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In this work, we investigate the evolution of the dark energy equation of state parameter in a five-dimensional Kaluza-Klein homogeneous
and isotropic cosmological model filled with a barotropic fluid and a dark fluid. We adopt a special form of the deceleration parameter,
𝑞 = − 𝑎 ¥𝑎

¤𝑎2 = −1 + 𝛼
1+𝑎𝛼 as proposed by Singha and Debnath [28], which facilitates a smooth transition from early-time deceleration

to late-time acceleration. Using this form, we solve the Einstein field equations and analyze the dynamics of the universe under
both non-interacting and interacting two-fluid scenarios. The physical and geometrical implications of the model are examined in
detail. Key cosmological quantities such as the dark energy density 𝜌𝐷 , pressure 𝑝𝐷 , and density parameter Ω𝐷 are studied for
various spatial curvatures—open, closed, and flat geometries. The solutions obtained are physically viable and in good agreement
with current observational data, including those from Type Ia supernovae, the cosmic microwave background, and large-scale structure
surveys. Additionally, we evaluate the jerk parameter to assess the model’s deviation from the standard ΛCDM cosmology. The model
demonstrates compatibility with the observed late-time accelerated expansion and provides a unified framework that accommodates a
wide range of cosmic behaviors through appropriate parameter choices.

Keywords: Kaluza-Klein space time; Two-fluid model; Dark energy; Special form of deceleration parameter; Jerk parameter
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1. INTRODUCTION
The recent advances in the cosmological observation decided that the universe not only expanding but also accelerating

has been confirmed by high red shift type Ia Supernovae experiment (SNe.Ia) [1-3], cosmic background radiation (CMBR)
[4], large scale structure observation [5], Sloan Digital Sky Survey (SDSS) [6, 7]. According to contemporary cosmology,
this is created by a mystery type of energy known as dark energy, which has a positive energy density and a negative
pressure. From the observational evidences First Year Wilkinson Microwave Anisotropy Probe (WMAP) [8], and Chandra
X-ray observatory [9] combination found that the baryonic matter occupies 4.9%, the dark matter occupies 26.8% and the
dark energy occupies 68.3%of the total energy of the universe [10].

It is still unknown exactly what the physical conditions at very early stages of the creation of our universe. The
investigation of five dimensional space-time is important because it is thought that the universe may have once existed in
a higher dimensional epoch during its early stages of the evolution of the universe. Kaluza [11] and Klein [12] introduced
a five dimension that is a model that sought to unify the fundamental forces of gravity and electromagnetism. In a
certain sense the Kaluza-Klein theory resembles ordinary gravity, except that it is inscribed in five dimensions instead
of four. This theory has been regarded as a candidate of fundamental theory due to the possible work of unifying
the fundamental principle. Five dimensional Kaluza Klein spatially homogeneous and isotropic cosmological models
are generally considered as good approximation of the present and early stages of the universe. Numerous eminent
authors have studied the five-dimensional Kaluza-Klein space-time within the context of general theory of relativity.
Chodos et al. [13], Appelquist et al. [14] studied, the present universe is four-dimensional stage may have been preceded
by a higher-dimensional phase, which turns into four-dimensional in the sense that any additional dimensions collapse
to an undetected Planckian length scale as a result of dynamical contraction. Das et al. [15] studied interacting and
non-interacting two-fluid scenario in the anisotropic five-dimensional Bianchi type-I universe within the framework of
Lyra geometry. Ray et al. [16] investigated string cosmological model in five dimensional Kaluza-Klein space time.
Many prominent authors has been investigated the evolution of the dark energy parameter under two-fluid scenario.
Tiwari et al. [17] investigated the equation of state (EoS) parameter for dark energy (DE) in the spatially homogeneous and
anisotropic Bianchi type-III spacetime filled with a barotropic fluid and dark energy by considering a variable deceleration
parameter. Goswami et al. [18] have studied a Bianchi type-I cosmological model of universe filled with barotropic and
dark energy (DE) type fluids. Mishra et al. [19] have studied the stability of the dark energy cosmological models with
combination of matter fields and dark energy in an anisotropic space time. Ray et al. [20] discussed about an interacting
and non-interacting two-fluid dark energy models in five dimensional Kaluza-Klein universe. Two-fluids cosmological
models with matter and radiating source in (2+ 1) dimensional Saez-Ballester scalar-tensor theory of gravitation has been
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investigated by Kumar et al. [21]. Hatka et al. [22] have studied Bianchi type I cosmological model under two-fluids
scenario in scale covariant theory of gravitation. Trivedi et al. [23] has explored the features of the five-dimensional
Bianchi type-I cosmological universe filled with barotropic fluid and dark energy within the framework of Saez-Ballester
theory of gravitation.

