ௠೓೓ି௠೗೓௠೗೓௠೓೓ , bandgap parameters, 𝑃௖- Kane parameter 
[26, 27], 𝑒ఈᇱ (𝛼 = 𝑥,𝑦, 𝑧)-components of the light polarization vector, 𝐴଴-amplitude of the electromagnetic wave vector 
potential. 

In particular, for the optical transitions |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ shown in Fig. 1, the square of the modulus of 
the sum of the matrix elements (ME) is written as: 

 ห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ = ଵଶ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ൫ℜ௓𝑒ᇱ௭ସ + ℜୄ𝑒ᇱସୄ + ℜ௓ୄ𝑒ᇱଶୄ 𝑒ᇱ௭ଶ൯, (4) 

and for optical transitions of type |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩: 
 ห𝑀௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶหଶ = ቀ௘஺బ௖ℏ ቁସ ቀ஻௞మℏఠ ቁଶ ℜ௭ୄᇱ 𝑒ᇱଶୄ 𝑒ᇱ௭ଶ, (5) 

where: 

 ℜ௓ = 16 ൤ቀ஺஻ ℏఠாೄೀିா೗೓ିℏఠቁଶ + ቀ஺஻ + 1)ቁଶ + ቀ ௉೎మଷ஻మ௞మ ℏఠா೎೚೙೏ିா೗೓ିℏఠቁଶ൨,  (6 a) 

 ℜୄ = ൤ቀ ௉೎మଷ஻మ௞మ ℏఠா೎೚೙೏ିா೗೓ିℏఠቁଶ + ቀ ଷℏఠா೓೓ିா೗೓ିℏఠቁଶ൨,  (6 b) 

 ℜ௓ୄ = ൤8 ቀ ௉೎మଷ஻మ௞మ ℏఠா೎೚೙೏ିா೗೓ିℏఠቁଶ + ଶସℏఠா೓೓ିா೗೓ିℏఠ ቀ஺஻ + 1)ቁ൨,  (6 c) 

 ℜ௭ୄᇱ = ൤ସ଺ ቀ஺஻ + 1ቁଶ ቀ௉೎஻௞ቁଶ + ଵଶ ቀ ௉೎మℏఠ஻௞మ(ா೎೚೙೏ିா೗೓ିℏఠ)ቁଶ + 18 ቀ஺஻ቁଶ ቀ ℏఠாೄೀିா೗೓ିℏఠቁଶ൨.  (6 d) 

    
Figure 1. Types of two-photon transitions from the light hole branch of the valence band to the spin-orbit split subband |𝑉, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩: a) Intermediate states are located in the light hole branch; b) In the spin-orbit split subband; c) In the 
heavy hole subband; d) In the heavy hole subband. In such optical transitions, the spin direction of charge carriers does not change. Optical 
transitions involving spin flip are determined in a similar manner, where the substitution |SO,±1/2⟩↔|SO,∓1/2⟩ must be applied. 

It should be noted that if the energy conservation law associated with TPA is taken into account, the energies of the 
holes involved in optical transitions from the light hole branch to the spin-orbit split subband are determined by the 
following expression 

 𝐸௖(𝑘ௌை,௟௛(ଶఠ) ) = ௠ೄೀ⋅௠೗೓௠೎೚೙೏(௠ೄೀି௠೗೓) (2ℏ𝜔 − 𝛥ௌை) + 𝐸௚, (7) 𝐸௟௛(𝑘ௌை,௟௛(ଶఠ) ) = ௠೎௠೎ି௠೗೓ (2ℏ𝜔 − 𝛥ௌை), 𝐸௛௛(𝑘ௌை,௟௛(ଶఠ) ) = ௠ೄೀ⋅௠೗೓௠೓೓(௠ೄೀି௠೗೓) (2ℏ𝜔 − 𝛥ௌை), 

and their wave vector is given by: 𝑘ௌை,௟௛(ଶఠ) = ටଶఓష(ೄೀ,೗೓)ℏమ (2ℏ𝜔 − 𝛥ௌை) where: 𝜇 (ିௌை,௟௛) = ௠ೄೀ௠೗೓௠ೄೀି௠೗೓- is the reduced mass of the 

holes, gE  (𝛥ௌை)- is the bandgap width (spin-orbit splitting), 𝑚ௌை - is the effective mass of the holes, 𝐸ௌை(𝑘ሬ⃗ ) = 𝛥ௌை +ℏమଶ௠ೄೀ 𝑘ଶ- is the energy spectrum of the holes in the spin-orbit split subband. 

