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The parametric Nikiforov-Uvarov (N-U) method is employed in conjunction with a generalized fractional derivative (GFD) to
investigate the energy eigenvalues and the total normalized wave function associated with the Coulomb plus screened exponential
hyperbolic potential (CPSEHP) in terms of Jacobi polynomials. This potential exhibit maximum effectiveness at lower values of the
screening parameter. To explore the thermal and superstatistical characteristics, the derived energy eigenvalues are directly incorporated
into the partition function (Z) and subsequently used to determine other thermodynamic quantities, including vibrational mean energy
(U), specific heat capacity (C), entropy (S), and free energy (F). Comparisons with previous studies are conducted. The classical case
is recovered from the fractional case by setting a = f# = I, consistent with prior work. Our results demonstrate that the fractional
parameter plays a crucial role in governing the thermal and superstatistical properties within the framework of this model.
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1. INTRODUCTION

Over the last few decades, fractional calculus (FC) has attracted significant attention in a variety of scientific and
engineering areas [1]. FC's prominence in several scientific and technical disciplines can be due to its benefits over
numerical approaches, such as exact solutions and partial differential equations. Fractional differential equations are
solved employing symmetry methods and perturbation analysis. In Ref. [2], the radial Schrédinger equation (SE) is solved
analytically. Utilizing the conformable fractional variation of the Nikiforov-Uvarov (CF-NU) technique, the resulting
dependent temperature potential in 3D and higher dimensions is used to determine the energy eigenvalues, correlated
wave functions, and heavy quarkonium masses, such as charmonium and bottomonium, in a hot QCD medium. In Ref. [3],
the conformable fractional derivative (CFD) method was used to investigate the fractional SE of a particle exhibiting
position-dependent mass inside an infinite potential well.

Considering any dependent thermal potential, trigonometric Rosen-Morse potential [4], hot-magnetized interactions
potential [5], and generalized Cornell potential [6], the distinctive features for heavy quarkonium were examined using
the N-dimensional radial SE within the framework of the CFD. Hammed et al. [7] used the CF-NU technique to generate
triaxial nuclei solutions for the CF Bohr Hamiltonian using the Kratzer potential. Based on the Fermi-Pasta-Ulam model,
the authors investigated the time-dependent fraction fluctuation and the modified Gardner-type formula [8]. Abu-Shady
and Kaabar proposed the generalized fractional derivative (GFD), which has more features than the earlier definitions [9].
Solving SE is a significant difficulty in quantum mechanics and particle physics for analyzing physical
systems [10, 11, 12]. The fractional N-dimensional radial Schrodinger equation (SE) with the Deng—Fan potential (DFP)
is investigated by the generalized fractional Nikiforov—Uvarov (NU) method [13].

Furthermore, as shown in Refs. [14, 15, 16], employing the NU technique allows for the exact solution of the SE
and detailed system definition. This strategy outperforms previous methods, including those used in Ref. [17]. The Cornell
potential and the expanded Cornell potential have already been used as in Refs. [24-28], applying wide methodologies
including the NU method [22, 26, 29, 30]. Pekeris pattern prediction (PTA) [31, 32], the power series methodology
(PST) [31], the asymptotic iteration procedure (AIM) [34], and the analysis of the exact iteration approach (AEIM) [33].

The thermodynamic features of quantum structures are crucial in quantum physics and the physical sciences.
Analyzing characteristics such as entropy, specific heat capacity, mean energy, and free energy necessitates the partition
function, which is dependent on temperature [17, 34, 35].

Numerous academics have recently become interested in using a range of quantum potential models to investigate
the thermodynamic characteristics of systems. For instance, Edet et al. [36] investigated the thermal characteristics of the
Deng-Fan Eckart potential model using the Poisson summation approach. Ikot et al. evaluated the thermodynamic
properties of diatomic molecules with general molecular potential [37]. Onate [38] discovered the vibrational partition
function, mean energy, vibrational specific heat capacity, and mean free energy in bound state formulations of the SE with
the second Psychol-Teller-like potential. Within that paper, a hyperbolic variant of the Psychol-Teller-like potential was
expressed. Numerous academics are interested in the practical use of the energy eigenvalue of the SE to study the partition
function, thermodynamic properties, and superstatistics. Lately, Okon et al. [39] applied the NU technique to study the
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thermodynamic characteristics and boundary phase formulations of two diatomic systems (carbon (II) oxide and scandium
fluoride) using the Mobius square and screened Kratzer potential. Their findings agreed with those of semi-classical WKB
and others. They used a close-form formulation of the energy eigenvalue to extract the partition function and other
thermodynamic properties. Additionally, Oyewumi et al. [40] investigated the rotational-vibrational energy eigenvalues
for diatomic systems employing the Pekeris-type approximated performance to centrifugal term and approximation
solutions to the SE using the shifting Deng-Fan potential model within the asymptotic iteration framework. Furthermore,
Boumali and Hassanabadi [41] investigated the thermal characteristics of a two-dimensional Dirac oscillator in the

presence of an external magnetic field and discovered relativistic spin % fermions influenced by Dirac oscillator coupling

and a constant magnetic field in both computational and noncommutative spaces. In addition, properties of hadrons are
investigated using the quark model as in Refs. [43, 44].