Motivated from the above literature. in this paper we have analyzed the evolution of dark energy parameter by
considering five dimensional Kaluza-Klein homogeneous and isotropic cosmological filled with two-fluid model by
considering a special form of deceleration parameter. In Sect 1, we discussed the introduction of Kaluza-Klein cosmology.
The Kaluza-Klein models and its field equations are presented in Sect 2. In Sects 3 and 4 we discussed the interacting and
non-interacting two fluid model. Sect 5 we discuss the jerk parameter in our derived models. In Sect 6 we discussed the
physical interpretation of our model. Finally, conclusions and summarized are given in the last sect 7.

2. THE METRIC AND FIELD EQUATIONS
The FRW type homogeneous and isotropic 5D Kaluza-Klein space-time has been considered and it is as follows

𝑑𝑠2 = 𝑑𝑡2 − 𝑎2 (𝑡)
[

𝑑𝑟2

1 − 𝑘𝑟2 + 𝑟2 (𝑑𝜃2 + sin 2𝜃𝑑𝜙2) + (1 − 𝑘𝑟2)𝑑𝜓2
]

(1)

where 𝑎(𝑡) is a scale factor considered to be a function of cosmic time 𝑡 and 𝑘 = −1, 0,+1 is the curvature parameter for
open, flat and closed universe respectively.

The Einstein’s field eqn. (with 8𝜋𝐺 = 1 and 𝑐 = 1 ) can be written as

𝑅𝑖 𝑗 −
1
2
𝑔𝑖 𝑗𝑅 = −𝑇𝑖 𝑗 (2)

where 𝑇𝑖 𝑗 is the two fluid energy momentum tensor consisting of dark fluid and barotropic fluid.
The energy conservation law for two fluid is given by

¤𝜌 + 4
¤𝑎
𝑎
(𝜌 + 𝑝) = 0 (3)

where 𝑝 = 𝑝𝑚 + 𝑝𝐷 and 𝜌 = 𝜌𝑚 + 𝜌𝐷 . Here 𝜌𝑚 and 𝑝𝑚 are the energy density and pressure of the perfect fluid and 𝜌𝐷
and 𝑝𝐷 are the energy density and pressure of dark fluid respectively.

The Einstein field eqn (2) with (3) for the metric (1) we may write

6

( ¤𝑎2

𝑎2 + 𝑘

𝑎2

)
= (𝜌𝑚 + 𝜌𝐷) (4)

and

3
¥𝑎
𝑎
+ 3

( ¤𝑎2

𝑎2 + 𝑘

𝑎2

)
= −(𝑝𝑚 + 𝑝𝐷) (5)

Here the over dot indicate a derivatives with respect to cosmic time 𝑡.
The EoS parameter (𝜔) which is considered as an important quantity in describing the dynamics of the universe, is

given by

𝑝𝑚 = (𝜔𝑚 − 1)𝜌𝑚 (6)

𝑝𝐷 = (𝜔𝐷 − 1)𝜌𝐷 (7)

In the following sections we deal with two cases (I) non-interacting two fluid model and (II) interacting two fluid
model

3. CASE-I: NON-INTERACTING TWO FLUID MODEL
In this section, the fluids do not interact with each other. The conservation equation for the dark and barotropic fluid

separatly as

¤𝜌𝑚 + 4
¤𝑎
𝑎
(𝜌𝑚 + 𝑝𝑚) = 0 (8)

¤𝜌𝐷 + 4
¤𝑎
𝑎
(𝜌𝐷 + 𝑝𝐷) = 0 (9)

Integrating (8) we obtain
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𝜌𝑚 = 𝜌0𝑎
−4𝜔𝑚 (10)

where 𝜌0 is an integrating constant.
Now using (10) in (4) and (5) we obtain 𝜌𝐷 and 𝑝𝐷 in terms of scale factor 𝑎(𝑡).

𝜌𝐷 = 6

( ¤𝑎2

𝑎2 + 𝑘

𝑎2

)
− 𝜌0𝑎

−4𝜔𝑚 (11)

𝑝𝐷 = −3

(
¥𝑎
𝑎
+

¤𝑎2

𝑎2 + 𝑘

𝑎2

)
− 𝜌0 (𝜔𝑚 − 1)𝑎−4𝜔𝑚 (12)

Now we assume the special form of deceleration parameter which is given by

𝑞 = −𝑎 ¥𝑎
¤𝑎2

= −1 + 𝛼

1 + 𝑎𝛼
(13)

where 𝛼 is an arbitrary constant.
After integrating (13) we get

𝑎(𝑡) = (𝑒𝑚𝛼𝑡 − 1) 1
𝛼 (14)

where 𝑚 is an integration constant.
By using the scale factor 𝑎(𝑡) in (11) and (12) we obtain

