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In this work, we investigate the evolution of the dark energy equation of state parameter in a five-dimensional Kaluza-Klein homogeneous
and isotropic cosmological model filled with a barotropic fluid and a dark fluid. We adopt a special form of the deceleration parameter,
q = —Z—‘z‘ = —1 + ;%% as proposed by Singha and Debnath [28], which facilitates a smooth transition from early-time deceleration
to late-time acceleration. Using this form, we solve the Einstein field equations and analyze the dynamics of the universe under
both non-interacting and interacting two-fluid scenarios. The physical and geometrical implications of the model are examined in
detail. Key cosmological quantities such as the dark energy density pp, pressure pp, and density parameter Qp are studied for
various spatial curvatures—open, closed, and flat geometries. The solutions obtained are physically viable and in good agreement
with current observational data, including those from Type Ia supernovae, the cosmic microwave background, and large-scale structure
surveys. Additionally, we evaluate the jerk parameter to assess the model’s deviation from the standard ACDM cosmology. The model
demonstrates compatibility with the observed late-time accelerated expansion and provides a unified framework that accommodates a
wide range of cosmic behaviors through appropriate parameter choices.
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1. INTRODUCTION

The recent advances in the cosmological observation decided that the universe not only expanding but also accelerating
has been confirmed by high red shift type Ia Supernovae experiment (SNe.Ia) [1-3], cosmic background radiation (CMBR)
[4], large scale structure observation [5], Sloan Digital Sky Survey (SDSS) [6, 7]. According to contemporary cosmology,
this is created by a mystery type of energy known as dark energy, which has a positive energy density and a negative
pressure. From the observational evidences First Year Wilkinson Microwave Anisotropy Probe (WMAP) [8], and Chandra
X-ray observatory [9] combination found that the baryonic matter occupies 4.9%, the dark matter occupies 26.8% and the
dark energy occupies 68.3%of the total energy of the universe [10].

It is still unknown exactly what the physical conditions at very early stages of the creation of our universe. The
investigation of five dimensional space-time is important because it is thought that the universe may have once existed in
a higher dimensional epoch during its early stages of the evolution of the universe. Kaluza [11] and Klein [12] introduced
a five dimension that is a model that sought to unify the fundamental forces of gravity and electromagnetism. In a
certain sense the Kaluza-Klein theory resembles ordinary gravity, except that it is inscribed in five dimensions instead
of four. This theory has been regarded as a candidate of fundamental theory due to the possible work of unifying
the fundamental principle. Five dimensional Kaluza Klein spatially homogeneous and isotropic cosmological models
are generally considered as good approximation of the present and early stages of the universe. Numerous eminent
authors have studied the five-dimensional Kaluza-Klein space-time within the context of general theory of relativity.
Chodos et al. [13], Appelquist et al. [14] studied, the present universe is four-dimensional stage may have been preceded
by a higher-dimensional phase, which turns into four-dimensional in the sense that any additional dimensions collapse
to an undetected Planckian length scale as a result of dynamical contraction. Das et al. [15] studied interacting and
non-interacting two-fluid scenario in the anisotropic five-dimensional Bianchi type-I universe within the framework of
Lyra geometry. Ray et al. [16] investigated string cosmological model in five dimensional Kaluza-Klein space time.
Many prominent authors has been investigated the evolution of the dark energy parameter under two-fluid scenario.
Tiwari et al. [17] investigated the equation of state (EoS) parameter for dark energy (DE) in the spatially homogeneous and
anisotropic Bianchi type-III spacetime filled with a barotropic fluid and dark energy by considering a variable deceleration
parameter. Goswami et al. [18] have studied a Bianchi type-I cosmological model of universe filled with barotropic and
dark energy (DE) type fluids. Mishra et al. [19] have studied the stability of the dark energy cosmological models with
combination of matter fields and dark energy in an anisotropic space time. Ray et al. [20] discussed about an interacting
and non-interacting two-fluid dark energy models in five dimensional Kaluza-Klein universe. Two-fluids cosmological
models with matter and radiating source in (2 + 1) dimensional Saez-Ballester scalar-tensor theory of gravitation has been
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investigated by Kumar et al. [21]. Hatka et al. [22] have studied Bianchi type I cosmological model under two-fluids
scenario in scale covariant theory of gravitation. Trivedi et al. [23] has explored the features of the five-dimensional
Bianchi type-I cosmological universe filled with barotropic fluid and dark energy within the framework of Saez-Ballester
theory of gravitation.

