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The parametric Nikiforov-Uvarov (N-U) method is employed in conjunction with a generalized fractional derivative (GFD) to 
investigate the energy eigenvalues and the total normalized wave function associated with the Coulomb plus screened exponential 
hyperbolic potential (CPSEHP) in terms of Jacobi polynomials. This potential exhibit maximum effectiveness at lower values of the 
screening parameter. To explore the thermal and superstatistical characteristics, the derived energy eigenvalues are directly incorporated 
into the partition function (Z) and subsequently used to determine other thermodynamic quantities, including vibrational mean energy 
(U), specific heat capacity (C), entropy (S), and free energy (F). Comparisons with previous studies are conducted. The classical case 
is recovered from the fractional case by setting α = β = 1, consistent with prior work. Our results demonstrate that the fractional 
parameter plays a crucial role in governing the thermal and superstatistical properties within the framework of this model. 
Keywords: Schrödinger equation; Parametric Nikiforov-Uvarov method; Thermodynamic properties; Superstatics; Generalized 
fractional derivative 
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1. INTRODUCTION
Over the last few decades, fractional calculus (FC) has attracted significant attention in a variety of scientific and 

engineering areas [1]. FC's prominence in several scientific and technical disciplines can be due to its benefits over 
numerical approaches, such as exact solutions and partial differential equations. Fractional differential equations are 
solved employing symmetry methods and perturbation analysis. In Ref. [2], the radial Schrödinger equation (SE) is solved 
analytically. Utilizing the conformable fractional variation of the Nikiforov-Uvarov (CF-NU) technique, the resulting 
dependent temperature potential in 3D and higher dimensions is used to determine the energy eigenvalues, correlated 
wave functions, and heavy quarkonium masses, such as charmonium and bottomonium, in a hot QCD medium. In Ref. [3], 
the conformable fractional derivative (CFD) method was used to investigate the fractional SE of a particle exhibiting 
position-dependent mass inside an infinite potential well. 

Considering any dependent thermal potential, trigonometric Rosen-Morse potential [4], hot-magnetized interactions 
potential [5], and generalized Cornell potential [6], the distinctive features for heavy quarkonium were examined using 
the N-dimensional radial SE within the framework of the CFD. Hammed et al. [7] used the CF-NU technique to generate 
triaxial nuclei solutions for the CF Bohr Hamiltonian using the Kratzer potential. Based on the Fermi-Pasta-Ulam model, 
the authors investigated the time-dependent fraction fluctuation and the modified Gardner-type formula [8].  Abu-Shady 
and Kaabar proposed the generalized fractional derivative (GFD), which has more features than the earlier definitions [9]. 
Solving SE is a significant difficulty in quantum mechanics and particle physics for analyzing physical 
systems [10, 11, 12]. The fractional N-dimensional radial Schrödinger equation (SE) with the Deng–Fan potential (DFP) 
is investigated by the generalized fractional Nikiforov–Uvarov (NU) method [13].  

Furthermore, as shown in Refs. [14, 15, 16], employing the NU technique allows for the exact solution of the SE 
and detailed system definition. This strategy outperforms previous methods, including those used in Ref. [17]. The Cornell 
potential and the expanded Cornell potential have already been used as in Refs. [24-28], applying wide methodologies 
including the NU method [22, 26, 29, 30]. Pekeris pattern prediction (PTA) [31, 32], the power series methodology 
(PST) [31], the asymptotic iteration procedure (AIM) [34], and the analysis of the exact iteration approach (AEIM) [33]. 

The thermodynamic features of quantum structures are crucial in quantum physics and the physical sciences. 
Analyzing characteristics such as entropy, specific heat capacity, mean energy, and free energy necessitates the partition 
function, which is dependent on temperature [17, 34, 35].  

Numerous academics have recently become interested in using a range of quantum potential models to investigate 
the thermodynamic characteristics of systems. For instance, Edet et al. [36] investigated the thermal characteristics of the 
Deng-Fan Eckart potential model using the Poisson summation approach. Ikot et al. evaluated the thermodynamic 
properties of diatomic molecules with general molecular potential [37]. Onate [38] discovered the vibrational partition 
function, mean energy, vibrational specific heat capacity, and mean free energy in bound state formulations of the SE with 
the second Psychol-Teller-like potential. Within that paper, a hyperbolic variant of the Psychol-Teller-like potential was 
expressed. Numerous academics are interested in the practical use of the energy eigenvalue of the SE to study the partition 
function, thermodynamic properties, and superstatistics. Lately, Okon et al. [39] applied the NU technique to study the 
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thermodynamic characteristics and boundary phase formulations of two diatomic systems (carbon (II) oxide and scandium 
fluoride) using the Mobius square and screened Kratzer potential. Their findings agreed with those of semi-classical WKB 
and others. They used a close-form formulation of the energy eigenvalue to extract the partition function and other 
thermodynamic properties. Additionally, Oyewumi et al. [40] investigated the rotational-vibrational energy eigenvalues 
for diatomic systems employing the Pekeris-type approximated performance to centrifugal term and approximation 
solutions to the SE using the shifting Deng-Fan potential model within the asymptotic iteration framework. Furthermore, 
Boumali and Hassanabadi [41] investigated the thermal characteristics of a two-dimensional Dirac oscillator in the 
presence of an external magnetic field and discovered relativistic spin ଵଶ fermions influenced by Dirac oscillator coupling 
and a constant magnetic field in both computational and noncommutative spaces. In addition, properties of hadrons are 
investigated using the quark model as in Refs. [43, 44]. 

The main aim of the current work is to study the effect of the fractional parameter on superstatistics and thermal 
properties using the generalized fractional parametric NU method which, results in Ref. [47] being a special case of the 
present model at α = β =1. 

The paper is organized as follows: In Section 1, the contributions of earlier works are presented. In Section 2, the 
generalized fractional derivative is introduced. In Section 3, the radial Schrodinger equation with parametric generalized 
differential NU method is introduced. In Sections 4 and 5, thermodynamic properties and superstatistics formulation are 
presented. In Sec. 6, results and discussion are explained. In Section 7, a conclusion is written. 

 
2. THE GENERALIZED FRACTIONAL DERIVATIVE 

The present study suggests the generalized fractional derivative (GFD): it is an alternative formula for a fractional 
derivative. Compared to other traditional Caputo and Riemann-Liouville fractional derivative definitions, the generalized 
fractional derivative has been proposed to offer greater benefits, such that the derivative of two functions, See Ref. [9] 
for a new approach to easily computing fractional differential formulas. For a function 𝑍: (0,∞) → 𝑅, the generalized 
fractional derivative of order 0 < 𝛼 ≤ 1 of 𝑍(𝑡) at 𝑡 > 0 is defined as 

 𝐷ீி஽𝑍(𝑡) = 𝑙𝑖𝑚ఌ→଴  ௓ቀ௧ା ೨(ഁ)೨(ഁషഀశభ)ఌ௧భషഀቁି௓(௧)ఌ ;𝛽 > −1,𝛽 ∈ 𝑅ା. (1) 

The generalized fractional derivative has the following characteristics: 

 𝐷ఈሾ𝑍(𝑡)ሿ = 𝑘ଵ𝑡ଵିఈ𝑍̀(𝑡) (2) 

 𝐷ఈሾ𝐷ఈ𝑍(𝑡)ሿ = 𝑘ଵଶൣ(1 − 𝛼)𝑡ଵିଶఈ𝑍̀௡௟(𝑡) + 𝑡ଶିଶఈ𝑍ᇱᇱ(𝑡)൧, (3) 

where: 

 𝑘ଵ = ୻[ఉ]୻[ఉିఈାଵ] , with 0 < 𝛼 ≤ 1,0 < 𝛽 ≤ 1, (4) 

 𝐷ఈ𝐷ఉ𝑡௠ = 𝐷ఈାఉ𝑡௠ for function derivative of 𝑍(𝑡) = 𝑡௠,𝑚 ∈ 𝑅ା, (5) 

 𝐷ீி஽(𝑋𝑌) = 𝑋𝐷ீி஽(Υ) + Υ𝐷ீி஽(𝑋) where 𝑋,Υ be 𝛼 −  differentiable function, (6) 

 𝐷ீி஽ ቀ௑௒ቁ = ஌஽ಸಷವ(௑)ି௑஽ಸಷವ(஌)஌మ  where 𝑋,Υ be 𝛼 - differentiable function, (7) 

 𝐷ఈ𝐼ఈ𝑍(𝑡) = 𝑍(𝑡) for ≥ 0 and 𝑍 is any function within the domain that is continuous. (8) 
 

2.1. The generalized fractional derivative with NU method 
The parametric generalized fractional Nikiforov-Uvarov (NU) approach is introduced, making use of generalized 

fractional derivative. In the fractional structure as in Ref. [45], the second-order parametric generalized differential 
calculus is precisely computed. 