It should be noted that we will conventionally classify semiconductors as wide-bandgap ൫𝐸௚⟩𝛥ௌை൯, intermediate-
bandgap ൫𝐸௚ ≈ 𝛥ௌை൯, and narrow-bandgap ൫𝐸௚⟨𝛥ௌை൯. Now, let us analyze both interband and intraband optical transitions 
in these semiconductors. It is known that an optical transition between the conduction band and the valence band 
(interband optical transition) occurs when the condition 𝐸௚⟨2ℏ𝜔 is satisfied, while transitions from the light and heavy 
hole branches to the spin-orbit split subband (intraband optical transition) occur under the condition 𝛥ௌை⟨2ℏ𝜔. Thus, the 
order of interband and intraband optical transitions depends on the ratio ா೒௱ೄೀ. From this, it can be seen that as the frequency 
increases in wide-bandgap (narrow-bandgap) semiconductors, intraband (interband) optical transitions occur first, 
followed by interband (intraband) optical transitions. In intermediate-bandgap semiconductors, both interband and 
intraband optical transitions occur (almost) simultaneously. This implies that when studying optical transitions, special 
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attention must be paid to the band structure of the semiconductor, which will be taken into account in subsequent 
calculations and in the analysis of results. 

Since we will subsequently calculate the spectral, temperature, and polarization dependencies of optical properties, 
such as the light absorption coefficient and LCD, driven by two-photon transitions from the light and heavy hole branches 
to the spin-orbit split subband, it should be noted that in wide-bandgap (narrow-bandgap) semiconductors, such transitions 
are allowed in the frequency range 𝛥ௌை⟨2ℏ𝜔⟨𝐸௚ ൫𝐸௚,𝛥ௌை⟨2ℏ𝜔൯. 

 
Linear-circular dichroism in two-photon transitions from the heavy and light hole branches to the spin-orbit 

split subband 
Next, we will calculate the spectral and polarization dependencies of the LCD coefficient, determined by the 

probability of two-photon transitions, taking into account the phenomenon of coherent saturation [28, 29]: 

𝑊(ଶ) = 2𝜋ℏ 2ℏ𝜔𝐼 ൬𝑒𝐴଴𝑚଴𝑐൰ଶ ൾ෍ቮ ෍ 𝑀ௌை,௠ᇲ;௟௛,௠(ଶ) (𝑘ሬ⃗ )௠,௠ᇲୀ±ଵ/ଶ;௞ሬ⃗ ቮଶ௞ሬ⃗ ൦1 + ෍ 𝛼ఠ(ℏ𝜔)ଶ ቮ ෍ 𝑀ௌை,௠ᇲ;௟௛,௠(ଶ) (𝑘ሬ⃗ )௠,௠ᇲୀ±ଵ/ଶ;௞ሬ⃗ ቮଶ௞ሬ⃗ ൪ିଵ/ଶං × 

× ൫𝑓௟௛,௞ሬ⃗ − 𝑓ௌை,௞ሬ⃗ ൯𝛿൫𝐸ௌை൫𝑘ሬ⃗ ൯ − 𝐸௟௛൫𝑘ሬ⃗ ൯ − 2ℏ𝜔൯,  (8) 

Where the symbol ⟨. . . ⟩ denotes averaging over the solid angles of the wave vector of the holes. Then, the square of 
the modulus of the two-photon matrix element (ME) is determined by the following relation: for optical transitions of 
type |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩. 
 ℜௌை,௟௛(ଵ) = భమቀ೐ಲబ೎ℏ ቁర൬ಳమೖమℏഘ ൰మቀℜೋ௘ᇲ೥రାℜ఼௘ᇲర఼ ାℜೋ఼௘ᇲమ఼ ௘ᇲ೥మቁ