The main aim of the current work is to study the effect of the fractional parameter on superstatistics and thermal
properties using the generalized fractional parametric NU method which, results in Ref. [47] being a special case of the
present model at o = f§ =1.

The paper is organized as follows: In Section 1, the contributions of earlier works are presented. In Section 2, the
generalized fractional derivative is introduced. In Section 3, the radial Schrodinger equation with parametric generalized
differential NU method is introduced. In Sections 4 and 5, thermodynamic properties and superstatistics formulation are
presented. In Sec. 6, results and discussion are explained. In Section 7, a conclusion is written.

2. THE GENERALIZED FRACTIONAL DERIVATIVE
The present study suggests the generalized fractional derivative (GFD): it is an alternative formula for a fractional
derivative. Compared to other traditional Caputo and Riemann-Liouville fractional derivative definitions, the generalized
fractional derivative has been proposed to offer greater benefits, such that the derivative of two functions, See Ref. [9]
for a new approach to easily computing fractional differential formulas. For a function Z: (0, ) — R, the generalized
fractional derivative of order 0 < @ < 1 of Z(¢t) att > 0 is defined as

rep 1-
Z(t+7r(ﬁ_a+1)£t "‘)—Z(t)

DOFPZ(t) = lim > ;B >—1,B € R". (1)

The generalized fractional derivative has the following characteristics:
D[Z(1)] = kyt"~“Z(t) ©)
D[D%Z(D)] = k2[(1 — )t} 222, (¢) + £272°Z" (1), 3)

where:

ky = F[Br_[i{rl],with 0<a<1l0<pB<1, 4)
D*DAt™ = D**Ft™ for function derivative of Z(t) = t™, m € R™, 5)
DCFP(XY) = XDFP(Y) + YD4FP(X) where X, Y be @ — differentiable function, (6)
DEFP (%) = YDGFD(X)Y_ZXDGFD(Y) where X, Y be «a - differentiable function, @)
D*1,Z(t) = Z(t) for = 0 and Z is any function within the domain that is continuous. (8)

2.1. The generalized fractional derivative with NU method
The parametric generalized fractional Nikiforov-Uvarov (NU) approach is introduced, making use of generalized
fractional derivative. In the fractional structure as in Ref. [45], the second-order parametric generalized differential
calculus is precisely computed.

7(s) a(s) _
DED ()] + 75 DW(s) +-579(s) = 0, (€))
where 6(s), 0(s) and T(s) are polynomials of 2a-th, 2a-th and a-th degree.
a —F a —F 2
n(s) = 2HITD 4 J (22— 5(s) + Ko (s), (10)
and,
A=K, + D%n(s), (11)

1(s) is a-th degree polynomial, 4 is constant. It is feasible to identify the quantities of K, in the squareroot of Eq. (10),
and therefore the formula within the square root is quadratic of expression. K, is substituted for in Eq. (10), and we define.

7(s) = T(s) + 2m(s). (12)
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Given that p(s) > 0 and o(s) > 0, the derivative of 7 is supposed to be negative in Ref. [46]. If A in Eq. (11) be
A= 2y, = —nD% — "2 pa[peo(s)]. (13)

The solution of Eq. (3) is a combination of two independent components, and the hypergeometric type of equation
has a distinctive solution with degree a.

P(s) = d(s)y(s), (14)
wherein,
Ya() = 22 (D) (0(5)"pa(s)): (15)
D*[a(s)p(s)] = t(s)a(s), (16)
e 1 (17)

2.2. Parametric Second Order Generalized Differential Equation
The fractional Schrédinger formula is expressed in a general form as in Ref. [42] that follows.

afpa ) pa 4 —

DADUY(s)] + 2L DeY(s) + s 1p(s) = 0 (1)

where:
7(s) = a; — a,s%, (19)
o(s) =s%(1 — azs?), (20)
G(s) = —§15% + &5 — &3 (2D

Substituting Egs. (19), (20), and (21) into Eq. (10), we obtain.

T =a, +ass® /(e — Kea3)s?® + (a; + K, )s® + ag (22)

where:
ay == (ga —a), (23)
a5 =~ (e — 23k), (24)
as = ag + ¢y, (25)
a; = 2a,05 — 3, (26)
ag = aj + ¢, 27)

According to the NU technique, the square of a polynomial must be the function under square root in Eq. (22), which
implies.

Ky = —(a; + 2asag) + 2\[agas, (28)
where:
Ay = aza; + alag + ag. (29)
In case K, is negative then has the form
K, = —(a; + 2a3ag) — 2@. (30)

So that  becomes.
T=a,+ ass® — [(\/a_g + a3\/a’_8)5“ - \/a_g] 31)
By using Eqgs. (12), (22), and (31) then, we obtain.
T=a, +2a, — (a, — 2a5)s% — [(\/a_g + a3\/a_8)s“ — \/a_g] (32)

From Egs. (2), and (32), we get.