 𝐷ఈ[𝐷ఈ𝜓(𝑠)] + ఛ‾(௦)ఙ(௦)𝐷ఈ𝜓(𝑠) + ఙ‾ (௦)ఙమ 𝜓(𝑠) = 0, (9) 

where 𝜎‾(𝑠),𝜎(𝑠) and 𝜏‾(𝑠) are polynomials of 2𝛼-th, 2𝛼-th and 𝛼-th degree. 

 𝜋(𝑠) = ஽ഀఙ(௦)ିఛ‾(௦)ଶ ± ටቀ஽ഀఙ(௦)ିఛ‾(௦)ଶ ቁଶ − 𝜎‾(𝑠) + 𝐾௫𝜎(𝑠), (10) 

and, 
 𝜆 = 𝐾௫ + 𝐷ఈ𝜋(𝑠), (11) 𝜋(𝑠) is 𝛼-th degree polynomial, 𝜆 is constant. It is feasible to identify the quantities of 𝐾௫ in the squareroot of Eq. (10), 
and therefore the formula within the square root is quadratic of expression. 𝐾௫ is substituted for in Eq. (10), and we define. 

 𝜏(𝑠) = 𝜏‾(𝑠) + 2𝜋(𝑠). (12) 
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Given that 𝜌(𝑠) > 0 and 𝜎(𝑠) > 0, the derivative of 𝜏 is supposed to be negative in Ref. [46]. If 𝜆 in Eq. (11) be 

 𝜆 = 𝜆௡ = −𝑛𝐷ఈ𝜏 − ௡(௡ିଵ)ଶ 𝐷ఈ[𝐷ఈ𝜎(𝑠)]. (13) 

The solution of Eq. (3) is a combination of two independent components, and the hypergeometric type of equation 
has a distinctive solution with degree 𝛼. 

 𝜓(𝑠) = 𝜙(𝑠)𝑦(𝑠), (14) 

wherein, 

 𝑦௡(𝑠) = ஻೙ఘ(௦) (𝐷ఈ)௡(𝜎(𝑠)௡𝜌௡(𝑠)), (15) 

 𝐷ఈ[𝜎(𝑠)𝜌(𝑠)] = 𝜏(𝑠)𝜎(𝑠), (16) 

 ஽ഀథ(௦)థ(௦) = గ(௦)ఙ(௦). (17) 
 

2.2. Parametric Second Order Generalized Differential Equation 
The fractional Schrödinger formula is expressed in a general form as in Ref. [42] that follows. 

 𝐷ఈ[𝐷ఈ𝜓(𝑠)] + ఛ‾(௦)ఙ(௦)𝐷ఈ𝜓(𝑠) + ఙ‾(ఙ(௦))మ 𝜓(𝑠) = 0 (18) 

where: 

 𝜏‾(𝑠) = 𝛼ଵ − 𝛼ଶ𝑠ఈ , (19) 

 𝜎(𝑠) = 𝑠ఈ(1 − 𝛼ଷ𝑠ఈ), (20) 

 𝜎‾(𝑠) = −𝜉ଵ𝑠ଶఈ + 𝜉ଶ𝑠ఈ − 𝜉ଷ (21) 

Substituting Eqs. (19), (20), and (21) into Eq. (10), we obtain. 

 𝜋 = 𝛼ସ + 𝛼ହ𝑠ఈ ± ඥ(𝛼଺ − 𝐾௫𝛼ଷ)𝑠ଶఈ + (𝛼଻ + 𝐾௫)𝑠ఈ + 𝛼଼ (22) 

where: 
 𝛼ସ = ଵଶ (𝑘ଵ𝛼 − 𝛼ଵ), (23) 

 𝛼ହ = ଵଶ (𝛼ଶ − 2𝛼ଷ𝑘ଵ𝛼), (24) 

 𝛼଺ = 𝛼ହଶ + 𝜉ଵ, (25) 

 𝛼଻ = 2𝛼ସ𝛼ହ − 𝜉ଶ, (26) 

 𝛼଼ = 𝛼ସଶ + 𝜉ଷ, (27) 

According to the NU technique, the square of a polynomial must be the function under square root in Eq. (22), which 
implies. 

 𝐾௫ = −(𝛼଻ + 2𝛼ଷ𝛼଼) ± 2ඥ𝛼଼𝛼ଽ, (28) 

where: 
 𝛼ଽ = 𝛼ଷ𝛼଻ + 𝛼ଷଶ𝛼଼ + 𝛼଺. (29) 

In case 𝐾௫ is negative then has the form 

 𝐾௫ = −(𝛼଻ + 2𝛼ଷ𝛼଼) − 2ඥ𝛼଼𝛼ଽ. (30) 

So that 𝜋 becomes. 

 𝜋 = 𝛼ସ + 𝛼ହ𝑠ఈ − ൣ൫ඥ𝛼ଽ + 𝛼ଷඥ𝛼଼൯𝑠ఈ − ඥ𝛼଼൧ (31) 

By using Eqs. (12), (22), and (31) then, we obtain. 

 𝜏 = 𝛼ଵ + 2𝛼ସ − (𝛼ଶ − 2𝛼ହ)𝑠ఈ − ൣ൫ඥ𝛼ଽ + 𝛼ଷඥ𝛼଼൯𝑠ఈ − ඥ𝛼଼൧ (32) 

From Eqs. (2), and (32), we get. 

 𝐷ఈ𝜏 = 𝑘ଵൣ−𝛼(𝛼ଶ − 2𝛼ହ) − 2𝛼൫ඥ𝛼ଽ + 𝛼ଷඥ𝛼଼൯൧ = 𝑘ଵൣ−2𝛼ଶ𝛼ଷ − 2𝛼൫ඥ𝛼ଽ + 𝛼ଷඥ𝛼଼൯൧ < 0 (33) 
We construct the energy spectrum equation from Eqs. (11), and (13) 
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 𝑘ଵ𝛼𝛼ଶ − (2𝑛 + 1)𝑘ଵ𝛼𝛼ହ + (2𝑛 + 1)𝑘ଵ𝛼൫ඥ𝛼ଽ + 𝛼ଷඥ𝛼଼൯ + 𝑛(𝑛 − 1)𝑘ଵଶ𝛼ଶ𝛼ଷ + 𝛼଻ + 2𝛼ଷ𝛼଼ + 2ඥ𝛼଼𝛼ଽ = 0. (34) 

We obtain the standard formula of the energy eigenvalue as in Ref. [47], If 𝛼 = 𝛽 = 1 then 𝑘ଵ = 1, 

 𝑛𝛼ଶ − (2𝑛 + 1)𝛼ହ + (2𝑛 + 1)൫ඥ𝛼ଽ + 𝛼ଷඥ𝛼଼൯ + 𝑛(𝑛 − 1)𝛼ଷ + 𝛼଻ + 2𝛼ଷ𝛼଼ + 2ඥ𝛼଼𝛼ଽ = 0 (35) 

by using Eq. (16), we get 

 𝜌(𝑠) = 𝑠ഀభబషഀೖభ  (1 − 𝛼ଷ𝑠ఈ) ഀభభഀభഀయିഀభబഀೖభି భೖభ . (36) 

From Eq. (15), we obtain. 