𝜌𝐷 = 6[ 𝑚2𝑒2𝑚𝛼𝑡

(𝑒𝑚𝛼𝑡 − 1)2 + 𝑘

(𝑒𝑚𝛼𝑡 − 1) 2
𝛼

] − 𝜌0 (𝑒𝑚𝛼𝑡 − 1)
−4𝜔𝑚

𝛼 (15)

and

𝑝𝐷 = −3[𝑚
2𝑒𝑚𝛼𝑡 (2𝑒𝑚𝛼𝑡 − 𝛼)
(𝑒𝑚𝛼𝑡 − 1)2 + 𝑘

(𝑒𝑚𝛼𝑡 − 1) 2
𝛼

] − 𝜌0 (𝜔𝑚 − 1) (𝑒𝑚𝛼𝑡 − 1)
−4𝜔𝑚

𝛼 (16)

By using (15) and (16) in (7) we obtain

𝜔𝐷 = −


3𝑚2𝑒𝑚𝛼𝑡 (2𝑒𝑚𝛼𝑡−𝛼)
(𝑒𝑚𝛼𝑡−1)2 + 3𝑘

(𝑒𝑚𝛼𝑡−1) 2
𝛼

+ 𝜌0 (𝜔𝑚 − 1) (𝑒𝑚𝛼𝑡 − 1) −4𝜔𝑚
𝛼

6𝑚2𝑒2𝑚𝛼𝑡

(𝑒𝑚𝛼𝑡−1)2 + 6𝑘
(𝑒𝑚𝛼𝑡−1) 2

𝛼

− 𝜌0 (𝑒𝑚𝛼𝑡 − 1) −4𝜔𝑚
𝛼

 + 1 (17)

The expressions for the matter energy density Ω𝑚 and DE density Ω𝐷 are given by

Ω𝑚 =
𝜌𝑚

6𝐻2 =
𝜌0 (𝑒𝑚𝛼𝑡 − 1) −4𝜔𝑚

𝛼
+2

6𝑚2𝑒2𝑚𝛼𝑡
(18)

and

Ω𝐷 =
𝜌𝐷

6𝐻2 = 1 + 𝑘 (𝑒𝑚𝛼𝑡 − 1)2

6𝑚2𝑒2𝑚𝛼𝑡 (𝑒𝑚𝛼𝑡 − 1) 2
𝛼

− 𝜌0 (𝑒𝑚𝛼𝑡 − 1) −4𝜔𝑚
𝛼

+2

6𝑚2𝑒2𝑚𝛼𝑡
(19)

From eqns. (18) and (19) we obtain

Ω = Ω𝑚 +Ω𝐷 = 1 + 𝑘 (𝑒𝑚𝛼𝑡 − 1)2

6𝑚2𝑒2𝑚𝛼𝑡 (𝑒𝑚𝛼𝑡 − 1) 2
𝛼

(20)

From eqns. (13) and (14), the deceleration parameter 𝑞 (Recently used Katore et al. [24]) as

𝑞 =
−𝑎 ¥𝑎
¤𝑎2

= −1 + 𝛼

𝑒𝑚𝛼𝑡
(21)
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4. CASE-II: INTERACTING TWO FLUID MODEL
In this section we consider the interaction between dark fluid and barotropic fluid. The conservation equation for the

dark and barotropic fluid are given by

¤𝜌𝑚 + 4
¤𝑎
𝑎
(𝜌𝑚 + 𝑝𝑚) = 𝑄 (22)

¤𝜌𝐷 + 4
¤𝑎
𝑎
(𝜌𝐷 + 𝑝𝐷) = −𝑄 (23)

where the quantity Q represents the interaction between the matter and DE component. We consider 𝑄 > 0, as it shows
that the energy transferred from DE to dark matter. Let us consider ((from ref. Gou et al. [25], Amendola et al. [26] )

𝑄 = 4𝐻𝜎𝜌𝑚 (24)

where 𝜎 is an coupling constant.
Using (24) in (22) and after integrating we obtain

𝜌𝑚 = 𝜌0𝑎
−4(𝜔𝑚−𝜎) (25)

where 𝜌0 is an integrating constant.

Now using (25) in (4) and (5) we obtain 𝜌𝐷 and 𝑝𝐷 in terms of scale factor 𝑎(𝑡).

