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The thermodynamic properties of homogeneous and isotropic universe for various dark energy conditions with decaying cosmological
termΛ(𝑡) are investigated. To obtain the explicit solution of Einstein’s field equations, we have considered a linearly varying deceleration
parameter in the form of 𝑞 = −𝛼𝑡 + 𝑚 − 1 with 𝛼 and 𝑚 as scalar constants. We have constrained the model parameters 𝐻0 and 𝑚

as 68.495 km/s/Mpc and 1.591 respectively by bounding the derived model with combined pantheon compilation of SN Ia and H(z)
data sets. Furthermore, we have studied the time varying dark energy states for two different assumptions i) Λ = Λ1𝑡

−2 and ii) Λ ∝
[𝑅(𝑡)]−2𝑛. For a specific assumption, our models indicate a dark energy like behaviour in in open, flat and closed space - time geometry.
The temperature and entropy density of the model remain positive for both the cases i) Λ = Λ1𝑡

−2 and ii) Λ ∝ [𝑅(𝑡)]−2𝑛.. Some
physical properties of the universe are also discussed.
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1. INTRODUCTION
Most of the studies in the recent years suggest that the understanding of the fate of the accelerating expansion of the

universe in view of Type Ia Supernova [1, 2, 3, 4] is a very challenging and interesting field for the present research in
Cosmology. Various studies have been done to explain this special discovery out of which [5, 6] can be mentioned. It is an
interesting component that considered as dark energy possessing a negative pressure and is recommended to understand
the accelerating expansion of the universe. The current simplest candidate for a standard model of cosmology and a good
understanding with most observations [7, 8] is theΛCDM model which is required due to two major problems as fine-tuning
or why so small and coincidence [9, 10, 11]. There are mainly three different methods to express the dark energy problem
i.e., dynamical dark energy [5], the anthropic principle [9] and interacting dark energy [12, 13]. Out of which, dynamical
dark energy has an hypothetical form called as Quintessence which is reported as a scalar field minimally connected to
gravity which can fall to the late time inflation accelerating cosmological expansion for some particular form of potential,
Also, due to these particular potentials it lighten the cosmological coincidence model [11]. In this paper, we have intended
to focus on this quintessence and phantom phase models since the role of thermodynamics in cosmology remain essential
to study the transverse of irreversible energy flow from gravitational field to matter creation that can helps to transform
space-time into matter as suggested by [14]. Also, the irreversible matter creation, the big-bang initial singularity remain
unstable. This dissipative process of the Einstein field equation leads to the possibility of cosmological model from empty
space to creation of matter and entropy. Gravitational entropy remain meaningful as associated with the entropy which
is necessary to produce matter. This extend signifies the possibility of impact fullness of third law of thermodynamics.
As the source of dark energy of the current phase of universe can modify the horizon entropy, so its thermodynamics in
both cosmological as well as gravitational set ups have more impaction [15, 16, 17, 18, 21, 23, 24]. Also, it seems that
the properties of such modifications to the thermodynamics are in line with non-extensive thermodynamics of space-time
and the current universe. Here, we investigated the mutual relationship between the thermodynamic laws with the Einstein
field equations (EFE) with the concept of Einstein theory of gravitation. In order to study the model here we apply the
thermodynamical laws of Apparent Horizon of FRW universe as FRW metric is an exact solution of EFE of general
relativity, which describes an isotropic homogeneous and expanding universe. The solution of this model can proved
its generic properties that are different from dynamical FL Model which are specific solutions for scale factor 𝑅(𝑡) that
assumes the only contribution to stress energy, cold matter, radiation and cosmological constant.
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It is worthwhile to mention that there was a major breakthrough after results of Supernovae type Ia project [25].
A new type of fluid with negative pressure, called dark energy, leads cosmic acceleration of the universe at present
epoch. In the recent past, many cosmological modes have been investigated to describe the nature of dark energy
[26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37]. The most suitable candidate of dark energy is a time varying cosmological
constant termΛ(𝑡) but it suffers few problems on the theoretical scale namely fine tuning and cosmic coincidence problems.
In order to alleviate cosmological constant problems, one can refer the following Refs. [38, 39, 40, 41, 42, 43, 44]. Up to
now, the dark energy and its physical nature is still mysterious and unclear, and we only know its some phenomenological
properties such as the dark energy is a cosmic fluid with equation of state parameter, numerically equivalent to -1 and it
violated strong energy condition. Also, the dark energy is homogeneously permeated in the universe and its clustering
property is smaller than dark matter. Some applications of time dependent Λ term are given in the Refs. [45, 46, 47, 48].
The idea of that during the evolution of the universe the energy density of the vacuum decouples into the particles thus
the value of cosmological term decreases with age of the universe. As the result one has the creation of particles although
the typical rate of the creation is very small. Now, it has been established that the universe is in accelerating phase at
present epoch. This acceleration of the universe is usually described by inclusion of dark energy density along with
the matter energy density in the Einstein’s field equation [38, 39, 49, 52, 51, 52, 53, 37]. The observational estimates
suggest that the universe is filled with dark matter with null pressure and dark energy with negative pressure. How-
ever, the nature of dark matter and dark energy is still mysterious. In the recent past, some cosmological models have
been investigated to explore the problems associated with dark energy and its possible solutions [54, 55, 56, 57, 58].
We also note that some important properties of dark energy in light of the early JWST observations are explored in
Ref. [59]. Nunes et al. [60] have investigated the dark sector interactions from the full-shape galaxy power spectrum
and described its new features in context of accelerating universe. The soundness of dark energy properties and its
applications are given in ref. [61]. Motivated by above investigations, in this paper, we confine ourself to investigate
some thermodynamic properties of homogeneous and isotropic universe for various dark energy conditions. The study
reveals that the derived models might be a suitable model to describe the dynamics and fate of the universe at present epoch.