Motivated from the above literature. in this paper we have analyzed the evolution of dark energy parameter by
considering five dimensional Kaluza-Klein homogeneous and isotropic cosmological filled with two-fluid model by
considering a special form of deceleration parameter. In Sect 1, we discussed the introduction of Kaluza-Klein cosmology.
The Kaluza-Klein models and its field equations are presented in Sect 2. In Sects 3 and 4 we discussed the interacting and
non-interacting two fluid model. Sect 5 we discuss the jerk parameter in our derived models. In Sect 6 we discussed the
physical interpretation of our model. Finally, conclusions and summarized are given in the last sect 7.

2. THE METRIC AND FIELD EQUATIONS
The FRW type homogeneous and isotropic 5D Kaluza-Klein space-time has been considered and it is as follows

d 2
ds® = di* — a*(1) 7 rk 5+ r2(d6? + sin20d¢?) + (1 — kr*)dy? (1)
—kr
where a(t) is a scale factor considered to be a function of cosmic time # and k = —1, 0, +1 is the curvature parameter for

open, flat and closed universe respectively.
The Einstein’s field eqn. (with 87G =1 and ¢ = 1) can be written as

1
Rij - Egin =-T;j ()

where T;; is the two fluid energy momentum tensor consisting of dark fluid and barotropic fluid.
The energy conservation law for two fluid is given by

p+as(p+p) =0 )

where p = p,, + pp and p = p,, + pp . Here p,,, and p,, are the energy density and pressure of the perfect fluid and pp
and pp are the energy density and pressure of dark fluid respectively.
The Einstein field eqn (2) with (3) for the metric (1) we may write

a  k
6(a_2+;) = (pm + pD) “)
and
i a? ok
3—+3(—2+—2) =—(pm +pD) &)
a a a

Here the over dot indicate a derivatives with respect to cosmic time ¢.
The EoS parameter (w) which is considered as an important quantity in describing the dynamics of the universe, is
given by

Pm = (Wm = 1)pm (6)

pp = (wp —1)pp @)

In the following sections we deal with two cases (I) non-interacting two fluid model and (II) interacting two fluid
model

3. CASE-I: NON-INTERACTING TWO FLUID MODEL
In this section, the fluids do not interact with each other. The conservation equation for the dark and barotropic fluid

separatly as
. a
Pm + 4;(pm +pm) =0 3

a
oD + 4;(,00 +pp)=0 9

Integrating (8) we obtain
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Wm

Pm = POa_4

where py is an integrating constant.
Now using (10) in (4) and (5) we obtain pp and pp in terms of scale factor a(t).

) L )
pp=-3|=+—+—=|-po(wn - Da*n
a

Now we assume the special form of deceleration parameter which is given by

ad a
q=—f=—1+
a2 1+a®

where « is an arbitrary constant.
After integrating (13) we get

a(t) = (™ — 1)

where m is an integration constant.
By using the scale factor a(z) in (11) and (12) we obtain

2 2mat
m-e k —4dom
=6 + _ mat _ 1y =%
PD [(em(tl -1)2 (emat _ 1)%] po(e )
and
2 mat mat
m-e 2e —a k —dwm
pp = -3 ) 1= polam — (e — 1)

(em‘” - 1)2 (emat _ 1)
By using (15) and (16) in (7) we obtain

3m2e™at (2eM _ g) 3k . +,00(wm _ 1)(emm‘ _ 1)*4:;)m

(emat,])Z (e’m‘”—l)ﬁ

+1

wp = —

6m2e2mat 6k _ mat _ —4wm
(emnr_l)Z (em‘"fl)% pO(e 1) @

The expressions for the matter energy density €2,,, and DE density Qp are given by

_ pm _ polem -T2
™ 6H?2 6m2e2mat
and
—4wm
o - oD s k(emat _ 1)2 ~ po(emart _ 1)T+2
b 6H? 6m262mat(emm‘ — 1)% 6m?2e2mat
From eqns. (18) and (19) we obtain
k(emat _ 1)2

Q=Q,+Qp =1+

6m262mat(em(tt — 1) %
From eqns. (13) and (14), the deceleration parameter g (Recently used Katore et al. [24]) as