𝜌𝐷 = 6

( ¤𝑎2

𝑎2 + 𝑘

𝑎2

)
− 𝜌0𝑎

−4(𝜔𝑚−𝜎) (26)

𝑝𝐷 = −3

(
¤𝑎
𝑎
+

¤𝑎2

𝑎2 + 𝑘

𝑎2

)
− 𝜌0 (𝜔𝑚 − 1)𝑎−4(𝜔𝑚−𝜎) (27)

Putting the value of 𝑎(𝑡) from (14) in eqns. (26) and (27) we obtain

𝜌𝐷 = 6[ 𝑚2𝑒2𝑚𝛼𝑡

(𝑒𝑚𝛼𝑡 − 1)2 + 𝑘

(𝑒𝑚𝛼𝑡 − 1) 2
𝛼

] − 𝜌0 (𝑒𝑚𝛼𝑡 − 1)
−4(𝜔𝑚−𝜎)

𝛼 (28)

and

𝑝𝐷 = −3[𝑚
2𝑒𝑚𝛼𝑡 (2𝑒𝑚𝛼𝑡 − 𝛼)
(𝑒𝑚𝛼𝑡 − 1)2 + 𝑘

(𝑒𝑚𝛼𝑡 − 1) 2
𝛼

] − 𝜌0 (𝜔𝑚 − 1) (𝑒𝑚𝛼𝑡 − 1)
−4(𝜔𝑚−𝜎)

𝛼 (29)

Using (28) and (29) in (7) we obtain

𝜔𝐷 = −


3𝑚2𝑒𝑚𝛼𝑡 (2𝑒𝑚𝛼𝑡−𝛼)
(𝑒𝑚𝛼𝑡−1)2 + 3𝑘

(𝑒𝑚𝛼𝑡−1) 2
𝛼

] + 𝜌0 (𝜔𝑚 − 1) (𝑒𝑚𝛼𝑡 − 1)
−4(𝜔𝑚−𝜎)

𝛼

6𝑚2𝑒2𝑚𝛼𝑡

(𝑒𝑚𝛼𝑡−1)2 + 6𝑘
(𝑒𝑚𝛼𝑡−1) 2

𝛼

− 𝜌0 (𝑒𝑚𝛼𝑡 − 1)
−4(𝜔𝑚−𝜎)

𝛼

 + 1 (30)

The expressions for the matter energy density Ω𝑚 and DE density Ω𝐷 are given by

Ω𝑚 =
𝜌𝑚

6𝐻2 =
𝜌0 (𝑒𝑚𝛼𝑡 − 1)

−4(𝜔𝑚−𝜎)
𝛼

+2

6𝑚2𝑒2𝑚𝛼𝑡
(31)

and

Ω𝐷 =
𝜌𝐷

6𝐻2 = 1 + 𝑘 (𝑒𝑚𝛼𝑡 − 1)2

6𝑚2𝑒2𝑚𝛼𝑡 (𝑒𝑚𝛼𝑡 − 1) 2
𝛼

− 𝜌0 (𝑒𝑚𝛼𝑡 − 1)
−4(𝜔𝑚−𝜎)

𝛼
+2

6𝑚2𝑒2𝑚𝛼𝑡
(32)

From eqns. (31) and (32) we obtain the total energy density parameter Ω as

Ω = Ω𝑚 +Ω𝐷 = 1 + 𝑘 (𝑒𝑚𝛼𝑡 − 1)2

6𝑚2𝑒2𝑚𝛼𝑡 (𝑒𝑚𝛼𝑡 − 1) 2
𝛼

(33)
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5. THE JERK PARAMETER (J)
In cosmology, the jerk parameter (j) is a dimensionless quantity that characterizes the rate of change of the universe’s

expansion acceleration, specifically the third derivative of the scale factor with respect to time, normalized by the hubble
parameter cubed. The jerk parameter j is a suitable method to describe models close to ΛCDM model. A deceleration-
to-acceleration transition occurs for models with a positive value of j and negative value of q. Flat ΛCDM models have a
constant jerk 𝑗 = 1. The jerk parameter in cosmology is defined as the dimensionless third derivative of the scale factor
with respect to cosmic time t [27].

The Jerk Parameter in cosmology is defined as the dimensionless third derivative of the scale factor with respect to
cosmic time 𝑡. It is defined as

𝑗 (𝑡) = 1
𝐻3

𝑎

𝑎
(34)

where overhead dot denote derivatives with respect to cosmic time.

The jerk parameter ( 𝑗) appears in the fourth term of a Taylor expansion of the scale factor around 𝑎0.

𝑎(𝑡)
𝑎0

= 1 + 𝐻0 (𝑡 − 𝑡0) −
1
2
𝑞0𝐻

2
0 (𝑡 − 𝑡0)2 + 1

6
𝑗0𝐻

3
0 (𝑡)

3 + 0
[
(𝑡 − 𝑡0)4] (35)

In equation (34) can be written as
𝑗 (𝑡) = 𝑞 + 2𝑞2 − ¤𝑞

𝐻
(36)

where 𝐻 is the Hubble parameter, 𝑞 is the deceleration parameter and overhead dot denotes the derivatives with respect to
cosmic time 𝑡.