 𝑦௡ = 𝑃௡ቀഀభబషഀೖభ , ഀభభഀೖభഀయିഀభబഀೖభି భೖభቁ(1 − 2𝛼ଷ𝑠ఈ) (37) 

where, 𝐿௡ being the Laguerre polynomials, 𝛼ଵ଴ and 𝛼ଵଵ becomes. 𝛼ଵ଴ = 𝛼ଵ + 2𝛼ସ + 2ඥ𝛼଼ 𝛼ଵଵ = 𝛼ଶ − 2𝛼ହ + 2൫ඥ𝛼ଽ + 𝛼ଷඥ𝛼଼൯ (38) 

The fractional wave function is given by Eq. (14), 

 𝜓(𝑠) = 𝑠ഀభమೖభ (1 − 𝛼ଷ𝑠ఈ) షഀభయഀೖభഀయିഀభమഀೖభ𝑃௡ቀഀభబషഀೖభ , ഀభభഀೖభഀయିഀభబഀೖభି భೖభቁ(1 − 2𝛼ଷ𝑠ఈ) (39) 

where, 𝑃௡(ఊ,ఋ) are Jacobi polynomials and 𝛼ଵଶ = 𝛼ସ + ඥ𝛼଼ 𝛼ଵଷ = 𝛼ହ − ൫ඥ𝛼ଽ + 𝛼ଷඥ𝛼଼൯ (40) 
Some problems, in case 𝛼ଷ = 0. 

 limఈయ→଴ 𝑃௡ቀഀభబషഀೖభ , ഀభభഀೖభഀయିഀభబഀೖభି భೖభቁ(1 − 𝛼ଷ𝑠ఈ) = 𝐿௡ഀభబషഀೖభ ቀఈభభఈ௞భ 𝑠ఈቁ  (41) 

 limఈయ→଴ (1 − 𝛼ଷ𝑠ఈ) షഀభయഀೖభഀయିഀభమഀೖభ = 𝑒ഀభయഀೖభ௦ഀ (42) 

Then Eq. (39), becomes. 

 𝜓(𝑠) = 𝑠ഀభమೖభ 𝑒ഀభయഀೖభ௦ഀ𝐿௡ഀభబషഀೖభ ቀఈభభఈ௞భ 𝑠ఈቁ (43) 

where, 𝐿௡ being the Laguerre polynomials, and 𝐾௫ becomes. 

 𝐾௫ = −(𝛼଻ + 2𝛼ଷ𝛼଼) + 2ඥ𝛼଼𝛼ଽ (44) 

then, the wave function is, 

 𝜓(𝑠) = 𝑠ഀభమ∗ೖభ (1 − 𝛼ଷ𝑠ఈ)షഀభయ∗ഀభഀయ ିഀభమ∗ഀೖభ 𝑃௡ቀഀభబ∗షഀೖభ , ഀభభ∗ഀೖభഀయିഀభబ∗ഀೖభ ି భೖభቁ×(1 − 2𝛼ଷ𝑠ఈ), (45) 

The fractional energy eigenvalue formula is given: 

 𝑛𝑘ଵ𝛼𝛼ଶ − 2𝑛𝑘ଵ𝛼𝛼ହ + (2𝑛 + 1)𝑘ଵ𝛼൫ඥ𝛼ଽ − 𝛼ଷඥ𝛼଼൯ + 𝑛(𝑛 − 1)𝑘ଵ ଶ𝛼ଶ𝛼ଷ + 𝛼଻ + 2𝛼ଷ𝛼଼ − 2ඥ𝛼଼𝛼ଽ + 𝑘ଵ𝛼𝛼ହ = 0 (46) 

where: 

 𝛼ଵ଴∗ = 𝛼ଵ + 2𝛼ସ − 2ඥ𝛼଼, (47) 

 𝛼ଵଵ∗ = 𝛼ଶ − 2𝛼ହ + 2൫ඥ𝛼ଽ − 𝛼ଷඥ𝛼଼൯, (48) 

 𝛼ଵଶ∗ = 𝛼ସ − ඥ𝛼଼, (49) 

 𝛼ଵଷ∗ = 𝛼ହ − ൫ඥ𝛼ଽ − 𝛼ଷඥ𝛼଼൯. (50) 

 
3. THE RADIAL SCHRODINGER EQUATION WITH PARAMETRIC GENERALIZED DIFFERENTIAL 

NU METHOD 
The suggested Coulomb plus screened hyperbolic exponential potential (CPSHEP) [47] is presented so as. 
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 𝑉(𝑟) = −௩భ௥ + ቀ஻௥ − ௩మୡ୭ୱ୦ ఈೣ௥మ ቁ 𝑒ିఈೣ௥ (51) 

where 𝛼௫ is the adjustable screening parameter, 𝐵 is a real constant parameter, and 𝑣ଵ and 𝑣ଶ are the potential depths. 
This is the centrifugal term's Pekeris-like approximation: 

 ଵ௥మ = ఈమೣ(ଵି௘షഀೣೝ)మ ⇒ ଵ௥ = ఈೣ(ଵି௘షഀೣೝ). (52) 

by substituting Eq. (52) to Eq. (51), then we obtain the approximation form of the mentioned potential as follows. 

 𝑉(𝑟) = − ௩భఈೣ(ଵି௘షഀೣೝ) + ቀ ஻ఈೣ(ଵି௘షഀೣೝ) − ௩మ ఈమೣ ୡ୭ୱ୦ ఈೣ(ଵି௘షഀೣೝ)మ ቁ 𝑒ିఈೣ௥ (53) 

The radial Schrödinger equation with the centrifugal term is given as follows. 

 ௗమோ(௥)ௗ௥మ + ଶ ఓℏమ ⋅ ቄ𝐸 − 𝑉(𝑟) − ℏమ ௟(௟ାଵ)ଶ ఓ ௥మ ቅ 𝑅(𝑟) = 0 (54) 

The exact solution to Eq. (54) can only be obtained through an analytical solution when the angular orbital quantum 
number l = 0. Nevertheless, Eq. (54) can only be solved for l > 0 by applying the centrifugal term estimates in Eq. (52). 
Eq. (51) can be substituted into Eq. (54) to yield. 

 ௗమோ(௥)ௗ௥మ + ଶ ఓℏమ ⋅ ቄ𝐸 + ௩భ୰ − ୆ ௘షഀೣೝ୰ + ௩మ ௘షഀೣೝୡ୭ୱ୦ ఈೣ௥మ − ℏమ ௟(௟ାଵ)ଶ ఓ ௥మ ቅ 𝑅(𝑟) = 0 (55) 

Eq. (52) can be substituted into Eq. (55) to obtain the following equation: 

 ௗమோ(௥)ௗ௥మ + ଶ ఓℏమ ⋅ ቄ𝐸 + ௩భఈೣ(ଵି௘షഀೣೝ) − ୆ ఈೣ  ௘షഀೣೝ(ଵି௘షഀೣೝ) + ௩మ ఈమೣ ௘షഀೣೝୡ୭ୱ୦ ఈೣ(ଵି௘షഀೣೝ)మ − ℏమఈమೣ ௟(௟ାଵ)ଶ ఓ (ଵି௘షഀೣೝ)మቅ 𝑅(𝑟) = 0 (56) 

With a little mathematical simplification and a definition of s= 𝑒ିఈೣ௥, Eq. (56) will be expressed as follows. 