D%t = ky[—a(a, — 2as) — 2a(\[aq + as\/ag)] = ki[—2a%a; — 2a(\/ag + as\/ag)] < 0 (33)

We construct the energy spectrum equation from Egs. (11), and (13)
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kiaa, — (2n+ Dk,aas + 2n + 1)k1a(\/a_9 + a3\/a_8) +n(n— Dk¥a’a; + a; + 2azag + 2,/agag = 0. (34)
We obtain the standard formula of the energy eigenvalue as in Ref. [47], Ifa = f = 1 then k; =1,
na, — (2n+ Das + 2n + 1)(\/0(_9 + a3,/a8) +n(n—Daz +a; + 2azag + 2,/agag =0 35)
by using Eq. (16), we get
a10-a ai1 @10 1
p(s) =s k1 (1 — ags*)aras aky kq, (36)

From Eq. (15), we obtain.

Yn =P, ki Cakias aky kg 2a35%) 37)

(0610—“ a11 210 1)

where, L,, being the Laguerre polynomials, a;, and a;; becomes.
alo = al + 20{4 + 2"“8

a1 = a, — 2as + 2(»\/6(_9 + a3\/a_8) (38)

The fractional wave function is given by Eq. (14),

—®13 %12
- k1 ’'akiaz aki kq

Y(s) = Sﬁ(l - 6!3Sa)ak1“3 a_klpn

(0610—06 a11 _210 1)

(1 - 2ass%) (39)

where, PrfM) are Jacobi polynomials and

A = ay + \/a’_s
Qa3 = a5 — (\/a_9 + asx/a_s) (40)

Some problems, in case a; = 0.

(am—a 11 210 1) a10-a

: ki ‘akiaz aky ki _ ay — k1 211 La
Aim E, (1-ass) =L, (557 (41)
—a13 @12 ms“
lim (1 — ags®)akias aky = gak; (42)
az—0
Then Eq. (39), becomes.
@12 @zga HOZ
Y(s) =skeadk [ " (ﬁs“) (43)
1
where, L,, being the Laguerre polynomials, and K, becomes.
K, = —(a; + 2asag) + 2,/ agaq (44)
then, the wave function is,
e

PY(s) = sk (1-— Q3s%) @103 “aky P,

(1-2a3s9), (45)
The fractional energy eigenvalue formula is given:

nkyaa, — 2nkyaas + (2n + Dkya(Jag — azfag) + n(n — Dk, 2a’as + a; + 2azag — 2,/agag + kyaas =0 (46)

where:
Aot = a1 + 204 — 2,/ g, 47
@y = a; — 2as + 2(Jag — asy/ag), (48)
A1+ = Ay — 4/ Asg, (49)

ays = a5 — (\/a’_fa - a3\/a_8)~ (50)

3. THE RADIAL SCHRODINGER EQUATION WITH PARAMETRIC GENERALIZED DIFFERENTIAL
NU METHOD
The suggested Coulomb plus screened hyperbolic exponential potential (CPSHEP) [47] is presented so as.
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— _ Yy (B _vcosh ax) —qa,
V)= -2+ (520 e (51)

where «, is the adjustable screening parameter, B is a real constant parameter, and v; and v, are the potential depths.
This is the centrifugal term's Pekeris-like approximation:

1__ e . 1__ ax
rz (1—e~®xT)2 = r (1—e~%xT)" (52)
by substituting Eq. (52) to Eq. (51), then we obtain the approximation form of the mentioned potential as follows.
___ way Bay v, azcosh ay —ayr
V(r) - (1—e~axT) + ((l_e—axr) (1—e—@x7)2 )e (53)
The radial Schrodinger equation with the centrifugal term is given as follows.
da? R(r) h? l(l+1)
e E-vm) -2 R = 0 (54)

The exact solution to Eq. (54) can only be obtained through an analytlcal solution when the angular orbital quantum
number / = (. Nevertheless, Eq. (54) can only be solved for / > 0 by applying the centrifugal term estimates in Eq. (52).
Eq. (51) can be substituted into Eq. (54) to yield.

d? R(r)
dr?

Be %" Lo e~ %%"cosh a, K2 1(l+1)

r r2 2ur?

Fa R =0 (59)
e J

Eq. (52) can be substituted into Eq. (55) to obtain the following equation:

d?R(r) Vil Bay, e~ %" v, aZe %%"cosh ay h2aZ 1(1+1) _
dr? + nz { + (1—e~%xT) - (1—e~2xT) (1—e~axT)2 - 2u (1—e_“x'f)2}R(r) =0 (56)
With a little mathematical simplification and a definition of s= e~**", Eq. (56) will be expressed as follows.
—(£2 — 52
d?R(s) , (1-s) dR 1 2 ( 2 )
— +(2e* = 6% — 1+ x2)s ¢ R(s) =0 (57)

ds? s(1-s) ds = s2(1-5)2 .
—(2=8%2+1(1+ 1)

where,

2 2UEn] oo 2uvq __ 2uB __2uvycoshay — _,4 »
&€ —_hzagzc’ _hzax'){l_hzax'xz_ 72 ,S=e "X, (58)

Consequently, we obtain the generalized fractional radial constituent of the Schrodinger equation [49] as follows.