ඨଵାସ ഀഘℏమഘమభమቀ೐ಲబ೎ℏ ቁర൬ಳమೖమℏഘ ൰మቀℜೋ௘ᇲ೥రାℜ఼௘ᇲర఼ ାℜೋ఼௘ᇲమ఼ ௘ᇲ೥మቁ, (9) 

for optical transitions of type |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ 
 ℜௌை,௟௛(ଶ) = ቀ೐ಲబ೎ℏ ቁర൬ಳమೖమℏഘ ൰మℜ೥఼ᇲ ௘ᇲమ఼ ௘ᇲ೥మ

ඨଵାସ ഀഘℏమഘమቀ೐ಲబ೎ℏ ቁర൬ಳమೖమℏഘ ൰మℜ೥఼ᇲ ௘ᇲమ఼ ௘ᇲ೥మ, (10) 

where 

 4 ఈഘℏమఠమ ଵଶ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ = 𝜉ோ ቀ௱ೄೀℏఠ ቁ଺ ൤ ఓೄೀ,೗೓ସఓ೓೓,೗೓ ቀ2 ℏఠ௱ೄೀ − 1ቁ൨ଶ, (11) 

𝜉ோ = 2𝛼௱ ቀ ூூ೩ቁଷ ௘ర஻మ௞೩మ - is the Rabi parameter, 𝑘௱ଶ = ଶఓ೓೓,೗೓ℏమ 𝛥ௌை, 𝛼௱ = 6 ௱ೄೀమℏమ 𝑇௡(ଵ)𝑇௡ᇲ(ଵ), 𝐼௱ = ௖௡ഘ௱ೄೀయ(ଶగ|஻|మ௞೩)-represent values in 
units of light intensity that depend on the band parameters of semiconductors, taking into account the energy conservation 
law describing two-photon transitions between the light and heavy hole subbands of the valence band. Since the value 𝐼௱ 
depends on the effective mass of the holes in the spin-orbit split subband and its width, it is therefore influenced by the 
choice of Kane's model (three-band or four-band). 

Thus, the coefficient of two-photon LCD light absorption depends not only on the band parameters of the 
semiconductor but also on the energy 𝐸௖൫𝑘௟௛,ௌை(ଶఠ) ൯ = ௠ೄೀ௠೗೓௠೎(௠ೄೀି௠೗೓)ℏమ (2ℏ𝜔 − 𝛥ௌை) + 𝐸௚ of photoexcited electrons in the 

conduction band, 𝐸௛௛൫𝑘௟௛,ௌை(ଶఠ) ൯ = ௠ೄೀ௠೗೓௠೓೓(௠ೄೀି௠೗೓)ℏమ (2ℏ𝜔 − 𝛥ௌை) of heavy holes, and 𝐸ௌை൫𝑘௟௛,ௌை(ଶఠ) ൯ = − ௠೗೓௠ೄೀି௠೗೓ (2ℏ𝜔 −𝛥ௌை) − 𝛥ௌை of holes in the spin-orbit split subband. 
If the contribution of the coherent saturation effect is neglected (i.e.,𝜉ோ = 0), then the average value of ർ∑ ቚ𝑀ௌை,௠ᇲ;௟௛,௠(ଶ) (𝑘ሬ⃗ )ቚଶ௠,௠ᇲୀ±ଵ/ଶ;௞ሬ⃗ ඀ is determined as follows: for linear polarization: 

 ർห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ඀ = ଵଶ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ଵଵହ (3ℜ௓ + 8ℜୄ + 2ℜ௓ୄ), (12) 

 ർห𝑀௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶหଶ඀ = ଶଵହ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ℜ௭ୄᇱ ; (13) 

for circular polarization 

 ർห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ඀ = ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ଵଶ ଵଵହ (2ℜ௓ + 7ℜୄ + 3ℜ௓ୄ), (14) 

 ർห𝑀௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶหଶ඀ = ଵଵ଴ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ℜ௭ୄᇱ . (15) 
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Thus, the dependence of the probabilities of two-photon transitions from the light hole branch to the spin-orbit split 
subband, |𝑉, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ and |𝑉, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩, for linearly polarized light is determined by the 
following relationships: 

 ห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ = ଵଶ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ൫ℜ௓𝑒ᇱ௭ସ + ℜୄ𝑒ᇱସୄ + ℜ௓ୄ𝑒ᇱଶୄ 𝑒ᇱ௭ଶ൯, (16) 