 ௗమோ(௦)ௗ௦మ + (ଵି௦)௦(ଵି௦) ௗோௗ௦ + ଵ௦మ(ଵି௦)మ ⋅ ቐ −(𝜀ଶ − 𝜒ଵ)𝑠ଶ+(2𝜀ଶ − 𝛿ଶ − 𝜒ଵ + 𝜒ଶ)𝑠−(𝜀ଶ − 𝛿ଶ + 𝑙(𝑙 + 1)) ቑ𝑅(𝑠) = 0 (57) 

where, 

 𝜀ଶ = −ଶఓா೙೗ℏమఈమೣ , 𝛿ଶ = ଶఓ௩భℏమఈೣ ,𝜒ଵ = ଶఓ஻ℏమఈೣ ,𝜒ଶ = ଶఓ௩మ ୡ୭ୱ୦ఈೣℏమ , 𝑠 = 𝑒ିఈೣ௥. (58) 

Consequently, we obtain the generalized fractional radial constituent of the Schrödinger equation [49] as follows. 

 𝐷ఈ[𝐷ఈ𝑅(𝑠)] + ଵି௦ഀ௦ഀ(ଵି௦ഀ)𝐷ఈ𝑅(𝑠) + ିకభ௦మഀାకమ௦ഀିకయ൫௦ഀ(ଵି௦ഀ)൯మ 𝑅(𝑠) = 0 (59) 

Comparing Eq. (57) to Eq. (59), the following polynomials were obtained: 

 𝜉ଵ = (𝜀ଶ − 𝜒ଵ), 𝜉ଶ = (2𝜀ଶ − 𝛿ଶ − 𝜒ଵ + 𝜒ଶ), 𝜉ଷ = 𝜀ଶ − 𝛿ଶ + 𝑙(𝑙 + 1) (60) 

Using Eqs. (10), (12), from Eq. (19) to Eq. (40), other parametric constants are obtained as follows: 

 𝛼ଵ = 𝛼ଶ = 𝛼ଷ = 1,𝛼ସ = ଵଶ (𝑘ଵ𝛼 − 1). (61) 

 𝛼ହ = ଵଶ (1 − 2𝑘ଵ𝛼),𝛼଺ = ଵସ (1 − 2𝑘ଵ𝛼)ଶ − ଶఓா೙೗ℏమఈమೣ − ଶఓ஻ℏమఈೣ. (62) 

 𝛼଻ = ଵଶ (𝑘ଵ𝛼 − 1)(1 − 2𝑘ଵ𝛼) − 2 − ଶఓா೙೗ℏమఈమೣ + ଶఓ௩భℏమఈೣ + ଶఓ஻ℏమఈೣ − ଶఓ௩మୡ୭ୱ୦ ఈೣℏమ . (63) 

 𝛼଼ = ଵସ (𝑘ଵ𝛼 − 1)ଶ − ଶఓா೙೗ℏమఈమೣ − ଶఓ௩భℏమఈೣ ,𝛼ଽ = ଵସ 𝑘ଵଶ𝛼ଶ − ଶఓ௩మୡ୭ୱ୦ ఈೣℏమ + 𝑙(𝑙 + 1). (64) 

 𝛼ଵ଴ = 𝑘ଵ𝛼 + 2ටଵସ (𝑘ଵ𝛼 − 1)ଶ − ଶఓா೙೗ℏమఈమೣ − ଶఓ௩భℏమఈೣ + 𝑙(𝑙 + 1). (65) 

 𝛼ଵଵ = 2𝑘ଵ𝛼 + 2ටଵସ 𝑘ଵଶ𝛼ଶ − ଶఓ௩మ ୡ୭ୱ୦ఈೣℏమ + 𝑙(𝑙 + 1) + ටଵସ (𝑘ଵ𝛼 − 1)ଶ − ଶఓா೙೗ℏమఈమೣ − ଶఓ௩భℏమఈೣ + 𝑙(𝑙 + 1). (67) 

 𝛼ଵଶ = ଵଶ (𝑘ଵ𝛼 − 1) + ටଵସ (𝑘ଵ𝛼 − 1)ଶ − ଶఓா೙೗ℏమఈమೣ − ଶఓ௩భℏమఈೣ + 𝑙(𝑙 + 1) (68) 

 𝛼ଵଷ = ଵଶ (1 − 2𝑘ଵ𝛼) − ଵଶට𝑘ଵଶ𝛼ଶ − ଶఓ௩మୡ୭ୱ୦ ఈೣℏమ − 𝑙(𝑙 + 1) + ටଵସ (𝑘ଵ𝛼 − 1)ଶ − ଶఓா೙೗ℏమఈమೣ − ଶఓ௩భℏమఈೣ + 𝑙(𝑙 + 1) (69) 
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The energy eigenvalue in the fractional form for the present potential can be determined by Eqs. (34), (60), and from 
Eq. (19) to Eq. (40) with considerable algebraic simplification as follows. 

 𝐸௡௟ = ℏమఈమೣ௟(௟ାଵ)ଶఓ − 𝑣ଵ𝛼௫ + ℏమఈమೣ(௞భఈିଵ)మ଼ఓ + ℏమఈమೣଶఓ ∗ ቐ ிభାிమାிయ௞భఈ∗(ଶ௡ାଵ)ାට௄భమఈమାସ௟(௟ାଵ)ି(଼௩మఓୡ୭ୱ୦ ఈೣ/ℏమ)ቑଶ (70) 

we can get the classical case from Eq. (70) at 𝛼 = 𝛽 = 1, then 𝑘ଵ = 1 [47], as the following equation. 

 𝐸௡௟ = ℏమఈమೣ௟(௟ାଵ)ଶఓ − 𝑣ଵ𝛼௫ + ℏమఈమೣଶఓ ∗ ቐ ிరାிఱାிల(ଶ௡ାଵ)ାටଵାସ௟(௟ାଵ)ିቀఴೡమഋౙ౥౩౞ഀೣℏమ ቁቑ
ଶ
 (71) 

where: 

 𝐹ଵ = 𝑘ଵଶ𝛼ଶ(𝑛ଶ + 𝑛 + (1/2)). (72) 

 𝐹ଶ = 𝑘ଵ𝛼 ∗ (𝑛 + (1/2))ඥ𝑘ଵଶ𝛼ଶ + 4𝑙(𝑙 + 1) − (8𝑣ଶ𝜇cosh 𝛼௫/ℏଶ). (73) 

 𝐹ଷ = (2𝜇𝐵/ℏଶ𝛼௫) − ቀଶఓ௩భℏమఈೣቁ − ቀଶ௩మఓ ୡ୭ୱ୦ఈೣℏమ ቁ + 2𝑙(𝑙 + 1). (74) 

 𝐹ସ = (𝑛ଶ + 𝑛 + (1/2)). (75) 

 𝐹ହ = ൬𝑛 + ቀଵଶቁ൰ට1 + 4𝑙(𝑙 + 1) − ቀ଼௩మఓ ୡ୭ୱ୦ఈೣℏమ ቁ. (76) 

 𝐹଺ = (2𝜇𝐵/ℏଶ𝛼௫) − ቀଶఓ௩భℏమఈೣቁ − ቀଶ௩మఓ ୡ୭ୱ୦ఈೣℏమ ቁ + 2𝑙(𝑙 + 1). (77) 

The generalized fractional of the total wave function using Eqs. [38-40], is given as 

 Ψ௡௟(𝑠) = 𝑁௡௟𝑠(ிళ) ∗ (1 − 𝑠ఈ)(ிఴାிవ) ∗ 𝑃௡ቀிభబ,ிభభାிభమି భೖభቁ ∗ (1 − 2𝑠ఈ). (78) 