For the derived model, the jerk parameter ( 𝑗) can be written as

𝑗 (𝑡) = 1 − 3𝛼
𝑒𝑚𝛼𝑡

+ 𝛼2 (𝑒𝑚𝛼𝑡 + 3)
𝑒2𝑚𝛼𝑡

(37)
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Figure 1. Plot of 𝜌𝐷 vs. 𝑡 (non-interactive) with 𝑚 =

1, 𝜌0 = 1, 𝛼 = 3, 𝜔𝑚 = 0.5
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Figure 2. Plot of 𝜌𝐷 vs. 𝑡 (interactive) with 𝑚 = 1,
𝜌0 = 1, 𝛼 = 3, 𝜔𝑚 = 0.5

6. RESULTS AND DISCUSSION:
We have plotted the various figures using these calculations for suitable values of the constants. We also used all the

three values of 𝑘 = −1, 0, 1 while plotting the figures.
In figures 1 and 2 we have shown the variation of dark energy density 𝜌𝐷 versus cosmic time t for both non-interacting

and interacting cases from equations (15) and (28). It is observed that for both cases the graphs of 𝜌𝐷 is decreasing function
of cosmic time t in all the three open, closed and flat universe. It indicates that the dark energy model start with infinite
density and when cosmic time increases the energy density tends to a finite value.

Figs. 3 and 4 represent the variation of pressure for DE for both cases. We observed that at 𝑡 → 0 the pressure 𝑝𝐷 is
negative for open (𝑘 = −1) and flat (𝑘 = 0) universe and positive for closed (𝑘 = 1) universe. Finally, pressure 𝑝𝐷 is zero
all the three open, closed and flat universe for late time cosmic evolution.

The behavior of EoS for DE with respect to cosmic time 𝑡 is shown in figs. 5 and 6 which correspond to the eqns.
(17) and (30) for both non-interacting and interacting cases respectively. We observed that from both the figures the EoS
parameter 𝜔𝐷 is a decreasing function of time 𝑡. At 𝑡 → ∞, the EoS parameter 𝜔𝐷 tends to zero. So, the model indicating
matter dominated era of the universe .
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Figure 3. Plot of 𝑝𝐷 vs. 𝑡 (non-interactive) with 𝑚 =

1,𝜌0 = 1,𝛼 = 3,𝜔𝑚 = 0.5
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Figure 4. Plot of 𝑝𝐷 vs. 𝑡 (interactive) with 𝑚 =

1,𝜌0 = 1,𝛼 = 3,𝜔𝑚 = 0.5
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Figure 5. Plot of 𝜔𝐷 vs. 𝑡 (non-interactive) with 𝑚 =

1,𝜌0 = 1,𝛼 = 3,𝜔𝑚 = 0.5
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Figure 6. Plot of 𝜔𝐷 vs. 𝑡 (interactive) with 𝑚 =

1,𝜌0 = 1,𝛼 = 3,𝜔𝑚 = 0.5
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Figure 7. Plot of 𝑞 vs. 𝑡 for 𝑚 = 1, 𝛼 = 3, 4, 5.
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Figure 8. Plot of 𝑗 vs. 𝑡 for 𝑚 = 1, 𝛼 = 3, 4, 5.
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From eqns. (20) and (33) the total energy density parameter Ω for both non-interacting and interacting cases are
same. From the right hand side of these two equations it is clear that for 𝑘 = 0 (i.e for flat universe), Ω = 1 and 𝑘 = 1 (i.e
for closed universe), Ω > 1 and 𝑘 = −1 ( i.e for open universe), Ω < 1. We also observed that, at late time, Ω approaches
to 1 for all the three values of 𝑘 , which is shows that the universe will acquire a flat structure. These results are fully
consistent with the present day’s observations.

From the equation (21), we observed that the deceleration parameter q is a decreasing function of cosmic time t
. Initially at 𝑡 = 0, the deceleration parameter q is positive which changes sign from positive to negative. As time
approaches infinity, deceleration parameter q tend to -1 which indicates that the proposed model universe has a transition
from decelerating to accelerating phase. It can be confirmed from the graph of figure 7, which plots the deceleration
parameter q against cosmic time t. This graphical representation clearly illustrates the model’s expanding behavior over
time. Thus our model represents an interesting cosmological model of the universe.

A decelerate phase to accelerate phase transition of the universe occurs for models with a positive value of jerk and
negative value of deceleration parameter. In figures 7 and 8 we can observed that deceleration parameter (𝑞) is negative
and jerk parameter ( 𝑗) is positive so that we do have a transition of the model from decelerated to accelerated phase at late
time cosmic evolution.

The cosmological model constructed here exhibits the following properties:

• The scale factor
𝑎(𝑡) =

(
𝑒𝑚𝛼𝑡 − 1

)1/𝛼

evolves from zero at 𝑡 = 0 and grows exponentially at late times, reflecting early decelerated and late-time accelerated
expansion.

• The deceleration parameter 𝑞 evolves from a positive value (decelerating phase) at early times to 𝑞 → −1 (de Sitter
expansion) at late times, for all 𝛼 > 0.