 ห𝑀௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶหଶ = ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ℜ௭ୄᇱ 𝑒ᇱଶୄ 𝑒ᇱ௭ଶ. (17) 

Here, for linearly polarized light 

 |𝑒௭ᇱ |ଶ = ଵଶ 𝑠 𝑖 𝑛ଶ𝜙ᇱ, ห𝑒±ᇱ หଶ = 1 − |𝑒௭ᇱ |ଶ ∓ 𝑃௖௜௥௖ 𝑐𝑜𝑠 𝜙ᇱ = ଵଶ (1 + 𝑐𝑜 𝑠ଶ 𝜙ᇱ) ∓ 𝑃௖௜௥௖ 𝑐𝑜𝑠 𝜙ᇱ, (18) 

and for circularly polarized light 

 2 22 2cos , sin ,ze eφ φ±′ ′= =  ห𝑒±ᇱ หଶ = ଵଶ (1 + 𝑐𝑜 𝑠ଶ 𝜙ᇱ) ∓ 𝑃௖௜௥௖ 𝑐𝑜𝑠 𝜙ᇱ, (19) 

where 𝜙(𝜙ᇱ) −is the angle between the vectors 𝑒(𝑞⃗) and 𝑘ሬ⃗ , 𝑒- is the light polarization vector, 𝑘ሬ⃗ (𝑞⃗) is the wave vector of 
the hole (photon), 𝑃௖௜௥௖ − is the degree of circular polarization. 

It should be noted that the polarization (angular) dependence, as well as the dependence on the Rabi factor for both 
the probability and the LCD coefficient, driven by two-photon optical transitions, are calculated according to relations 
(17) and (18). Initially, to simplify numerical calculations, we will ignore the contribution of the coherent saturation effect 
to the transition probabilities. 

The spectral and angular dependence of the transition probabilities |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ (𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௟௜௡௘௔௥) ) 

and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩.  (𝑊௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ(௟௜௡௘௔௥)  for linear polarization in GaAs and InAs semiconductors, calculated 

according to equations (17) and (18), are shown in Fig. 2. The transition probabilities for |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩, 
and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ for circular polarization are also depicted in Fig. 2. 

  

  
Figure 2. Spectral and angular dependencies of the transition probabilities of type |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ for linear polarization: (a, c) in InAs and (b, d) in GaAs 
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The spectral and angular dependence of the transition probabilities |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩, (𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௟௜௡௘௔௥) ), and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩, (𝑊௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ(௟௜௡௘௔௥) )  for linear polarization in GaAs and InAs semiconductors, calculated 

according to equations (17) and (18), is shown in Fig. 2. For transitions of type |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ for circular polarization, the results are also presented in Fig. 2. 
From Fig. 2, it can be seen that: a) The maximum values of the transition probabilities in InAs semiconductors are 

significantly higher than those in GaAs, while the oscillation of the angular dependence in InAs and GaAs is identical, 
i.e., the maximum and minimum oscillation values occur at the same angle in both materials. b) With increasing 
frequency, the maximum values of 𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௟௜௡௘௔௥)  and 𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௖௜௥௖)  decrease, passing through a minimum before 
increasing again, while 𝑊௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ(௟௜௡௘௔௥)  and 𝑊௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ(௖௜௥௖)  increase in both InAs and GaAs for both linear and circular 
polarization. 

 
Figure 3. Spectral and angular dependencies of the two-photon LCD coefficient for optical transitions ቚ𝑙ℎ, ± ଵଶ඀  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ ቚ𝑆𝑂, ± ଵଶ඀ 

(a) and the resulting LCD (b) in GaAs and InAs, where the contribution of the coherent saturation effect is neglected 