—ad @
g=——=-1+
a2

em(lt

(10)

Y

(12)

13)

(14)

15)

(16)

a7

(18)

19)

(20)

2y
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4. CASE-II: INTERACTING TWO FLUID MODEL

In this section we consider the interaction between dark fluid and barotropic fluid. The conservation equation for the
dark and barotropic fluid are given by

i + 4§(pm +pm) =0 22)

Pb+45(pp + pp) = ~Q (23)

where the quantity Q represents the interaction between the matter and DE component. We consider Q > 0, as it shows
that the energy transferred from DE to dark matter. Let us consider ((from ref. Gou et al. [25], Amendola et al. [26] )

Q =4Hop,, (24)

where o is an coupling constant.
Using (24) in (22) and after integrating we obtain

pm = poa”H@m=) (25)

where pg is an integrating constant.

Now using (25) in (4) and (5) we obtain pp and pp in terms of scale factor a(t).

Ci2 k —4(wm—0o
PD=6(;+0—2)—poa (o) 26
a a® k o
PD = -3 (E + ; + ;) —po(u)m - l)a Hwm=-0o) (27)

Putting the value of a(¢) from (14) in eqns. (26) and (27) we obtain

2 2mat k

mee —“Hwm=-0)
PD [(emat - 1)2 " (emat — 1)2] ‘po(emm -1) @ (28)
and
m2€mat(26mat _ a,) k mat —4(wm-0)
pp =3[ 71— po(wm = D(" = 1) = (29)

(e”“" - 1)2 (emat — 1) o
Using (28) and (29) in (7) we obtain

“4(wm=-0o)

3m2em‘” (Zemm‘_a) 3k _ mat _ i
(emrtt_l)Z + (emlnfl)%] +p0(wm 1)(6 1)

Wp =~ 2 o2mat “4(wm-0o) + 1 (30)
(6;:1“5[—1)2 (eM(ftli])% B p()(em(n B 1) “
The expressions for the matter energy density €, and DE density Qp are given by
_ Pm_ polemet - )T .
" 6H? 6m?e>mat G
and
k(e™at — 1)2 mat _ | 7_4(“'21_‘7) +2
Qp = PD — 14+ (6 ) _ PO(e ) (32)
6H? 6m262mat(emat _ 1); 6m2e2mat
From eqns. (31) and (32) we obtain the total energy density parameter Q as
k(e™mat _ 1 2
Q=Q,+Qp=1+ (e ) (33)

6m262mat(emat — 1)%
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5. THE JERK PARAMETER (J)

In cosmology, the jerk parameter (j) is a dimensionless quantity that characterizes the rate of change of the universe’s
expansion acceleration, specifically the third derivative of the scale factor with respect to time, normalized by the hubble
parameter cubed. The jerk parameter j is a suitable method to describe models close to ACDM model. A deceleration-
to-acceleration transition occurs for models with a positive value of j and negative value of q. Flat ACDM models have a
constant jerk j = 1. The jerk parameter in cosmology is defined as the dimensionless third derivative of the scale factor
with respect to cosmic time t [27].

The Jerk Parameter in cosmology is defined as the dimensionless third derivative of the scale factor with respect to
cosmic time ¢. It is defined as
1 a
j0) =5 (34)

where overhead dot denote derivatives with respect to cosmic time.

The jerk parameter (j) appears in the fourth term of a Taylor expansion of the scale factor around a.

a(t 1 1.
aLO) = 1+ Ho(t = t0) = 5q0HG (1 = 10)* + ZjoHg (1) + 0 [(1 = 10)"] (35)
In equation (34) can be written as
. q
N=q+2¢* -+ 36
J=q+2q" -4 (36)

where H is the Hubble parameter, ¢ is the deceleration parameter and overhead dot denotes the derivatives with respect to
cosmic time ?.
For the derived model, the jerk parameter () can be written as

3a a?(ema +3)

J(t) =1- emat + eZmart (37)
14+ 1 14} 1
2 1f — k=1 . o 12F — k=1 1
g — k=0 % [ — k=0
T — k=+1 ‘E [ — k=+1
5 10F 8 £ 10F .
= [a) F
) SY
UL
85 B 8+ i
6t ; : : ; ; — 6L, ; ; i i i i ——
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
Cosmic Time (t) Cosmic Time (t)
Figure 1. Plot of pp vs. t (non-interactive) with m = Figure 2. Plot of pp vs. ¢ (interactive) with m = 1,
LLpo=1,a=3 w, =05 po=1lLa=3 w,=05

6. RESULTS AND DISCUSSION:

We have plotted the various figures using these calculations for suitable values of the constants. We also used all the
three values of k = —1, 0, 1 while plotting the figures.