The structure of our paper is as follows: In Section 2, we have presented thermodynamical behaviour and entropy
of the model where we have expressed the entropy production rate, apparent Horizon and Cui-Kim temperature of the
apparent horizon. In Section 3, we derived some basis of Einstein’s gravity with detail solutions of FRW metric. Sections 4
and 5 deal with two independent models: i) Λ = Λ1𝑡

−2 and ii) Λ = Λ2
(

𝑡
2𝑚−𝛼𝑡

)− 2𝑛
𝑚 and its physical properties respectively.

In Section 6, we summarize our findings in details.

2. THERMODYNAMICAL BEHAVIOUR AND ENTROPY
Thermodynamical study has been an important tool to incept a gravitational theory as pivotal event. Black hole

thermodynamics and recent Conformal field theory correspondence shows a strong corelation between gravity and ther-
modynamics, also it has a great significance on recent observations. From the concept of thermodynamics, the interaction
between first and second law of thermodynamics with volume V [14] can be expressed as

𝜏𝑑𝑠 = 𝑑 (𝜌𝑉) + 𝜌𝑑𝑉, (1)

where 𝜏 and 𝑆 represents the temperature and entropy respectively. The above equation can be written as

𝜏𝑑𝑆 = 𝑑 (𝑝 + 𝜌)𝑉 −𝑉𝑑𝑝, (2)

to define a perfect fluid as a thermodynamic system an integrability condition is required which can be written as

𝑑𝑝 =

( 𝑝 + 𝜌

𝜏

)
𝑑𝜏. (3)

Using equations (2) and (3), we have the differential equation

𝑑𝑆 =
1
𝜏
𝑑 (𝑝 + 𝜌)𝑉 − (𝑝 + 𝜌)𝑉 𝑑𝜏

𝜏2 . (4)

Rewriting above equation

𝑑𝑆 = 𝑑

[
(𝑝 + 𝜌)𝑉

𝜏

]
. (5)

Therefore, the entropy can be defined as

𝑆 =

[
(𝑝 + 𝜌)𝑉

𝜏

]
. (6)

The well known relation between pressure and energy density is read as

𝑝 = 𝛾𝜌 (7)
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where 𝑝 = 𝛾𝜌 and the parameter “𝛾” stands for equation of state parameter.
Let the entropy density is