Figure 3 shows the spectral and angular dependencies of the two-photon LCD coefficient for optical transitions |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ (Fig. 3a) and the resulting LCD (Fig. 3b) in GaAs and InAs semiconductors. From this 
figure, it is evident that the two-photon LCD exhibits the following characteristics: In narrow-bandgap semiconductors, 
it is greater than in wide-bandgap semiconductors. The polarization dependence has an oscillatory nature. With increasing 
frequency, the maximum value decreases for both semiconductors. It is more significant in the low-frequency region than 
in the high-frequency region and remains practically unchanged in the frequency range ℏ𝜔⟩1,5𝛥ௌை. Peaks occur at angles ±గଶ  between the light polarization vector and the wave vector of charge carriers, and these peaks are independent of the 
type of semiconductor. Now, we proceed to analyze the calculation results considering the contribution of the coherent 
saturation effect to the probabilities of two-photon transitions. Calculations show that the two-photon LCD coefficient 

should be distinctly observable in the low-frequency region, as it is proportional to the value ቀ௱ೄೀ(ℏఠ)ቁ଺. Therefore, we will 

further analyze the contribution of the coherent saturation effect in the frequency range ≈௱ೄೀℏ . First, we calculate the 

frequency-angular dependencies of the LCD coefficient for several values of the Rabi parameter 𝜉ோ = 2𝛼௱ ቀ ூூ೩ቁଷ ௘ర஻మ௞೩మ: 𝜉ோ = 0.1 and 𝜉ோ = 1.5 
Figure 4 shows the frequency-angular dependencies of the probabilities 𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௟௜௡௘௔௥)  and 𝑊௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ(௟௜௡௘௔௥)  in GaAs 

and InAs, illuminated by both linearly and circularly polarized light for 𝜉ோ = 0.1 and 𝜉ோ = 1.5. It can be observed that 
the physical nature of the probabilities depends on the degree of light polarization, the types of transitions, and the band 
structure of the semiconductor: a) At a fixed frequency, the angular dependence 𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௟௜௡௘௔௥)  ൫𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௖௜௥௖) ൯ 
exhibits three (two) peaks for transitions |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩, and four peaks for transitions |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩. 

From the latest results (see, for example, Fig. 4a, c, b, d), it is evident that the spectral dependence of the 𝜂௟௛,ௌை =ௐ೗೓;ೄೀ(ೞ೔ೝ೎)ௐ೗೓,ೄೀ(೎೓೔೥)-two-photon LCD coefficient can only be calculated at certain angle values, since the probabilities of optical 

transitions for both linearly and circularly polarized light become zero at specific points. 
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In such cases, the LCD coefficient remains undefined. Therefore, we will analyze the frequency-angular 
dependencies of 𝜂௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ in GaAs and InAs for two angle values between the light polarization vector and the 
photon wave vector: గ଺ (a) and గଷ (b) (Fig. 5). 

From Fig. 5, it is evident that the nature of the frequency dependence of the LCD coefficient: a) Depends on the 
band structure of the semiconductor; b) The amplitude value of 𝜂௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ is almost ten times greater than that of 𝜂௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ in both the high- and low-frequency regions for GaAs and InAs. 

Fig. 6. Angular dependence and dependence on the Rabi parameter of the resulting two-photon LCD coefficient ൫𝜂௥௘௭௨௟௧ = 𝜂௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ + 𝜂௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ൯ in GaAs and InAs for two frequency values: ℏ𝜔 = 0.25𝑒𝑉 (a) and ℏ𝜔 =

  

 

Figure 4. Spectral and angular dependencies of the transition probabilities of type |𝑙ℎ, ±1/2⟩  ଶ௉஺ሱ⎯⎯ሮ |𝑆𝑂, ±1/2⟩ and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ for linear (a, c) and circular (b, d) polarization in InAs and GaAs. The Rabi parameter is assumed to be 0.1 

  
Figure 5. Frequency dependence and dependence on the Rabi parameter of the two-photon LCD coefficient for the angle between 
the light polarization vector and the photon wave vector equal to గ଺ (a) and గଷ (b), calculated for optical transitions |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ in GaAs and InAs, where the intersections of the graphs are marked with circles 
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0.5𝑒𝑉 (b). It can be observed that the LCD is more noticeably observed in GaAs than in InAs, but the maximum LCD 
values in InAs occur at ±గଶ , and in GaAs at ଷగସ  when ℏ𝜔 = 0.25𝑒𝑉; in GaAs at ±ଵଵగ଼ , and in InAs at ±ଷగଶ  when ℏ𝜔 = 0.5𝑒𝑉. 