In figures 1 and 2 we have shown the variation of dark energy density pp versus cosmic time t for both non-interacting
and interacting cases from equations (15) and (28). It is observed that for both cases the graphs of pp is decreasing function
of cosmic time t in all the three open, closed and flat universe. It indicates that the dark energy model start with infinite
density and when cosmic time increases the energy density tends to a finite value.

Figs. 3 and 4 represent the variation of pressure for DE for both cases. We observed that at ¢+ — 0 the pressure pp is
negative for open (k = —1) and flat (k = 0) universe and positive for closed (k = 1) universe. Finally, pressure pp is zero
all the three open, closed and flat universe for late time cosmic evolution.

The behavior of EoS for DE with respect to cosmic time ¢ is shown in figs. 5 and 6 which correspond to the eqns.
(17) and (30) for both non-interacting and interacting cases respectively. We observed that from both the figures the EoS
parameter wp is a decreasing function of time t. Att — oo, the EoS parameter wp tends to zero. So, the model indicating
matter dominated era of the universe .
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From eqns. (20) and (33) the total energy density parameter Q for both non-interacting and interacting cases are
same. From the right hand side of these two equations it is clear that for kK = O (i.e for flat universe), Q@ = 1 and k = 1 (i.e
for closed universe), Q > 1 and k = —1 (i.e for open universe), Q < 1. We also observed that, at late time, Q approaches
to 1 for all the three values of k, which is shows that the universe will acquire a flat structure. These results are fully
consistent with the present day’s observations.

From the equation (21), we observed that the deceleration parameter q is a decreasing function of cosmic time t

Initially at + = 0, the deceleration parameter q is positive which changes sign from positive to negative. As time
approaches infinity, deceleration parameter q tend to -1 which indicates that the proposed model universe has a transition
from decelerating to accelerating phase. It can be confirmed from the graph of figure 7, which plots the deceleration
parameter q against cosmic time t. This graphical representation clearly illustrates the model’s expanding behavior over
time. Thus our model represents an interesting cosmological model of the universe.

A decelerate phase to accelerate phase transition of the universe occurs for models with a positive value of jerk and
negative value of deceleration parameter. In figures 7 and 8 we can observed that deceleration parameter (g) is negative
and jerk parameter () is positive so that we do have a transition of the model from decelerated to accelerated phase at late
time cosmic evolution.

The cosmological model constructed here exhibits the following properties:

¢ The scale factor
a(r) = (e - l)l/a

evolves from zero att = 0 and grows exponentially at late times, reflecting early decelerated and late-time accelerated
expansion.

* The deceleration parameter g evolves from a positive value (decelerating phase) at early times to ¢ — —1 (de Sitter
expansion) at late times, for all @ > 0.

» The total density parameter approaches unity, Q& — 1 as t — co, consistent with observations of a spatially flat
universe.

* For suitable choices of parameters, the equation of state parameter wp for the dark fluid can evolve through
quintessence (wp > —1), cosmological constant (wp = —1), or phantom (wp < —1) regimes.

* Interaction between the fluids alters the evolution of the matter density, allowing a more flexible fit to observational
data through the coupling constant o .

7. CONCLUSION

In this work, we have investigated a homogeneous and isotropic five-dimensional Kaluza-Klein cosmological model
incorporating a two-fluid system—comprising a barotropic fluid and a dark fluid—within the framework of open, closed,
and flat universes. The Einstein field equations were solved by adopting a hybrid scale factor that leads to a time-dependent

deceleration parameter of the form g = — % = —1+ 377 which smoothly describes a transition from early-time decelerated
a

expansion to late-time accelerated expansion.

We analyzed both non-interacting and interacting scenarios for the two-fluid system and examined the dynamical
behavior of key cosmological quantities including the energy density pp, pressure pp, and density parameter Qp of the
dark fluid. In all cases, the solutions are physically realistic and consistent with current observational data from Type Ia
Supernovae, cosmic microwave background (CMB), and large-scale structure surveys.