 𝐹଻ = భమ(௞భఈିଵ)ାඨభర(௞భఈିଵ)మିమഋಶ೙೗ℏమഀమೣ ିమഋೡభℏమഀೣା௟(௟ାଵ)௞భ . (79) 

 𝐹 = −⎝⎜
⎛ଵଶ (1 − 2𝑘ଵ𝛼) − ଵଶට𝑘ଵଶ𝛼ଶ − ଶఓ௩మ ୡ୭ୱ୦ఈೣℏమ − 𝑙(𝑙 + 1) + ඨభర(௞భఈିଵ)మିమഋಶ೙೗ℏమഀమೣ ିమഋೡభℏమഀೣା௟(௟ାଵ)   ቍ

ఈ௞భ  (80) 

 𝐹ଽ = −భమ(௞భఈିଵ)ାඨభర(௞భఈିଵ)మିమഋಶ೙೗ℏమഀమೣ ିమഋೡభℏమഀೣା௟(௟ାଵ)ఈ௞భ  (81) 

 𝐹ଵ଴ = ௞భఈାଶඨభర(௞భఈିଵ)మିమഋಶ೙೗ℏమഀమೣ ିమഋೡభℏమഀೣା௟(௟ାଵ)ିఈ௞భ  (82) 

 𝐹ଵଵ = 2𝑘ଵ𝛼 + 2ටଵସ 𝑘ଵଶ𝛼ଶ − ଶఓ௩మ ୡ୭ୱ୦ఈೣℏమ + 𝑙(𝑙 + 1) + ටଵସ (𝑘ଵ𝛼 − 1)ଶ − ଶఓா೙೗ℏమఈమೣ − ଶఓ௩భℏమఈೣ + 𝑙(𝑙 + 1). (83) 

 𝐹ଵଶ = −௞భఈାଶඨభర(௞భఈିଵ)మିమഋಶ೙೗ℏమഀమೣ ିమഋೡభℏమഀೣା௟(௟ାଵ)ఈ௞భ . (84) 

 
The special case of the total un-normalized wave function at 𝛼 = 𝛽 = 1 then 𝑘ଵ = 1, as in agreement with [47] as 

following. 

 Ψ௡௟(𝑠) = 𝑁௡௟𝑠ඥ(ఌమିఋమା௟(௟ାଵ))(1𝑠)ିభమିଶඥ(ఌమିఋమା௟(௟ାଵ))ିభమඥଵାସ௟(௟ାଵ)ିସఞమ𝑃௡ቂቀଶඥ(ఌమିఋమା௟(௟ାଵ))ቁ⋅൫ඥ(ଵାସ௟(௟ାଵ)ିସఞమ)൧(1 − 2𝑠) (85) 

 
4. THERMODYNAMIC PROPERTIES 

In this section, we describe the potential model's thermodynamic properties. The partition function offered can be 
used to determine the thermodynamic characteristics of quantum systems as follows. 
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 𝑍(𝛽ଵ) = ∑  ఒ௡ୀ଴ 𝑒ିఉభா೙, (86) 

where 𝜆 is an upper constraint on the vibrational quantum number determined by the numerical solution of 𝑑𝐸௡/𝑑𝑛 = 0, 
expressed as 𝜆 = ଵ௞భఈ ൫−𝛿 + ඥ𝛿(𝑘ଵ𝛼 − 𝛿) + 𝑄ଷ),𝛽ଵ = 1/𝐾𝑇, where 𝐾 and 𝑇 are the Boltzmann constant and absolute 
temperature, correspondingly. The integral in Eq.  (87) may substitute the place of the summation in the classical limit. 

 𝑍(𝛽ଵ) = ׬  ఒ଴ 𝑒ିఉభா೙𝑑𝑛 (87) 

The energy eigenvalue equation as in Eq. (70) can be expressed in a concise form as follows to yield the partition 
functions. 

 𝐸௡௟ = 𝑄ଵ + 𝑄ଶ ∗ ቄ(௞భఈ௡ାఋ)ଶ + ఋ(௞భఈିఋ)ାொయଶ(௞భఈ௡ାఋ) ቅଶ, (88) 

where: 𝑄ଵ = ℏమఈమೣ௟(௟ାଵ)ଶఓ − 𝑣ଵ𝛼 + ℏమఈమೣ(௞భఈିଵ)మ଼ఓ ,𝑄ଶ = ℏమఈమೣଶఓ , 𝑄ଷ = ቀ ଶఓ஻ℏమఈೣቁ − ቀଶఓ௩భℏమఈೣቁ − ቀଶ௩మఓ ୡ୭ୱ୦ఈೣℏమ ቁ + 2𝑙(𝑙 + 1), 

 𝛿 = ଵଶ 𝑘ଵ𝛼 + ටଵସ 𝑘ଵଶ𝛼ଶ − ଶ௩మఓ ୡ୭ୱ୦ఈೣℏమ + 𝑙(𝑙 + 1). (89) 

 The following form can be used to represent Eq. (88) as follows. 

 𝐸௡௟ = (𝑄ଵ + ொమ(ఋ(௞భఈିఋ)ାொయ)ଶ ) + (ொమఘమସ + ொమ(ఋ(௞భఈିఋ)ାொయ)మସఘమ ). (90) 

where: 

 𝜌 = 𝑘ଵ𝛼𝑛 + 𝛿 (91) 

(i) Partition function is obtained by inserting Eq. (90) to Eq. (87) and noting modifications to the integration 
boundaries utilizing Eq. (91) 

 𝑍(𝛽ଵ) = 𝑒ିఉభቀொభାೂమ(ഃ(ೖభഀషഃ)శೂయ)మ ቁ ׬  ௞భఈఒାఋఋ 𝑒ఉభ(ೂమഐమర ାೂమ(ഃ(ೖభഀషഃ)శೂయ)మరഐమ )𝑑𝜌. (92) 

The partition function of Eq. (92) is obtained as 

 𝑍(𝛽ଵ) = (√గ௘షభమഁభቀಿೂమశಿಿబమశమೂభ)(ୣ୰୤൫ඥఉభஃభ൯ାୣ୰୤൫ඥఉభஃయ൯)ି௘ഁభಿಿబమ ౛౨౜൫ඥഁభ౻మ൯శ೐ഁభಿಿబమ ౛౨౜൫ඥഁభ౻ర൯ቇଶඥఉభேబ . (93) 

(ii) Vibrational free energy is given as follows. 

 𝐹(𝛽ଵ) =  − ଵఉభ  𝑙𝑛𝑍(𝛽ଵ). (94) 

 𝐹(𝛽ଵ) = − ୪୭୥ ⎝⎜
⎛√ഏ೐షభమഁభቀಿೂమశಿಿబమశమೂభ)(౛౨౜ ൫ඥഁభ౻భ൯శ౛౨౜ ൫ඥഁభ౻య൯ష೐ഁభಿಿబమ౛౨౜ ൫ඥഁభ౻మ൯శ೐ഁభಿಿబమ౛౨౜ ൫ඥഁభ౻ర൯൱మඥഁభಿబ ⎠⎟

⎞
ఉభ  (95) 

(iii) Vibrational mean energy is given as follows. 