• The total density parameter approaches unity, Ω → 1 as 𝑡 → ∞, consistent with observations of a spatially flat
universe.

• For suitable choices of parameters, the equation of state parameter 𝜔𝐷 for the dark fluid can evolve through
quintessence (𝜔𝐷 > −1), cosmological constant (𝜔𝐷 = −1), or phantom (𝜔𝐷 < −1) regimes.

• Interaction between the fluids alters the evolution of the matter density, allowing a more flexible fit to observational
data through the coupling constant 𝜎.

7. CONCLUSION
In this work, we have investigated a homogeneous and isotropic five-dimensional Kaluza-Klein cosmological model

incorporating a two-fluid system—comprising a barotropic fluid and a dark fluid—within the framework of open, closed,
and flat universes. The Einstein field equations were solved by adopting a hybrid scale factor that leads to a time-dependent
deceleration parameter of the form 𝑞 = − 𝑎 ¥𝑎

¤𝑎2 = −1+ 𝛼
1+𝑎𝛼 which smoothly describes a transition from early-time decelerated

expansion to late-time accelerated expansion.
We analyzed both non-interacting and interacting scenarios for the two-fluid system and examined the dynamical

behavior of key cosmological quantities including the energy density 𝜌𝐷 , pressure 𝑝𝐷 , and density parameter Ω𝐷 of the
dark fluid. In all cases, the solutions are physically realistic and consistent with current observational data from Type Ia
Supernovae, cosmic microwave background (CMB), and large-scale structure surveys.

The total density parameter approaches unity at late times, indicating an asymptotically flat universe. Furthermore, the
equation of state parameter for the dark fluid can exhibit quintessence, cosmological constant, or phantom-like behavior
depending on the choice of parameters. The model remains valid for open, closed, and flat geometries, adding to its
robustness. Additionally, the jerk parameter was derived and discussed to explore the model’s deviation from the standard
ΛCDM paradigm.

Overall, the proposed model successfully captures essential features of cosmic evolution and offers a flexible frame-
work for understanding the late-time acceleration of the universe.

Acknowledgments
We would like to express sincere gratitude to the anonymous reviewer(s) for their valuable comments and constructive

suggestions, which significantly improved the quality and clarity of this manuscript. Their careful reading and insightful
feedback are greatly appreciated.

ORCID
Pranjal Kumar Ray, https://orcid.org/0000-0001-7313-7882; Rajshekhar Roy Baruah, https://orcid.org/

0000-0002-5961-9540

https://orcid.org/0000-0001-7313-7882
https://orcid.org/0000-0002-5961-9540
https://orcid.org/0000-0002-5961-9540


Two-Fluid Scenario for Dark Energy Cosmological Model in Five Dimensional Kaluza-Klein...

REFERENCES
[1] A.G. Riess, A.V. Filippenko, P. Challis, A. Clocchiatti, A. Diercks, P.M. Garnavich, et al., ”Observational Evidence from

Supernova for an Accelerating Universe and a cosmological constant,” The Astronomical Journal, 116, 1009-1038 (1998).
https://doi.org/10.1086/30049

[2] S. Perlmutter, G. Aldering, G. Goldhaber, R.A. Knop, P. Nugent, P.G. Castro, et al. ”Measurements of Ω and 𝐿𝑎𝑚𝑏𝑑𝑎 From 42
High Red shift Supernovae,” The Astronomical Journal, 517, 565-586 (1999). https://doi.org/10.1086/307221

[3] A.G. Riess, ”The Case for an Accelerating Universe from Supernovae,” The Astronomical Society of the Pacific, 112, 1284-1299
(2000). https://doi.org/10.1086/316624

[4] C.H. Lineweaver, ”The Cosmic Microwave Background and Observational Convergence in the Ω𝑚 −ΩΛ Plane, The Astrophysical
Journal,” 505, L69-L73 (1998). https://doi.org/10.1086/311613

[5] M. Tegmark, et al. ”Cosmological parameters from SDSS and WMAP,” Physical Review, 69, 103501 (2004). https://doi.org/10.
1103/PhysRevD.69.103501

[6] U. Seljak, et al. ”Cosmological parameter analysis including SDSS Ly𝛼 forest and galaxy bias: Constraints on the primordial
spectrum of fluctuations, neutrino mass, and dark energy,” Physical Review D, 71, 103515 (2005). https://doi.org/10.1103/
PhysRevD.71.103515

[7] J.K. Adelman-McCarthy, et al. ”The Fourth Data Release of the Sloan Digital Sky Survey,” The Astrophysical Journal Supplement
Series, 162, 38-48 (2006). https://doi.org/10.1086/497917