  
Figure 6. Angular dependence and dependence on the Rabi parameter of the resulting two-photon LCD coefficient ൫𝜂௥௘௭௨௟௧ = 𝜂௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ + 𝜂௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ൯ in GaAs and InAs for two frequency values: ℏ𝜔 = 0.25𝑒𝑉 (a) and ℏ𝜔 = 0.5𝑒𝑉 (b) 

Calculations show that if the dependencies 𝐸௚(𝑇), 𝑚௖(𝑇),𝑚ௌை(𝑇), calculated using the three-band Kane model, are 
taken into account, the main contribution to the resulting two-photon LCD coefficient ൻ𝜂(ଶ)(𝜔,𝑇)ൿ, averaged over the 

solid angles of the hole wave vector, comes from transitions of type |𝑙ℎ, ±1/2⟩  ଶ௣௛௢௧௢௡௔௕௦௢௥௣௧௜௢௡ ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩, while 
the contribution of transitions |𝑙ℎ, ±1/2⟩  ଶ௣௛௢௧௢௡௔௕௦௢௥௣௧௜௢௡ ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ is less than 3%. The calculations also indicate 
that, without considering the effect of coherent saturation, ൻ𝜂(ଶ)(𝜔,𝑇)ൿ in GaAs and InAs is practically independent of 
temperature. 

 
Light absorption due to two-photon transitions from the light hole branch of the valence band to the spin-

orbit split subband 
Thus, the coefficient of two-photon absorption caused by optical transitions between the light hole subband and the 

spin-orbit split subband is determined by the following relation 𝐾(ଶ)(𝜔,𝑇) = 2ℏ𝜔𝐼 2𝜋𝑚ௌை𝑚௟௛(𝑚ௌை −𝑚௟௛)ℏଷ 𝑘௟௛,ௌை(ଶఠ) ൣ𝑓௟௛൫𝑘௟௛,ௌை(ଶఠ) ൯ − 𝑓ௌை൫𝑘௟௛,ௌை(ଶఠ) ൯൧ × 

׬ 𝑠𝑖𝑛 𝜃 ⋅ 𝑑𝜃గ଴ ׬ 𝑑𝜑ଶగ଴ ቚ∑ 𝑀௟௛,௠;ௌை,௠ᇲ(ଶ) ൫𝑘௟௛,௛௛(ଶఠ) ,𝜃,𝜑൯௟௛,௠ୀ±ଵ/ଶ;ௌை,௠ᇲୀ±ଵ/ଶ ቚଶ (20) 

where 𝑘௟௛,ௌை(ଶఠ)  is the wave vector of the photoexcited holes, and the matrix element (ME) of the transition |𝑙ℎ, ±1/2⟩  ଶ௙௢௧௢௡௟௜௬௨௧௜௟௜௦௛ ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ is: 𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ = ൬𝑒𝐴଴𝑐ℏ ൰ଶ 12ቆ𝐵ଶ𝑘ଶℏ𝜔 ቇଶ ൜4 ൤𝐴𝐵 ℏ𝜔𝐸ௌை − 𝐸௟௛ − ℏ𝜔 + 4 ൬𝐴𝐵 + 1)൰൨ 𝑒ᇱ௭ଶ − 

− ௉೎మ஻మ௞మଷ ℏఠா೎೚೙೏ିா೗೓ିℏఠ ൫𝑒ᇱୄ ଶ + 4𝑒௭ᇱଶ൯ + ଷℏఠா೓೓ିா೗೓ିℏఠ 𝑒ᇱଶୄ ቅ,  (21) 

for |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩: 
 𝑀௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ = ቀ௘஺బ௖ℏ ቁଶ ൤ ௜√଺ ଶ(஺ା஻)௉೎௞(ℏఠ) + ଵ√ଶ ௉೎మ(ா೎೚೙೏ିா೗೓ିℏఠ)௭ + ଷ√ଶ஺஻௞మாೄೀିா೗೓ିℏఠ൨ 𝑒ᇱି 𝑒∓ᇱ , (22) 𝑓௟௛൫𝑘௟௛,ௌை(ଶఠ) ൯ൣ𝑓ௌை൫𝑘௟௛,ௌை(ଶఠ) ൯൧ - are the distribution functions of charge carriers in the light hole subband (spin-orbit split 

subband), 𝐵ଶ൫𝑘௟௛,ௌை(ଶఠ) ൯ଶ = ℏమଶ ቀ௠೓೓ି௠೗೓௠೗೓௠೓೓ ቁଶ ௠ೄೀ௠೗೓(௠ೄೀି௠೗೓) (2ℏ𝜔 − 𝛥ௌை), 𝜃(𝜑)-are the polar (azimuthal) angles of the hole wave 
vector. Calculations show that each term in equations (20) and (21) provides comparable contributions to the two-photon 
matrix element. This indicates that significant contributions are made not only by transitions where the intermediate states 
are located in the light and heavy hole branches but also in the spin-orbit split subband, as well as in the conduction band. 