The total density parameter approaches unity at late times, indicating an asymptotically flat universe. Furthermore, the
equation of state parameter for the dark fluid can exhibit quintessence, cosmological constant, or phantom-like behavior
depending on the choice of parameters. The model remains valid for open, closed, and flat geometries, adding to its
robustness. Additionally, the jerk parameter was derived and discussed to explore the model’s deviation from the standard
ACDM paradigm.

Overall, the proposed model successfully captures essential features of cosmic evolution and offers a flexible frame-
work for understanding the late-time acceleration of the universe.
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ﬂBOPIIII/IHHI/Iﬁ CHEHAPIﬁ JIJIA KOCMOJIOTTYHOI MOJIEJII TEMHOI EHEPTII V
IPATUBUMIPHOMY ITPOCTOPI-UACI KAHYHH-KHEﬁHA
Hpanxkan Kymap Peii®, Papkmexap Poii Bapyax”
“Kagpeopa mamemamuru, Korneoxc losunum, Hikawi, baxca, BTR-781372, Accam, Inois
b Kagpedpa mamemamuunux nayx, Yuisepcumem Bodonanda, Koxpaiixap, BTR-783370, Accam, Indis
V wiit po6oTi Mi ZOCHIIKYEMO €BOJIOLII0 MMapamMeTpa PiBHSAHHS CTaHY TEMHOI €Hepril y I ATMBMMIipHili OJHOpiAHIN Ta i30TponHii
kocMmonoriuniii Mozeni Kanyuu-Kieiina, 3anoBHeHiit 6apoTponHOI0 Ta TEMHOIO piiMvHaMu. MU BUKOPHCTOBYEMO CIELiabHy (hopmy

napameTpa ynopilbHeHHs, ¢ = —4% = —1 + 7%, sk 3anponoHosaHo Cinrxolo Ta Jle6Harxom [28], 1m0 cripusie MaBHOMY TIEPEXOLy

2 a
BiJ] yIOBLJIbHEHHS Ha PaHHIX eTar[;x JI0 IPUCKOPEHH Ha Mi3HiX eTanax. BukopucroByouu 1o popMy, MU po3B’ 13yeMO PiBHSHHA M0
Efinmrelina Ta aHanizyemMo JuHamiky BcecBiTy sk 3a HEB3a€MOAIIOUMX, TaK 1 32 B3a€EMOJIIOUMX ABOPiIIMHHUX cueHapiiB. [eTanbHO
Ppo3mIsAaThCs (DI3UUHI Ta FeOMETPUYHI HACI KM Mozei. KiTouoBi KOCMOJIOTiUHI BEIMUMHY, TaKi SIK T'YCTHHA TEMHOI €Heprii pp, THCK
pp Ta mapaMeTp TYCTHHH 2p, IOCTIIKYIOTbCS IS Pi3HUX MPOCTOPOBUX KPUBHUH — BiIKPUTOI, 3aKPUTOI Ta IJIOCKOI IeOMETpiil.
OTtpumaHi pileHHs1 € (i3UYHO KUTTE3JATHUMHU Ta JOOpE Y3rOIKYIOThCS 3 CYYaCHUMH AaHMMU CHOCTEpPEKeHb, BKJIOYAIOYM JaHi
HaJHOBUX THITy la, KOCMiYHOTrO MiKpOXBHJILOBOTO (DOHY Ta OIVISIIB BeJMKOMACIITaOHKUX CTPYKTYp. KpiM TOro, Mu OIiiHI0EMO mapameTp
pUBKa, 11100 OIIHUTH BiJXWJICHHS MOJiei BiJ cTaHmapTHoi kocmonorii ACDM. Mogenb 1eMOHCTPY€E CyMICHICTh 31 CIIOCTEPEKYBAHUM
MPUCKOPEHNM PO3IIMPEHHSIM HAIIPUKIHI Yacy Ta 3a0e3reduye €AUHy CTPYKTYpY, SIKa BpaxOBY€ IIMPOKHIA Jliaria30H KOCMiUHOI MOBEJiHKI
3aBJSIKY BiJIIOBiTHOMY BUOOPY MapaMeTpiB.
KurouoBi cioBa: npocmip-uac Kanyyu-Kaetina; 0sopiounna mooens; memna enepeis; cheyianvia popma napamempa ynosinbHeHHs,
napamemp pueka
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