[8] C.L. Bennett, et al. ”First Year Wilkinson Microwave Anisotropy Probe (WMAP) observation Preliminary Maps and Results,”
The Astrophysical Journal Supplement Series, 148, 1-27 (2003). https://doi.org/10.1086/377253

[9] S.W. Allen, et al. ”Constraints on dark energy from Chandra observations of the largest relaxed galaxy clusters,” Monthly Notices
of the Royal Astronomical Society, 353, 457-467 (2004). https://doi.org/10.1111/j.1365-2966.2004.08080.x

[10] H.R Ghate, ”Kaluza-Klein Anisotropic Dark Energy Cosmological Model with hybrid Deceleration Parameter,” The African
Review of Physics, 11, 0026 (2016). http://lamp.ictp.it/index.php/aphysrev/article/view/1307/501

[11] T. Kaluza, ”On the Unification Problem in Physics,” Preuss. Akad. Wiss. Berlin. Math. Phys. K1, 966-972 (1921). https://doi.org/
10.1142/S0218271818700017

[12] O. Klein, ”Quantentheorie and Fundamental Relativistic Theory,” Zeitschrift Physik, 37, 895-906 (1926). https://doi.org/10.1007/
BF01397481

[13] A. Chodos and S. Detweiler, ”Where has the Fifth Dimension Gone,” The American Physical Society, 21, 2167-2170 (1980).
https://doi.org/10.1103/PhysRevD.21.2167

[14] T. Appelquist, et al. Modern Kaluza-Klein Theories, (Addison Wesley, Reading, 1987).
[15] K. Das and J. Bharali, ”Higher-Dimensional Anisotropic Modified Holographic Ricci Dark Energy Cosmological Model In Lyra

Manifold,” Astrophysics, 64(2), 295-311 (2021). https://doi.org/10.1007/s10511-021-09686-z
[16] P.K. Ray and R.R. Baruah, ”Anisotropic cloud string cosmological model with five-dimensional kaluza-klein space-time,” Frontiers

in Astronomy and Space Sciences, 9, 869020 (2022). https://doi.org/10.3389/fspas.2022.869020
[17] R.K. Tiwari, A. Beesham and B.K. Shukla, ”Scenario of two fluid dark energy models in Bianchi type-III Universe,” International

Journal of Geometric Methods in Modern Physics, 15, 1850189 (2018). https://doi.org/10.1142/S021988781850189X
[18] G. Goswami, M. Mishra, A.K. Yadav, and A. Pradhan, ”Two-fluid scenario in bianchi type-i universe,” Modern Physics Letters

A, 35(12), 2050086 (2020). https://doi.org/10.1142/S0217732320500868
[19] B. Mishra, F.M. Esmaeili, P.P. Ray and S. Tripathy, ”Stability analysis of two-fluid dark energy models,” Physica Scripta, 96(4),

045006 (2021). https://doi.org/10.1088/1402-4896/abdf82
[20] P.K. Ray and R.R. Baruah, ”An interacting and non-interacting two-fluid scenario for dark energy models in five dimensional

Kaluza-Klein space-time,” Journal of Mathematical and Computational Science, 11(6), 7699-7716 (2021). https://doi.org/10.
28919/jmcs/6382

[21] P. Kumar, G. Khadekar, and V. Dagwal, ”Two fluids cosmological model in (2 + 1)− dimensional saez-ballester scalar-tensor
theory of gravitation,” Journal of Dynamical Systems and Geometric Theories,” 20(1), 91–114 (2022). https://doi.org/10.1080/
1726037X.2022.2079267

[22] S.P. Hatkar, P. Agre, and S. Katore, ”Two fluids cosmological models in scale covariant theory of gravitation,” Annals of Applied
Sciences, 1, 659 (2022). https://doi.org/10.55085/aas.2022.659

[23] D. Trivedi and A.K. Bhabor, ”Higher-dimensional bianchi type-I dark energy models with barotropic fluid in saez-ballester scalar-
tensor theory of gravitation,” Indian Journal of Physics, 97, 1317–1327 (2022). https://doi.org/10.1007/s12648-022-02448-3

[24] S.D. Katore and D.V. Kapse, ”Accelerating universe with variable EoS parameter of dark energy in Brans–Dicke theory of
gravitation,” Journal of Astrophysics and Astronomy, 40(3), 21 (2019). https://doi.org/10.1007/s12036-019-9589-y

[25] Z.K. Guo, N. Ohta and S. Tsujikawa, ”Probing the coupling between dark components of the universe,” Physical Review D, 76(2),
023508 (2007). https://doi.org/10.1103/PhysRevD.76.023508

[26] L. Amendola, G.C. Campos, and R. Rosenfeld, ”Consequences of dark matter-dark energy interaction on cosmological parameters
derived from type Ia supernova data,” Physical Review D, 75(8), 083506 (2007). https://doi.org/10.1103/PhysRevD.75.083506