DR (s)+—‘515 25 S R(s) =0 (59)

DDUR(S)] + 22 (-5

Comparing Eq. (57) to Eq. (59), the following polynomials were obtained:

=) &= -8 -+ x) = -2 +11+1) (60)
Using Egs. (10), (12), from Eq. (19) to Eq. (40), other parametric constants are obtained as follows:

G =a,=az;=1a,= %(kla -1). (61)

a5 =5 (1 - 2kya), a = (1 - 2kya) = S8 = (62)

@, =3 (kya — 1)(1 - 2k;@) — 2 - zh‘;—i’g + jlg‘% + ;ZLZ( - —2‘“’2;"25}‘ 24 (63)

@y =7 (o — 1)2 = 2570 2 gy = Lhfa — 2R 4 (1 41). (64)

o = kyat + 2\/% (kya = 1)2 = 25020 4y ), (65)

@y = 2k a + 2Jikfa2 —2“”2;%+ I(1+1) + \/%(kla —1)2 —zh*;—i’; 2 LI+ D). (67)
;= e —1)+ \/i (o= 1)2 2480 20 4 1) (68)

ay; =51 - 2k;@) - %\/kfaz —2evcoshax 14 1) + \/i (ko =12 =L SR+ 11+1)  (69)

h h2aZ



136
EEJP. 2 (2025) M. Abu-Shady, et al.

The energy eigenvalue in the fractional form for the present potential can be determined by Egs. (34), (60), and from
Eq. (19) to Eq. (40) with considerable algebraic simplification as follows.

2,2 2,2 —1)2 2,2
Enl _ heaxl(l+1) — v, + heax(kia—1) + heay « F1+F,+F3 (70)
2m 8u 2u kla*(2n+1)+\/K12a2+4—l(l+1)—(8v2ucosh ay/h?)
we can get the classical case from Eq. (70) at @ = = 1, then k; = 1 [47], as the following equation.
2
2,2 2,2
Enl _ hazl(i+1) vy, + heajx " F4+F5+Fg (71)
2m 2 (2n+1)+\]1+4l(l+1)—(78v2#;(Z’Sh “")
where:
Fy = k2a?(n® + n+ (1/2)). (72)
Fy = kja * (n+ (1/2))\/k2a? + 41(L + 1) — (8v,pucosh a,/h?). (73)
2 _ (2uv1\ _ (2vou coshay
F, = uB/h?a,) ( o ) (—h )+ 201+ 1). (74)
F,=m?+n+(1/2)). (75)
_ 1 __ (8vap cosh ay
Fy = (n + (5)>\/1 Al +1) - (Rekoher) (76)
2 2 hay
F, = uB/ha,) — ( ";’1) - (”2“;&) + 201+ 1). (77)
The generalized fractional of the total wave function using Egs. [38-40], is given as
1
Fio,F11+F1p—
() = Nus = (1 — sy 0T gy (78)
S(ka-1)+ \/%(kla—l)z Zh‘fgl ;;‘”1+z(z+1)
F, = - (79)
j (kra—1)2— Z”E’;l 2””1+1(z+1) )
_ |14 1 2 3 _ 2puvzcoshay h2ay
Fg = 5 1 -2k) 2\/k1a — {a+1n+ e (80)
Hkeya- 1)+j—(k a-1)2- Z”Egl zg“’l+z(z+1)
Fo = - o (81)
k1a+2\/—(k1a 1)2— Z’f’;’ ;;‘"1+1(1+1)—a
Fio = - (82)
F, = 2kya + ZJikfaz - w FIL+1)+ \/i (kyax — 1)? — % 287y L0+ D). (83)
k1a+2ﬁ(k1a—1)2 zh‘;Eg‘ 25”1+z(z+1)
Fip = — (34)

akq

The special case of the total un-normalized wave function at « = § = 1 then k; = 1, as in agreement with [47] as
following.

W, (s) = ansx/(sz—62+l(l+1))(15)—%—2\/(52—62+l(l+1))—%\/1+4l(l+1)—4)(2Pn[(z\/(EZ_52“(H'1)))'(\/(1"'41(“'1)—4)(2)](1 —25) (89)

4. THERMODYNAMIC PROPERTIES
In this section, we describe the potential model's thermodynamic properties. The partition function offered can be
used to determine the thermodynamic characteristics of quantum systems as follows.
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Z(By) = Xp=o e FiFm, (86)
where A is an upper constraint on the vibrational quantum number determined by the numerical solution of dE,, /dn = 0,
expressed as A = ﬁ (—6 +./6(kya — &) + Q3),B1 = 1/KT, where K and T are the Boltzmann constant and absolute
1
temperature, correspondingly. The integral in Eq. (87) may substitute the place of the summation in the classical limit.

Z(B) = [ e PiFndn (87)

The energy eigenvalue equation as in Eq. (70) can be expressed in a concise form as follows to yield the partition
functions.