 𝑈(𝛽ଵ) = −  ௗௗఉభ 𝑙𝑛𝑍(𝛽ଵ), (96) 

 𝑈(𝛽ଵ) = ଵଶ ቀ ଵఉభ − Ω + 𝑁𝑄ଶ + 𝑁𝑁଴ଶ + 2𝑄ଵቁ, (97) 

 Ω = ଶ(ிభయିிభర)√గඥఉభቆୣ୰୤ ൫ඥఉభஃభ൯ାୣ୰୤ ൫ඥఉభஃయ൯ି௘ഁభಿಿబమୣ୰୤ ൫ඥఉభஃమ൯ା௘ഁభಿಿబమ౛౨౜ ൫ඥഁభ౻ర൯ቁ, (98) 

 𝐹ଵଷ = Λଵ𝑒ିఉభஃభమ + Λଷ𝑒ିఉభஃయమ + √𝜋ඥ𝛽ଵ𝑁𝑁଴ଶ൫−𝑒ఉభேேబమ൯ ቀerf ൫ඥ𝛽ଵΛଶ൯ − erf ൫ඥ𝛽ଵΛସ൯ቁ, (99) 

 𝐹ଵସ = −Λଶ𝑒ఉభ൫ேேబమିஃమమ൯ + Λସ𝑒ఉభ൫ேேబమିஃరమ൯. (100) 

(iv) Vibrational entropy is given as follows. 

 𝑆(𝛽ଵ)  =  𝐾  𝑙𝑛 𝑍(𝛽ଵ)  + 𝐾 𝛽ଵ  ௗௗఉభ 𝑙𝑛𝑍(𝛽ଵ), (101) 
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 𝑆(𝛽ଵ) = 𝐾 ൬ඥఉభ(ிభఱାிభల)ிభళ + log (𝐹ଵ଼) + ଵଶ 𝛽ଵ(𝑁𝑄ଶ + 𝑁𝑁଴ଶ + 2𝑄ଵ) + ଵଶ൰, (102) 

 𝐹ଵହ = −Λଵ𝑒ିఉభஃభమ − Λଷ𝑒ିఉభஃయమ + √𝜋ඥ𝛽ଵ𝑁𝑁଴ଶ𝑒ఉభேேబమ൫erf ൫ඥ𝛽ଵΛଶ൯ − erf ൫ඥ𝛽ଵΛସ)൯)൯, (103) 

 𝐹ଵ଺ = Λଶ𝑒ఉభ൫ேேబమିஃమమ൯ − Λସ𝑒ఉభ൫ேேబమିஃరమ൯, (104) 

 𝐹ଵ଻ = 𝜋 ቀerf൫ඥ𝛽ଵΛଵ൯ + erf൫ඥ𝛽ଵΛଷ൯ − 𝑒ఉభேேబమ erf൫ඥ𝛽ଵΛଶ൯ +   𝑒ఉభேேబమerf ൫ඥ𝛽ଵΛସ൯ቁ, (105) 

 𝐹ଵ଼ = √గ௘షభమഁభቀಿೂమశಿಿబమశమೂభቇ൭ ୣ୰୤ ൫ඥఉభஃభ൯ାୣ୰୤ ൫ඥఉభஃయ൯ି௘ഁభಿಿబమୣ୰୤ ൫ඥఉభஃమ൯ା௘ഁభಿಿబమୣ୰୤ ൫ඥఉభஃర൯൱ଶඥఉభேబ . (106) 

(v) Vibrational specific heat capacity is given as follows. 

 𝐶(𝛽ଵ)= - 𝐾 𝛽ଵଶ  ௗ௎(ఉభ)ௗఉభ . (107) 

 𝐶(𝛽ଵ) = ଵଶ 𝐾 ቆଶఉభయ/మ(ிభవାிమబ)ிమభ − ඥఉభ(ிమమ)ிమభ − ଶ௘షమഁభቀ౻భమశ౻మమశ౻యమశ౻రమቁఉభ(ிమయ)మగ(ிమభ)మ + 1ቇ. (108) 

𝐹ଵଽ = −𝑒ேேబమఉభ𝑁ଶ൫erf൫ඥ𝛽ଵΛଶ൯ − erf൫ඥ𝛽ଵΛସ൯൯√𝜋ඥ𝛽ଵ𝑁଴ସ +ଵଶ 𝑒ேேబమఉభ𝑁 ൬൫ୣ୰୤൫ඥఉభஃర൯ିୣ୰୤൫ඥఉభஃమ൯൯√గඥఉభ − 4𝑒ିఉభஃమమΛଶ + 4𝑒ିఉభஃరమΛସ൰𝑁଴ଶ − 𝑒ିఉభஃభమΛଵଷ  (109) 

 𝐹ଶ଴ = 𝑒ఉభ൫ேேబమିஃమమ൯Λଶଷ − 𝑒ିఉభஃయమΛଷଷ − 𝑒ఉభ൫ேேబమିஃరమ൯Λସଷ . (110) 

 𝐹ଶଵ = √𝜋 ቀerf ൫ඥ𝛽ଵΛଵ൯ − 𝑒ேேబమఉభerf ൫ඥ𝛽ଵΛଶ൯ + erf ൫ඥ𝛽ଵΛଷ൯ + 𝑒ேேబమఉభerf ൫ඥ𝛽ଵΛସ൯ቁ (111) 𝐹ଶଶ = −𝑒ேேబమఉభ𝑁 ቀerf ൫ඥ𝛽ଵΛଶ൯ − erf ൫ඥ𝛽ଵΛସ൯ቁ√𝜋ඥ𝛽ଵ𝑁଴ଶ + 𝑒ିఉభஃభమΛଵ −𝑒ఉభ൫ேேబమିஃమమ൯Λଶ + 𝑒ିఉభஃయమΛଷ + 𝑒ఉభ൫ேேబమିஃరమ൯Λସ. (112) 𝐹ଶଷ = −𝑒ఉభ൫ேேబమାஃభమାஃమమାஃయమାஃరమ൯𝑁 ቀerf ൫ඥ𝛽ଵΛଶ൯ − erf ൫ඥ𝛽ଵΛସ൯ቁ√𝜋ඥ𝛽ଵ𝑁଴ଶ +𝑒ఉభ൫ஃమమାஃయమାஃరమ൯Λଵ − 𝑒ఉభ൫ேேబమାஃభమାஃయమାஃరమ൯Λଶ + 𝑒ఉభ൫ஃభమାஃమమାஃరమ൯Λଷ + 𝑒ఉభ൫ேேబమାஃభమାஃమమାஃయమ൯Λସ.
 (113) 

where: 

 𝑁 = 𝑄ଶ(𝛿(𝛼𝑘ଵ − 𝛿) + 𝑄ଷ)ଶ,𝑁଴ = ඥ−𝑄ଶ,Λଵ = ேబ൫ேିఋమ൯ଶఋ . (114) 

 
 Λଶ = ேబ൫ఋమାே൯ଶఋ ,Λଷ = ேబ൫(ఋାఈ௞భఒ)మିே൯ଶ(ఋାఈ௞భఒ) ,Λସ = ேబ൫(ఋାఈ௞భఒ)మାே൯ଶ(ఋାఈ௞భఒ)  (115) 

 
5. SUPERSTATISTICS FORMULATION 

Superstatistics represents a statistical concept that applies to dynamic nonequilibrium systems and statistically 
intense variable (𝛽ଵ) variation [49]. Chemical potential and energy fluctuation, which are primarily described in terms of 
the effectual Boltzmann variable, are included in this extensive parameter that experiences spatiotemporal volatility [50]. 
Apparently, Edet et al. [51], present the actual Boltzmann factor as follow. 