The average value of the matrix element (ME) (see formula (3.4.2)) is determined as: ർቚ𝑀௟௛,௠;ௌை,௠ᇲ(ଶ) ൫𝑘௟௛,ௌை(ଶఠ) ,𝜃,𝜑൯ቚଶ඀ = ׬ 𝑠𝑖𝑛 𝜃 ⋅ 𝑑𝜃గ଴ ׬ 𝑑𝜑ଶగ଴ ∑ ቚ𝑀௟௛,௠;ௌை,௠ᇲ(ଶ) ൫𝑘௟௛,ௌை(ଶఠ) 𝑆𝑂,𝜃,𝜑൯ቚଶ௟௛,௠ୀ±ଵ/ଶ;ௌை,௠ᇲୀ±ଵ/ଶ . 
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Then: for optical transitions of type:  |𝑙ℎ, ±1/2⟩  ଶфотонноепоглощение ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩: 
 ർห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ඀ = ଵଷ଴ ቀ ூℏఠ ௘మ௖ℏ ଶగ௡ഘቁଶ ቀ஻మ௞మℏఠ ቁଶ ቀℜ௓ ቄ32 + ℜୄ ቄ87 + ℜ௓ୄ ቄ23ቁ; (23) 

and for optical transitions of type: |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ 
 ർห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ඀ = ଵଶ ቀ ூℏఠ ௘మ௖ℏ ଶగ௡ഘቁଶ ቀ஻మ௞మℏఠ ቁଶ ଵଵହ ർቀℜ௓ ቄ32 + ℜୄ ቄ87 + ℜ௓ୄ ቄ23ቁ඀.  (24) 

The number indicated at the top (bottom) in expressions (22) and (23) refers to linear (circular) polarization. Thus, if in 
expression (19) the relations (20)–(23) are taken into account and the effect of coherent saturation is neglected, then: 

a) For linearly polarized light: 𝐾௟௜௡௘௔௥(ଶ) = 2(2𝜋)ଷ 𝐼ℏ𝜔 ቀ𝑓௟௛,௞ሬ⃗(ଶ) − 𝑓ௌை,௞ሬ⃗(ଶ) ቁ ቆ 𝑒ଶ𝑐ℏ𝑛ఠቇଶ ቆ𝐵ଶ𝑘ଶℏ𝜔 ቇଶ 𝜇 (ିௌை,௟௛)ℏଷ 𝑘ௌை,௟௛(ଶఠ) × × ർቂ3ℜ௭ୄᇱ + ଵଷ଴ (2ℜ௓ + 8ℜୄ + 3ℜ௓ୄ)ቃ඀;  (25) 
b) For circularly polarized light: 𝐾с௜௥௖(ଶ) = 2(2𝜋)ଷ 𝐼ℏ𝜔 ቀ𝑓௟௛,௞ሬ⃗(ଶ) − 𝑓ௌை,௞ሬ⃗(ଶ) ቁ ቆ 𝑒ଶ𝑐ℏ𝑛ఠቇଶ ቆ𝐵ଶ𝑘ଶℏ𝜔 ቇଶ 𝜇 (ିௌை,௟௛)ℏଷ 𝑘ௌை,௟௛(ଶఠ) × × ർቂ2ℜ௭ୄᇱ + ଵଷ଴ (3ℜ௓ + 7ℜୄ + 2ℜ௓ୄ)ቃ඀. (26) 