_ (kian+8) . 8(kqa—8)+Q3)>
Enm=01+0Q, *{ 2 2(k an+8) } ’ (88)
where:
_ hPafl(+1) h2a(kqa—1)>2 _ h2af
Ql_—Zu 171a+—8# ,Q; = 2;4’
_ (28BY _ (2uv1) _ 2v,p cosh ay
Q3 - (hzax) (hzax) ( h2 ) + Zl(l + 1)’
6=%k1a+\/ikfa2—2vz”;$+l(l+l). (89)
The following form can be used to represent Eq. (88) as follows.
— 2 _ 2
E, = (Ql + Q2(5(k10; 5)+Q3)) + (Qsz_l_ Q2(5(k1:lp25)+Q3) ) (90)
where:
p=kian+6 1)
1 artition function 1s obtaine nsertin, . to . and noting moditications to the integration
i Partition function is obtained by i ing Eq. (90 Eq. (87) and noting modificati he integrati
boundaries utilizing Eq. (91)
Q2(8(kqa—8)+Q3) Q20”  Q2(8(k1a-8)+Q3)*
Z(ﬂl) _ e‘Bl(Ql"’%) fakla)&ls eﬁ1( 4 2p2 )dp (92)
The partition function of Eq. (92) is obtained as
2 er EB NNZ er:
Z(‘B ) = (\/Ee_%ﬁl(NQZ+NN%+ZQ1)(erf(\/EAl)+erf(\/EA3))—eﬁlNNo (VF1nz)+e"1 TR0 f(\/ﬁ_lA4)) (93)
1 2/B1No
(ii) Vibrational free energy is given as follows.
1
F(B1) = s InZ(B,). (94)
B Zerf (B eBlNN%erf B )
log ﬁe_%ﬁl(NQ2+NN%+ZQ1)(erf(JB_1A1)+erf(JB_1A3)—e 1o (Buha)t (/P1h4)
2/B1No
(iii) Vibrational mean energy is given as follows.
d
UB,) = — —1InzZ(B,), (96)
dp1
1/1 2
UB) =5(5-— 0+ NQ, + NNG +20,), ©7)
0= 2(F13—F14) (98)
\/ﬁ\/ﬁ(erf (V/B1A1)+erf (\/EA3)—931NN(ZJerf (\/EAZ)+eB1NN%erf(mA4))’
Fia = Aye P04 Nge i3 4 Vi, [BNNG (—eP1MV8) (erf (\/BiA,) — erf (\/BiAs)). (99)
Fy, = —A,ePr(NNG=A3) 4, eP1(NNG—AF), (100)
(iv) Vibrational entropy is given as follows.

S(B) = K InZ(B) +K By - InZ(By), (101)
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5B = K (L0 1 1og (£yg) +16,(NQ, + NNG +20,) +1), (102)

Fis = —Ae Phi — Aje~Pids 4\ [B NNZePNS (erf (\[B1A,) — erf (\/BiAsy))), (103)

Fyo = AyePr(NNG=03) _ A, oB1(NNG-AT), (104)

F,=m (erf(\/EAl) +erf(\/B1A;) — eP1NNG erf(\/B1A,) + ePINNG erf (\/EA4)), (105)
\/Ee_%ﬁl(NQz+NN%+ZQ1>< erf (B1Aq)+erf ({B1A3) )

—eB1INNG ot Ag)+ePINNGerf A
Fig = e 2\/_6;0 (VB1h2)+e erf (B1A4) (106)
W) Vibrational specific heat capacity is given as follows.
CB)=-K pi* 2. (107)

dpy

2 2 2 2
_1 Zﬁf/Z(F19+F20) _ VB1(F22) _ 29_2ﬁ1(A1+A2+A3+A4)ﬁ1(F23)2
C(B) =3k ( o Fpr )2 +1). (108)
2
Fig = —eNNoPLN2 (erf(y/BiA;) — erf(\/BiAs) )Wy [BiNG +

1 NNoﬁlN ((erf(\/_A4)—erf(\/_A2))\/— 4e ﬁlAzA + 4e~ ﬁ1A4A )N _ e—ﬁlAlAB (109)

2 VB1
Fyp = ePt(NNE-A3) A3 _ o=F1d3 73 — oBr(NNG-AD) A3 (110)
Fp = \/E(erf (VBiA,) — eVVoPrerf (JBrA,) + erf (BiAs) + eNNoPrerf (\/EA‘*)) (111)
Fyy = —eNN§B1 (erf (\/EAZ) —erf (\/EA4)) \/E\/ENOZ + e—r5’1A§A1 _
eﬁl(NNg—A%)Az + e—ﬁ1A§A3 + e.Bl(NNg_Ai)A‘l_. (112)

Fpy = —ePL(NNG+AT+AZ+A5+07) y (erf (/BiA,) — erf (\/EA4)) Vi /B NG +

2 2 2 2 2 2 2 2 2 2 2 2 2 2
eﬁ‘l(A2+A3+A4)A1 — ePi(NNG +A1+A3+A4)A2 + eﬁ‘l(A1+A2+A4)A3 + eP1(NNG +A1+A2+A3)A4_

(113)
where:
No(N-6
N = Q,(8(aky — 8) + Qa)%, Ny = =0 A = 2, (114)
A _ No(8%+N) A _ No((8+aki1)%-N) _ No((8+aki)%+N) (115)
27 g5 37 28takir)  CTY T 2(8takih)

5. SUPERSTATISTICS FORMULATION
Superstatistics represents a statistical concept that applies to dynamic nonequilibrium systems and statistically
intense variable (f3;) variation [49]. Chemical potential and energy fluctuation, which are primarily described in terms of
the effectual Boltzmann variable, are included in this extensive parameter that experiences spatiotemporal volatility [S0].
Apparently, Edet et al. [S1], present the actual Boltzmann factor as follow.