 𝐵(𝐸) = ׬  ஶ଴ 𝑒ିఉభᇲா𝑓(𝛽ଵᇱ ,𝛽ଵ)𝑑𝛽ଵᇱ . (116) 

where 𝑓(𝛽ଵᇱ ,𝛽ଵ) = 𝛿(𝛽ଵ − 𝛽ଵᇱ) is the Dirac delta function. 
The generalized Boltzmann constant is given as the following when stated in terms of the deformation parameter q: 

 𝐵(𝐸) = 𝑒ିఉభா ቀ1 + ௤ଶ 𝛽ଵଶ𝐸ଶቁ. (117) 

The partition function for superstatistics formalism is then provided as 

 𝑍௦ = ׬  ஶ଴ 𝐵(𝐸)𝑑𝑛. (118) 

The modified Boltzmann constant equation is presented as when Eq. (90) is substituted into Eq. (117). 
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 𝐵(𝐸) =൦௤ଶ 𝛽ଵଶ ቌቀ𝑄ଵ + ொమ(ఋ(௞భఈିఋ)ାொయ)ଶ ቁ + ቀொమఘమସ+ ொమ(ఋ(௞భఈିఋ)ାொయ)మସఘమ ቍଶ൪
 ∗ 𝑒ିఉభ൤ቀொభାೂమ(ഃ(ೖభഀషഃ)శೂయ)మ ቁା൬ೂమഐమర ାೂమ(ഃ(ೖభഀషഃ)శೂయ)మరഐమ ൰൨

. (119) 

Using Eq. (118), the superstatistics partition function equation is given as. 

 𝑍௦൫𝛽1൯ = 𝑒ఉభቀொభାೂమ(ഃ(ೖభഀషഃ)శೂయ)మ ቁ ׬  ஶ଴  ൦1 + ௤ଶ 𝛽ଵଶ ቌቀ𝑄ଵ + ொమ(ఋ(௞భఈିఋ)ାொయ)ଶ ቁ + ቀொమఘమସ+ ொమ(ఋ(௞భఈିఋ)ାொయ)మସఘమ ቍଶ൪ ∗ 𝑒ఉభ൬ೂమഐమర ାೂమ(ഃ(ೖభഀషഃ)శೂయ)మరഐమ ൰𝑑𝜌 (120) 

The partition for superstatistics obtained from Eq. (120), is given as. 

 𝑍௦൫𝛽1൯ = √గට భഁభఉభయ/మ௘షభమഁభቀಿೂమశಿಿబమశమೂభቁቆொమ(ఉభమ௤(ேொమାଶொభ)ାସ)ିఉభ௤ொమ൬ට భഁభఉభయ/మேேబమାଵ൰ቇସ൫ఉభ(ିொమ)൯య/మ . (121) 

where: 
 𝐹௦(𝛽ଵ) = − ୪୬(௓ೞ)ఉభ , (122) 

 𝑈௦(𝛽ଵ) = −ப୪୬(௓ೞ)பఉభ , (123) 

 𝑆௦(𝛽ଵ) = 𝐾 ln (𝑍௦) − 𝛽ଵ𝐾 ப൫୪୬ (௓ೞ)൯பఉభ , (124) 

 𝐶௦(𝛽ଵ) = −𝐾𝛽ଵଶ ப௎ೞபఉభ. (125) 
 

6. RESULTS AND DISCUSSION 
We plotted all figures using the following parameters 𝛽ଵ = ଵ௄், and 𝐾 is the Boltzmann constant. When the principal 

quantum number n is around 0 and 1,2, … , 𝜆, and 𝜇 is the reduced mass for quarkonium as = ௠భ∗௠మ௠భା௠మ. In Fig. 1 (left panel), 
the suggested coulomb plus screened hyperbolic exponential potential (CPSHEP) and an approximation one is plotted 
according to two characteristics: the coulomb potential and confinement potential characterize the short and long 
distances, respectively. The approximate potential is brief, with the actual potential reaching 0.8 fm. We plotted the Pekeris 
approximation graph compared to the screening parameter 𝛼୶ as shown in Fig. 1(the right panel), since the approximation 
fits the anticipated potential. 

 
Figure 1. (the left panel), the potential 𝑉(𝑟) of the exact potential via approximation potential are drawn as a function of distance (𝑟) at 𝛼௫ = 0.2, (the right panel), the graph of Pekeris approximation for various values of 𝛼௫. 

In Fig. (2), it shows how the temperature parameter affects the partition function for thermodynamic properties and 
superstatics. In this case, the partition function grows nonlinearly with 𝛽ଵ whereas, the partition function in Fig. 2 (the left 
panel), deviated as increased, it later converged for the superstatistics, as seen in Figure. 2 (The left panel). As can be seen, 
the partition function (Z) is delicate at the highest values of 𝛽ଵ, the range of 𝛽ଵ between 4GeVିଵ and 7GeVିଵ correlates 
with T between 0.142 and 0.25GeV. Additionally, it needs to be observed that as fractional parameters 𝛼 and 𝛽 are increased, 
the curve's conduct becomes lower. In Fig. 2 (the right panel) (superstatics), it can also be seen that the partition function 
converging as acquires higher values of 𝛽ଵ, also by increasing deformation parameter q then curves become higher, 
deformation parameter q improves the behavior of superstatics. The behavior of 𝑍௦(𝛽ଵ)  is compatible with Ref. [52]. In Ref. 
[53], the ground state is shown as the node with the highest value on the probability density diagram. Temperature and the 
Z's behavior in relation to the largest possible quantum number(𝜆). In addition, as the quantum number (𝜆) increases, Z 
decreases simultaneously increasing with temperature. According to Ref. [54], all diatomic molecules show a monotonic 
drop in Z as 𝜆  increases. For some typical ranges of quantum number 𝜆, Z achieves a constant value before declining further. 
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Nevertheless, Z monotonically increases with increasing 𝛽. A closed-form representation of the temperature-dependent 
partition function 𝑍(𝛽) was developed. In Ref. [65], the authors plotted the vibrational partition function variation with a 
different of q values, it can be observed. that when 𝛽 rises, the partition function gets smaller. Furthermore, when q rises, Z 
decreases as 𝛽  increases. Furthermore, as q increases then Z does as well. 

 
Figure 2. (The left panel), the partition function (Z) is displayed as a function of 𝛽ଵ, for various values of 𝛼, and 𝛽. (The right panel), 
the partition function (Z) is displayed as a function of 𝛽ଵ, for various values of deformed parameter q for CPSHEP at 𝛼 = 𝛽 = 0.9 

In Fig. 3 (the left panel), the behavior of curves for free energy 𝐹(𝛽ଵ) increases monotonically by decreasing 
temperature (𝛽ଵ), by increasing 𝛼 and 𝛽 curves become higher using Eq. (95). This finding has a good agreement with 
Ref. [62]. In Fig. 3 (the right panel). For the superstatics, when the system's temperature (𝛽ଵ) steadily drops,  𝐹௦(𝛽ଵ)  rises 
monotonically. A decrease in the deformed parameter (q) always results in a larger free energy using Eq. (122). In Ref. [5], 
for CuLi and ScF, the free energy curves only decrease gradually with increasing 𝛽, but for various values of 𝜆, the free 
energy curves of HCl and ScF increases and get lower with increasing 𝛽. In Ref. [63], when 𝛽 rises, the free energy falls 
monotonically. 

 
Figure 3. (The left panel), the free energy (F) is displayed for various values of 𝛼 as a function of 𝛽ଵ, and 𝛽. (The right panel), F 
is displayed as a function of 𝛽ଵ, for various values of deformed parameter q for CPSHEP at 𝛼 = 𝛽 = 0.8. 

By increasing the deformation parameter q, the free energy curves rise and converge. As demonstrated in Fig. 4 (The 
left panel), and Fig. 4 (the right panel), we displayed the vibrational mean energy variation 𝑈(𝛽ଵ) versus superstatics and 
thermodynamic properties, respectively. 