𝑆1 =
𝑆

𝑉
=

𝑝 + 𝜌

𝜏
=

(1 + 𝛾)𝜌
𝜏

. (8)

Consider the apparent horizon of the universe for the assumed model appeared at 𝑟𝐴 where

𝑟𝐴 =
1√︃

𝐻2 + 𝑘

𝑎2

. (9)

Then the entropy density in terms of temperature with the help of first law of thermodynamics can be expressed as

𝑑 (𝜌𝑉) + 𝛾𝜌𝑑𝑉 = (1 + 𝛾)𝜏𝑑
(
𝜌𝑉

𝜏

)
, (10)

which on integration yields
𝜏 = 𝜌

𝛾

1+𝛾 . (11)

From equation (3), we obtain
𝑆1 = (1 + 𝛾)𝜌

𝛾

1+𝛾 . (12)

Now the Cui-Kim temperature of the apparent horizon can be obtained as

𝑇 =
1

2𝜋𝑟𝐴
. (13)

Here, the above equation (6) represents the entropy which does not depends on any individual fluids and is only depends
on the isotropic pressure and total matter density of the fluid. Many authors have investigated on thermodynamical aspects
of cosmological model using different theories with different fluid contents. Samant et. al [16] have investigated on
the validity of second law of thermodynamics using Kaluza-Klein metric with Bulk viscosity in the context of 𝑓 (𝑅,𝑇)
theory and found that the second law of thermodynamics doesn’t hold for the assumed model. As we know that the
actions of thermodynamic parameters is directly related to the energy density of the universe. Recently, Shekh et.al.,
[17] investigated thermodynamical aspects of relativistic hydrodynamics in 𝑓 (𝑅, 𝐺) gravity for accelerated spatially
homogeneous and isotropic FRW cosmological model with a non-perfect (un-magnetized) fluid in the framework of
𝑓 (𝑅, 𝐺) gravity model by defining entropy density with the condition stated above. Jamil et.al [18] have investigated on
Horava-Lifshitz cosmology for thermodynamical validity in different types of universe and found that the model remain
valid for closed and flat universe but conditionally valid for open universe which matches to the result obtained during our
study.

3. EINSTEIN FIELD EQUATION AND THEIR SOLUTION
The Einstein’s field equation can be written as follows

𝑅𝜇𝜈 −
1
2
𝑅𝑔𝜇𝜈 = 𝑇𝜇𝜈 , (14)

where 𝐺𝜇𝜈 the Einstein tensor, Λ is the cosmological constant which can be regarded as dark energy of the model
introduced by Einstein and 𝑇𝜇𝜈 is the energy-momentum tensor.

To study the nature of the model universe, it is quiet necessary to consider a metric by which the Einstein field
equations can be evaluated and further solutions can be evaluated. Let us consider FRW metric with a maximally
symmetric spatial section as

𝑑𝑠2 = −𝑑𝑡2 + 𝑅2 (𝑡)
[

𝑑𝑟2

1 − 𝑘𝑟2 + 𝑟2 (𝑑𝜃2 + sin2 𝜃𝑑𝜙2)
]
, (15)

where 𝑅(𝑡) the cosmic scale factor and the spatial curvature index 𝑘 = −1, 0,+1 corresponds to spatially open, flat and
closed universe respectively.
Now, consider the fluid representation for the energy-momentum tensor which can be written as follows

𝑇𝜇𝜈 = [𝜌, 𝑝, 𝑝, 𝑝] . (16)

In a co-moving coordinate system, the Einstein field equation (13) with the use of equations (14) and (15), we have

3𝐻2 + 3𝑘
𝑅2 = 𝜌 + Λ, (17)
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3𝐻2 + 𝑘

𝑅2 + 2 ¤𝐻 = −𝑝 + Λ, (18)

where 𝐻 stands for well-known Hubble parameter.