B(E) = [, e FiE £ (B1, B1)dB;. (116)

where f (1, B1) = 6(B1 — B1) is the Dirac delta function.
The generalized Boltzmann constant is given as the following when stated in terms of the deformation parameter q:

B(E) = e P1F (1+2p2E7). (117)
The partition function for superstatistics formalism is then provided as
Z; = [° B(E)dn. (118)

The modified Boltzmann constant equation is presented as when Eq. (90) is substituted into Eq. (117).
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(01 +Qz(6(k1a—6)+03)) +(Qz_P2 2

—14 p2 2 4 _ L Q2(8(k1a-8)+Q3)\, (@202, Q2(8(k1a—8)+Q3)?
B(E) =3 i | Qaa-5)+09? v Pillon BRI (R EEREEET)] 1)
4p?
Using Eq. (118), the superstatistics partition function equation is given as.
Q806 a=8)+0)) | (20>
Q2(8(k1a-8)103)) o (Q1 + —) + (— B, (2224 920k a-81+03)
2(B,) = P TR 2 1 a2 RGO S N A (% 7 ap 20
4p?
The partition for superstatistics obtained from Eq. (120), is given as.
\/ﬁ\/%[?f/ze_%Bl(NQZJ'NN%”Ql)(QZ(Bfq(NQZ+ZQl)+4)—51QQ2(\/%I3$/2NN§+1)>
z = — . 121
s(B1) 4(B1(-02))" (121
where:
In(Zs)
B =—==, (122)
1
a1n(Z)
Us(By) = — ==, (123)
01
a(In (zs)
Ss(B) = K In (Z,) = fuk 0222 (124)
au
Cs(B) = —KB2 5% (125)
1

6. RESULTS AND DISCUSSION
We plotted all figures using the following parameters f; = Ki and K is the Boltzmann constant. When the principal

T’
quantum number n is around 0 and 1,2, ..., A, and p is the reduced mass for quarkonium as = T2 Fig. 1 (left panel),

mq+my
the suggested coulomb plus screened hyperbolic exponential potential (CPSHEP) and an approximation one is plotted
according to two characteristics: the coulomb potential and confinement potential characterize the short and long
distances, respectively. The approximate potential is brief, with the actual potential reaching 0.8 fm. We plotted the Pekeris
approximation graph compared to the screening parameter a,, as shown in Fig. 1(the right panel), since the approximation
fits the anticipated potential.

5F 7 - — T 100
0 80 —_— ay=0.01
— Exact potential — ay =0.02
-5[ 4l 60
= —— Approximate potential Iy
5 L
10l 40
20
-15
of y
_20 L i A \ . ! | \
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
r [frm] r

Figure 1. (the left panel), the potential V' (r) of the exact potential via approximation potential are drawn as a function of distance
(r) at a, = 0.2, (the right panel), the graph of Pekeris approximation for various values of a,,.

In Fig. (2), it shows how the temperature parameter affects the partition function for thermodynamic properties and
superstatics. In this case, the partition function grows nonlinearly with §; whereas, the partition function in Fig. 2 (the left
panel), deviated as increased, it later converged for the superstatistics, as seen in Figure. 2 (The left panel). As can be seen,
the partition function (Z) is delicate at the highest values of 8;, the range of B; between 4GeV~! and 7GeV~! correlates
with T between 0.142 and 0.25GeV. Additionally, it needs to be observed that as fractional parameters @ and 8 are increased,
the curve's conduct becomes lower. In Fig. 2 (the right panel) (superstatics), it can also be seen that the partition function
converging as acquires higher values of f5;, also by increasing deformation parameter q then curves become higher,
deformation parameter q improves the behavior of superstatics. The behavior of Z;(5;) is compatible with Ref. [52]. In Ref.
[53], the ground state is shown as the node with the highest value on the probability density diagram. Temperature and the
Z's behavior in relation to the largest possible quantum number(A). In addition, as the quantum number (1) increases, Z
decreases simultaneously increasing with temperature. According to Ref. [54], all diatomic molecules show a monotonic
dropinZ as A increases. For some typical ranges of quantum number A, Z achieves a constant value before declining further.
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Nevertheless, Z monotonically increases with increasing 5. A closed-form representation of the temperature-dependent
partition function Z(8) was developed. In Ref. [65], the authors plotted the vibrational partition function variation with a
different of q values, it can be observed. that when f rises, the partition function gets smaller. Furthermore, when q rises, Z
decreases as [ increases. Furthermore, as q increases then Z does as well.