 
Figure 4. (The left panel), the mean energy (U) is displayed as a function of 𝛽ଵ for various values of 𝛼, and 𝛽. (The right panel), 
the mean energy is displayed as a function of 𝛽ଵ, for various values of deformed parameter q for CPSHEP at 𝛼 = 𝛽 = 0.7. 
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Fig. 4 (the left panel), illustrates how 𝐹(𝛽ଵ) rises with decreasing values for all values of  𝛽ଵ. Additionally, curves 
rise when the values of the fractional parameters 𝛽 and 𝛼 increase using Eq. (97). In Fig. 4 (the right panel), illustrates 
how the superstatics mean energy 𝑈௦(𝛽ଵ) changes when the system's temperature reduces. For different values of the 
deformed parameter (q), 𝑈௦(𝛽ଵ) decreases exponentially at a specific absolute temperature. According to Fig. 4 (the right 
panel), the variation of curves converges for the superstatics. Additionally, the superstatics in Fig. 4(the right panel), show 
that 𝑈௦(𝛽ଵ)  decrease as 𝛽ଵ grows and curves become lower when q increases by using Eq. (123). This behavior is 
computable with Ref. [55], with rising 𝛽 and quantum number 𝜆,𝑈௦(𝛽ଵ) at first rises monotonically and subsequently 
reduces. Also, in Ref. [56], by increasing 𝛽௦ then U decreases. When the values of 𝛼 and 𝛽 increase then the curves 
become lower as in Fig. 4 (the right panel), 𝑈௦(𝛽ଵ)  decreases with increasing 𝛽 and increases with increasing q as in Ref. 
[65]. In Fig. 5 (the left panel), we note that entropy 𝑆(𝛽ଵ)  declines as the system's temperature rises ( 𝛽ଵ dropping), and 𝑆(𝛽ଵ) associated with vibrations is diverging. 

 
Figure 5. (The left panel), the entropy (S) is displayed as a function of 𝛽ଵ for various values of 𝛼, and 𝛽. (The right panel), S is 
displayed as a function of 𝛽ଵ, for various values of deformed parameter q for CPSHEP at 𝛼 = 𝛽 = 0.6. 

In Fig. 5 (the right panel), the curves become lower when fractional parameters 𝛼 and increase by using Eq. (102). 
In Fig. 5(the left panel), the superstatistics entropy 𝑆௦(𝛽ଵ) changes directly with temperature and inversely with 𝛽ଵ. This 
means that for any value of the deformed parameter, the system's disorderliness grows as the system's temperature rises. 𝑆௦(𝛽ଵ) converged when q increases then behavior of curves becomes higher, 𝑆௦(𝛽ଵ)  has a turning point when 𝛽ଵ equals 
2 as shown in Fig. 5 (the left panel) using Eq. (124). This behavior is compatible with Ref. [52] and Ref. [57], which 
entropy (S) varies in reverse with respect to a range of values 𝛽. For light quark, and natural particles, the authors of Ref. 
[58, 59, 60] showed that S increases with increasing temperature. In Ref. [65], the authors showed that as 𝛽 increases 
then the system's entropy decreases, the system's entropy rises when the deformation parameter q grows for a variety of 
values. 

 
Figure 6. (The left panel), the specific heat (C) is displayed as a function of 𝛽ଵ for various values of 𝛼, and 𝛽. (The right panel), C is displayed as a function of 𝛽ଵ, for various values of deformed parameter q for CPSHEP at 𝛼 = 𝛽 = 0.4. 

In Fig. 6 (the right panel), we plotted the specific heat by using Eq. (108), here is the heat capacity's behavior 𝐶(𝛽ଵ) 
against 𝛽ଵ for various values of 𝛼 and 𝛽. We note that 𝐶(𝛽ଵ) increases monotonically with decreasing 𝛽ଵ. Also, when 𝛼 
and 𝛽 decrease the curves get higher. In Fig. 6 (the left panel), for superstatistics, variations in the heat capacity 𝐶௦(𝛽ଵ) 
against 𝛽ଵ is plotted for various values of the deformation parameter q, it is noticeable that 𝐶௦(𝛽ଵ) increases with 
decreasing 𝛽ଵ. Also, 𝐶௦(𝛽ଵ) converges when q increases, then the behavior of curves becomes lower as depicted. 𝐶௦(𝛽ଵ) 
has a turning point when 𝛽ଵ equals 3 GeVିଵ using Eq. (125). This action has the same behavior for many works, such as 
in Ref. [61], for various values of 𝜆, the author displayed specific capacity versus temperature (𝛽), C increases as 𝛽 
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decreases. As in Ref. [65], It is clearly visible that when q grows, the system's specific heat capacity falls while increasing 
monotonically with (𝛽). It's also significant to observe that normal statistics are returned when 𝑞 = 0. In Ref. [55], the 
authors depict how specific heat 𝐶(𝛽) changes in relation to temperature. Specific heat grows monotonically as 𝛽 rises. 
and then declines as 𝛽  and 𝜆  rise, whenever every plot reaches convergence. Each plot's convergence provides a measure 
of the variability in temperatures at which charmonium disintegrates into its component parts as quark charms. 
 

7. CONCLUSION 
We eliminated the parametric second-order differential equation with generalized fractional derivative and we 

applied the NU method. Through the parametric generalized fractional Nikiforov-Uvarov (NU) approach, we arrive at 
the solution of the SE by employing Coulomb plus screened exponential hyperbolic potential. In addition, getting the 
special classical solution at 𝛼 = 𝛽 = 1, then 𝑘ଵ = 1 as in Ref. [47]. We estimated and plotted thermodynamic properties 
in the fractional form and discovered that our results are consistent with prior publications and that the physical behavior 
of thermodynamic properties. The work was expanded to include thermal characteristics and superstatics, such as partition 
function 𝑍(𝛽ଵ), free energy 𝐹(𝛽ଵ), mean energy 𝑈(𝛽ଵ), entropy 𝑆(𝛽ଵ), and heat capacity 𝐶(𝛽ଵ). Our results revealed that 
the effect of the generalized fractional derivative on the thermodynamic properties and superstatics is the same. We 
conclude that fractional parameters play an important role using CPSEHP. Also, fractional parameter has a good effect on 
the behavior of thermodynamic and superstatistics curves. We also noticed that as free energy grows, internal energy, 
specific heat, and entropy decrease. Numerous studies, for example [57, 59, 65], do not explore the thermodynamic 
features and superstatics of heavy quarkonium in the fractional models. We conclude that the fractional parameter has a 
significant effect on thermodynamic properties. 
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ВПЛИВ ДРОБОВИХ ПОХІДНИХ НА ТЕРМОДИНАМІЧНІ ВЛАСТИВОСТІ 
ШЛЯХОМ ВИВЧЕННЯ ВЗАЄМОДІЇ CPSEHP 

М. Абу-Шаді, Ш. Ю. Езз-Алараб 
Факультет природничих наук, кафедра математики та інформатики, Університет Менуфія, Шебін Елком 32511, Єгипет 
Параметричний метод Нікіфорова-Уварова (N-U) використовується в поєднанні з узагальненою дробовою похідною (GFD) 
для дослідження власних значень енергії та загальної нормалізованої хвильової функції, пов’язаної з кулоновським плюс 
екранованим експоненціальним гіперболічним потенціалом (CPSEHP) у термінах поліномів Якобі. Цей потенціал виявляє 
максимальну ефективність при менших значеннях параметра екранування. Щоб дослідити термічні та суперстатистичні 
характеристики, отримані власні значення енергії безпосередньо включаються до сумісної суми (Z) і згодом використовуються 
для визначення інших термодинамічних величин, включаючи середню енергію коливань (U), питому теплоємність (C), 
ентропію (S) і вільну енергію (F). Проведено порівняння з попередніми дослідженнями. Класичний випадок відновлюється з 
дробового випадку встановленням α = β = 1 відповідно до попередньої роботи. Наші результати демонструють, що фракційний 
параметр відіграє вирішальну роль у керуванні тепловими та суперстатистичними властивостями в рамках цієї моделі. 
Ключові слова: рівняння Шредінгера; параметричний метод Нікіфорова-Уварова; термодинамічні властивості; 
Суперстатика; узагальнена дробова похідна 