459
EEJP. 2 (2025)

https://doi.org/10.1086/30049
https://doi.org/10.1086/307221
https://doi.org/10.1086/316624
https://doi.org/10.1086/311613
https://doi.org/10.1103/PhysRevD.69.103501
https://doi.org/10.1103/PhysRevD.69.103501
https://doi.org/10.1103/PhysRevD.71.103515
https://doi.org/10.1103/PhysRevD.71.103515
https://doi.org/10.1086/497917
https://doi.org/10.1086/377253
https://doi.org/10.1111/j.1365-2966.2004.08080.x
http://lamp.ictp.it/index.php/aphysrev/article/view/1307/501
https://doi.org/10.1142/S0218271818700017
https://doi.org/10.1142/S0218271818700017
https://doi.org/10.1007/BF01397481
https://doi.org/10.1007/BF01397481
https://doi.org/10.1103/PhysRevD.21.2167
https://doi.org/10.1007/s10511-021-09686-z
https://doi.org/10.3389/fspas.2022.869020
https://doi.org/10.1142/S021988781850189X
https://doi.org/10.1142/S0217732320500868
https://doi.org/10.1088/1402-4896/abdf82
https://doi.org/10.28919/jmcs/6382
https://doi.org/10.28919/jmcs/6382
https://doi.org/10.1080/1726037X.2022.2079267
https://doi.org/10.1080/1726037X.2022.2079267
https://doi.org/10.55085/aas.2022.659
https://doi.org/10.1007/s12648-022-02448-3
https://doi.org/10.1007/s12036-019-9589-y
https://doi.org/10.1103/PhysRevD.76.023508
https://doi.org/10.1103/PhysRevD.75.083506


460
EEJP. 2 (2025) Pranjal Kumar Ray, et al.

[27] M. Visser, ”Jerk, snap and the cosmological equation of state,” Classical and Quantum Gravity, 21, 2603-2605 (2004). https:
//doi.org/10.1088/0264-9381/21/11/006

[28] A.K. Singha and U. Debnath, ”Accelerating Universe with a Special Form of Decelerating Parameter,” International Journal of
Theoretical Physics, 48, 351-356 (2009). https://doi.org/10.1007/s10773-008-9807-x

ДВОРIДИННИЙ СЦЕНАРIЙ ДЛЯ КОСМОЛОГIЧНОЇ МОДЕЛI ТЕМНОЇ ЕНЕРГIЇ У
П’ЯТИВИМIРНОМУ ПРОСТОРI-ЧАСI КАЛУЦИ-КЛЕЙНА

Пранджал Кумар Рейa, Раджшехар Рой Баруахb
𝑎Кафедра математики, Колледж Гьянпит, Нiкашi, Бакса, BTR-781372, Ассам, Iндiя

𝑏Кафедра математичних наук, Унiверситет Бодоланда, Кокрайхар, BTR-783370, Ассам, Iндiя
У цiй роботi ми дослiджуємо еволюцiю параметра рiвняння стану темної енергiї у п’ятивимiрнiй однорiднiй та iзотропнiй
космологiчнiй моделi Калуци-Клейна, заповненiй баротропною та темною рiдинами. Ми використовуємо спецiальну форму
параметра уповiльнення, 𝑞 = − 𝑎 ¥𝑎

¤𝑎2 = −1 + 𝛼
1+𝑎𝛼 , як запропоновано Сiнгхою та Дебнатхом [28], що сприяє плавному переходу

вiд уповiльнення на раннiх етапах до прискорення на пiзнiх етапах. Використовуючи цю форму, ми розв’язуємо рiвняння поля
Ейнштейна та аналiзуємо динамiку Всесвiту як за невзаємодiючих, так i за взаємодiючих дворiдинних сценарiїв. Детально
розглядаються фiзичнi та геометричнi наслiдки моделi. Ключовi космологiчнi величини, такi як густина темної енергiї 𝜌𝐷 , тиск
𝑝𝐷 та параметр густини Ω𝐷 , дослiджуються для рiзних просторових кривин — вiдкритої, закритої та плоскої геометрiй.
Отриманi рiшення є фiзично життєздатними та добре узгоджуються з сучасними даними спостережень, включаючи данi
наднових типу Ia, космiчного мiкрохвильового фону та оглядiв великомасштабних структур. Крiм того, ми оцiнюємо параметр
ривка, щоб оцiнити вiдхилення моделi вiд стандартної космологiї ΛCDM. Модель демонструє сумiснiсть зi спостережуваним
прискореним розширенням наприкiнцi часу та забезпечує єдину структуру, яка враховує широкий дiапазон космiчної поведiнки
завдяки вiдповiдному вибору параметрiв.
Ключовi слова: простiр-час Калуци-Клейна; дворiдинна модель; темна енергiя; спецiальна форма параметра уповiльнення;
параметр ривка
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