F T T T T T T T 35 ;I
—  a=p=0.9,9=5
30 a=p=0.9,q;
[ a=p=0.9,q=10
250 e q=p=0.9,g=15
20f — a=p=0.9,q=20
N N
15
10f
5,
o ‘
4.0 45 5.0 55 6.0 6.5 7.0 4.0 45 50 55 6.0 65 7.0
By [GeV™ By [Gev' ]

Figure 2. (The left panel), the partition function (Z) is displayed as a function of f3,, for various values of a, and 8. (The right panel),
the partition function (Z) is displayed as a function of 3, for various values of deformed parameter q for CPSHEP ata = f = 0.9

In Fig. 3 (the left panel), the behavior of curves for free energy F(f;) increases monotonically by decreasing
temperature (B;), by increasing @ and 8 curves become higher using Eq. (95). This finding has a good agreement with
Ref. [62]. In Fig. 3 (the right panel). For the superstatics, when the system's temperature (f; ) steadily drops, F;(f;) rises
monotonically. A decrease in the deformed parameter (q) always results in a larger free energy using Eq. (122). In Ref. [5],
for CuLi and ScF, the free energy curves only decrease gradually with increasing 8, but for various values of 4, the free
energy curves of HCl and ScF increases and get lower with increasing . In Ref. [63], when f rises, the free energy falls
monotonically.

0.86]
a=p=0.8,q=5

—— a=p=0.8,9=10
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2 3 4 5 6 1 2 3 4 5 6 77
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Figure 3. (The left panel), the free energy (F) is displayed for various values of a as a function of 8;, and f. (The right panel), F
is displayed as a function of §;, for various values of deformed parameter q for CPSHEP ata = § = 0.8.
By increasing the deformation parameter q, the free energy curves rise and converge. As demonstrated in Fig. 4 (The
left panel), and Fig. 4 (the right panel), we displayed the vibrational mean energy variation U(3;) versus superstatics and
thermodynamic properties, respectively.

a=p=1

3.0} — N
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Figure 4. (The left panel), the mean energy (U) is displayed as a function of §; for various values of @, and f. (The right panel),
the mean energy is displayed as a function of 3, for various values of deformed parameter q for CPSHEP ata = 8 = 0.7.
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Fig. 4 (the left panel), illustrates how F(f3;) rises with decreasing values for all values of f;. Additionally, curves
rise when the values of the fractional parameters § and a increase using Eq. (97). In Fig. 4 (the right panel), illustrates
how the superstatics mean energy Uy(f;) changes when the system's temperature reduces. For different values of the
deformed parameter (q), Us(B;) decreases exponentially at a specific absolute temperature. According to Fig. 4 (the right
panel), the variation of curves converges for the superstatics. Additionally, the superstatics in Fig. 4(the right panel), show
that Us(B;) decrease as B; grows and curves become lower when q increases by using Eq. (123). This behavior is
computable with Ref. [55], with rising 8 and quantum number A, Ug(B;) at first rises monotonically and subsequently
reduces. Also, in Ref. [56], by increasing S then U decreases. When the values of a and f increase then the curves
become lower as in Fig. 4 (the right panel), Ug(f8;) decreases with increasing 8 and increases with increasing q as in Ref.
[65]. In Fig. 5 (the left panel), we note that entropy S(f5;) declines as the system's temperature rises ( ; dropping), and
S(B,) associated with vibrations is diverging.

—_— a=p=0.6,0=5
—_— a=f=0.6,q=10
a=p=0.6,q=15
a=p=0.6,q=20
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\

2t

1 2 3 a 5 6
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Figure S. (The left panel), the entropy (S) is displayed as a function of 8, for various values of a, and . (The right panel), S is
displayed as a function of 1, for various values of deformed parameter q for CPSHEP at @ = 8 = 0.6.

In Fig. 5 (the right panel), the curves become lower when fractional parameters a and increase by using Eq. (102).
In Fig. 5(the left panel), the superstatistics entropy S;(f;) changes directly with temperature and inversely with £8;. This
means that for any value of the deformed parameter, the system's disorderliness grows as the system's temperature rises.
Ss(B;) converged when q increases then behavior of curves becomes higher, S;(f;) has a turning point when ; equals
2 as shown in Fig. 5 (the left panel) using Eq. (124). This behavior is compatible with Ref. [52] and Ref. [57], which
entropy (S) varies in reverse with respect to a range of values 5. For light quark, and natural particles, the authors of Ref.
[58, 59, 60] showed that S increases with increasing temperature. In Ref. [65], the authors showed that as f increases
then the system's entropy decreases, the system's entropy rises when the deformation parameter q grows for a variety of
values.

4t — q=P=0.4,0=5 -
— a=p=0.4,q=10
- 3 a=p=0.4,=15
x
2 2
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(8]
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1 2 3 4 5 6
By [GeV™] By 1Gev )

Figure 6. (The left panel), the specific heat (C) is displayed as a function of §; for various values of a, and . (The right panel),
C is displayed as a function of f;, for various values of deformed parameter q for CPSHEP at « = § = 0.4.