The frequency-temperature dependencies of the absorption coefficient 𝐾(ଶ), calculated using (24) and (25) for 

transitions |𝑙ℎ, ±1/2⟩  ଶ௙௢௧௢௡௟௜௬௨௧௜௟௜௦௛ ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ and |𝑙ℎ, ±1/2⟩  ଶ௙௢௧௢௡௟௜௬௨௧௜௟௜௦௛ ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ in GaAs (a, c) and InAs 
(b, d), are shown in Fig. 7. From this figure, it can be observed that: a) In GaAs, the consideration of 𝐸௚(Т) practically 
does not affect 𝐾(ଶ)(𝜔,Т), whereas in InAs, it leads to an increase in 𝐾(ଶ)(𝜔,Т). b) The amplitude value of 𝐾с௜௥௖(ଶ) (𝜔,Т) 
is greater than the amplitude value of 𝐾௟௜௡௘௔௥(ଶ) (𝜔,Т). c) With increasing temperature in InAs, the maximum values of 𝐾௖௜௥௖,௟௜௡௘௔௥(ଶ) (𝜔,Т) decrease in the low-frequency region, while in the high-frequency region, they increase instead. 

  

  
Figure 7. Frequency-temperature dependencies of the two-photon absorption coefficient 𝐾(ଶ)(𝜔,Т) for linearly polarized light (a, 

b) and circularly polarized light (c, d) in semiconductors GaAs (a, c) and InAs (b, d) 
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This situation is explained by the ratio of the bandgap width to the spin-orbit splitting width, which is greater than 
one in GaAs and close to one in InAs. 

In the study, the maximum value of 𝐾(ଶ)(𝜔,Т) for linear polarization, calculated for in GaAs, was set equal to one, 
neglecting the contribution of the coherent saturation effect. ቀ𝐾෩(ଶ)(𝜔,Т)ቁ represents the 2PA coefficient in cases where 
the temperature dependence of the band parameters is considered (or not considered). 

 
CONCLUSIONS 

Thus, in this work: 
1. Based on the multi-band Kane model, interband two-photon absorption (2PA) of light, caused by optical transitions 

from the light hole branch to the spin-orbit split subband in GaAs and InAs, has been theoretically investigated. 
2. Two-photon interband optical transitions have been classified, with attention paid to the fact that virtual states of 

charge carriers are present not only in the light and heavy hole branches but also in the spin-orbit split subband and 
the conduction band. 

3. In GaAs and InAs, the presence of several peaks in the frequency-temperature dependencies of the 2PA coefficient 
has been identified. The appearance of the peaks is explained not only by the specific change in the distribution 
functions of photoexcited holes but also by the fact that, at certain frequency values, some denominators in the 
expressions for the composite matrix elements tend toward zero. 

4. It has been shown that all two-photon optical transitions, which differ by their virtual states, contribute comparably 
to the absorption. 

5. It has been demonstrated that in the frequency regions where the spectral dependence of the probabilities of two-
photon transitions changes sharply, two-photon linear-circular dichroism (LCD) can be clearly observed. 
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ДО ТЕОРІЇ ДВОФОТОННОГО МІЖПІДЗОННОГО ПОГЛИНАННЯ ТА ЛІНІЙНО-ЦИРКУЛЯРНОГО 
ДИХРОЇЗМУ В НАПІВПРОВІДНИКАХ ТИПУ A₃B₅ 

Рустам Я. Расулова, Воксоб Р. Расулова, Фаррух У. Касимовb, Мардонбек Х. Насіровa,c, Іслам Е. Фармановa, 
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У статті досліджуються частотно-температурні залежності ймовірності двофотонного поглинання (2PA), зумовленого 
переходами з гілки легких дірок до підзони спін-орбітального розщеплення, а також лінійно-циркулярного дихроїзму (LCD), 
пов’язаного з 2PA, та коефіцієнта двофотонного поглинання світла в напівпровідниках GaAs та InAs. Розглянуто вплив ефекту 
когерентного насичення на поглинання. Проаналізовано роль різних типів переходів, які відрізняються віртуальними станами 
та беруть участь у 2PA. У GaAs та InAs виявлено наявність кількох піків у частотно-температурній залежності коефіцієнта 
2PA; поява цих піків пояснюється не лише специфічною зміною функцій розподілу фотоактивованих дірок, а й тим, що при 
певних значеннях частоти деякі знаменники у виразах для складених матричних елементів прямують до нуля. 
Ключові слова: двофотонні оптичні переходи; віртуальні стани; багатофотонні оптичні переходи; коефіцієнт 
двофотонного поглинання; ефект когерентного насичення; напівпровідник 