In Fig. 6 (the right panel), we plotted the specific heat by using Eq. (108), here is the heat capacity's behavior C(B;)
against B, for various values of @ and 8. We note that C(B;) increases monotonically with decreasing ;. Also, when a
and S decrease the curves get higher. In Fig. 6 (the left panel), for superstatistics, variations in the heat capacity C;(S;)
against [5; is plotted for various values of the deformation parameter g, it is noticeable that C;(f;) increases with
decreasing f3;. Also, C4(f3;) converges when q increases, then the behavior of curves becomes lower as depicted. C4(f5;)
has a turning point when B; equals 3 GeV~! using Eq. (125). This action has the same behavior for many works, such as
in Ref. [61], for various values of A, the author displayed specific capacity versus temperature (), C increases as f§
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decreases. As in Ref. [65], It is clearly visible that when q grows, the system's specific heat capacity falls while increasing
monotonically with (f). It's also significant to observe that normal statistics are returned when g = 0. In Ref. [55], the
authors depict how specific heat C(f) changes in relation to temperature. Specific heat grows monotonically as f3 rises.
and then declines as § and A rise, whenever every plot reaches convergence. Each plot's convergence provides a measure
of the variability in temperatures at which charmonium disintegrates into its component parts as quark charms.

7. CONCLUSION

We eliminated the parametric second-order differential equation with generalized fractional derivative and we
applied the NU method. Through the parametric generalized fractional Nikiforov-Uvarov (NU) approach, we arrive at
the solution of the SE by employing Coulomb plus screened exponential hyperbolic potential. In addition, getting the
special classical solution at @ = § = 1,then k; = 1 as in Ref. [47]. We estimated and plotted thermodynamic properties
in the fractional form and discovered that our results are consistent with prior publications and that the physical behavior
of thermodynamic properties. The work was expanded to include thermal characteristics and superstatics, such as partition
function Z(B,), free energy F(,), mean energy U(B;), entropy S(B;), and heat capacity C(8,). Our results revealed that
the effect of the generalized fractional derivative on the thermodynamic properties and superstatics is the same. We
conclude that fractional parameters play an important role using CPSEHP. Also, fractional parameter has a good effect on
the behavior of thermodynamic and superstatistics curves. We also noticed that as free energy grows, internal energy,
specific heat, and entropy decrease. Numerous studies, for example [57, 59, 65], do not explore the thermodynamic
features and superstatics of heavy quarkonium in the fractional models. We conclude that the fractional parameter has a
significant effect on thermodynamic properties.
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BIIJIUB JPOBOBUX IMOXITHUX HA TEPMOJIUHAMIYHI BJJACTUBOCTI
MIJIIXOM BUBYEHHA B3AEMO/IIi CPSEHP
M. Agy-Ilani, 1. FO. E33-Anapa6
Daxynvmem npupoOHuUUX HAYK, Kaghedpa mamemamuku ma ingpopmamuxu, Yuisepcumem Menyghis, Lllebin Enxom 32511, €2unem

IMapamerpuunuii meton Hikipoposa-VYeaposa (N-U) BUKOPHCTOBYEThCS B MOEIHAHHI 3 y3arajibHEHOW ApoboBoro noxianow (GFD)
JUISL TOCJI/DKEHHsI BJIaCHUX 3HA4YeHb €Hepril Ta 3arajbHOl HOpMalli3oBaHO! XBHJIBOBOI (yHKIIiT, OB’3aHOT 3 KYJOHOBCHKUM ILTIOC
eKpaHOBaHMM EKCIOHeHUiaNpHUM rinepooniuaum norenuianom (CPSEHP) y tepminax nominomi Sko6i. Lleit motenuian BUsBIsie
MaKkCUMalbHy €(EeKTHBHICTD IMPH MEHIIMX 3HA4YCHHsX Hapamerpa ekpanyBanHs. 11[o6 mocmiauTu TepMmiuHi Ta CymepcTaTHCTHYHI
XapaKTEePUCTHKH, OTPUMaHi BJIaCHI 3HAYCHHS CHEPTii 0e3mocepeIHh0 BKIFOYAOTHCS 10 CyMiCHOI CyMH (Z) 1 3r0I0M BUKOPHCTOBYIOTHCS
Ul BU3HAYCHHS 1HIIUX TEPMOAMHAMIYHUX BEJIHYHH, BKIIOYAIOUM cepenHio eHeprito kommBaHb (U), muromy Ttermtoemuicts (C),
enrporrito (S) i BitbHY eHeprito (F). [IpoBeneHo mopiBHAHHS 3 IONEpeIHIMA AOCTKeHHAME. KiTacHuHHi BUaI0K BiTHOBIIOETHCS 3
JpoOOBOTO BUITAIKy BCTAHOBIIEHHM o = [} = 1 BifNOBiHO 10 monepequboi podoTtu. Hari pe3ynsraTi 1eMOHCTPYIOTE, IO (pakmiiHAi
rapaMeTp Biflirpae BUpIilIaIbHy pOJib Y KEPyBaHHI TEIIOBUMH Ta CYIIEPCTATUCTUYHUMY BIACTUBOCTSAMH B paMKax Liei MoJedi.
KuarwuoBi cioBa: pisnanns  Illpedincepa; napamempuunuii memoo Hikighoposa-Yseapoea, mepmoounamiuni 1acmueocmiy
Cynepcmamuxka, y3azanvHena 0po6osa noxiona