The above system of equation consists of two equation and four unknowns. To make the system consistent two
additional constraints required. So first we have considered the well-known relation between pressure and energy density
as described in Eq. (7). The parameter 𝛾 in Eq. (7) takes a vital role to model the universe for its different values. For 𝛾 =

0, 1
3 and − 1 the model represents a dust, radiating and vacuum energy of the fluid. Similarly, for 𝛾 < 0 is considered

as an accelerating expansion of the universe in the context of dark energy. Moreover, for different range of 𝛾 such as
quintessence phase, −1 < 𝛾 < 0, phantom phase 𝛾 < −1 and for cosmological constant cold dark matter ΛCDM universe,
we have 𝛾 = −1. Still, it is worthwhile to note that there is no clear understanding on equation of state parameter of dark
energy yet.

Furthermore, we also considered a linearly varying deceleration parameter [19, 20, 21, 22] as

𝑞 = −𝛼𝑡 + 𝑚 − 1 (19)

where 𝛼 and 𝑚 are scalar constants and 𝑞 = −𝑅 ¥𝑅
¤𝑅2 the deceleration parameter which helps to predict whether the model is

accelerating or decelerating in nature.
It is worthwhile to note that the concept of linearly varying deceleration parameter was given in Ref. [19] and later on

its observational analysis are presented in Refs. [20, 22]. In this paper, we confine ourself to describe the thermodynamics
of the universe for various dark energy conditions on the basis of linearly varying deceleration parameter.

The proposed form of deceleration parameter yields

𝑅 = 𝑎1

( 𝑡

2𝑚 − 𝛼𝑡

) 1
𝑚

, 𝛼 > 0, 𝑚 > 0. (20)

where, 𝑎1 = 𝑘1
1
𝑚 is an arbitrary constant while 𝑘1 denotes an integrating constant.

The Hubble parameter can be calculated by using equation (8) as

𝐻 = − 2
𝑡 (𝛼𝑡 − 2𝑚) . (21)

Hence the apparent horizon for the model is appeared at

𝑟𝐴 =

(
4

𝑡2 (𝛼𝑡 − 2𝑚)2 + 𝑘

𝑎2
1

( 𝛼𝑡

2𝑚 − 𝛼𝑡

)− 2
𝑚

)
. (22)

The energy density and pressure can be calculated as follows

𝜌 =
12

𝑡2 (𝛼𝑡 − 2𝑚)2 + 3𝑘
𝑎2

1

( 𝛼𝑡

2𝑚 − 𝛼𝑡

)− 2
𝑚 − Λ, (23)

𝑝 =
8(𝑚 − 𝛼𝑡) − 12
𝑡2 (𝛼𝑡 − 2𝑚)2 − 𝑘

𝑎2
1

( 𝛼𝑡

2𝑚 − 𝛼𝑡

)
+ Λ. (24)

Now, the equation of state parameter can be calculated on using (18)

𝛾 =

8(𝑚 − 𝛼𝑡) + Λ𝑡2 (𝛼𝑡 − 2𝑚)2 − 𝑘

𝑎2
1

(
𝛼𝑡

2𝑚−𝛼𝑡

)− 2
𝑚 𝑡2 (𝛼𝑡 − 2𝑚)2 − 12

12 − Λ𝑡2 (𝛼𝑡 − 2𝑚)2 + 𝑘

𝑎2
1

(
𝛼𝑡

2𝑚−𝛼𝑡

)− 2
𝑚 𝑡2 (𝛼𝑡 − 2𝑚)2

. (25)

3.1. Observational confrontation
The red-shift 𝑧 is read as

𝑧 = −1 + 𝑅0
𝑅

(26)
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where, 𝑅0 denotes the present value of scale factor and it is taken as 1.
Therefore, Hubble’s parameter in term of 𝑧 is obtained as

𝐻 (𝑧) = − 1
1 + 𝑧

𝑑𝑧

𝑑𝑡
(27)

Eqs. (20), (26) and (27) lead to
𝐻 =

𝐻0
(1 + 𝑎𝑚1 ) (1 + 𝑧)𝑚 [1 + 𝑎1 (1 + 𝑧)𝑚]2 (28)

where, 𝐻0 reads the present value of Hubble parameter.

Solving Eqs. (20) and (26), the time - redshift relationship is obtained as

𝑡 (𝑧) = 2𝑚
𝛼 + [𝑎1 (1 + 𝑧)]𝑚 (29)

Thus, the deceleration parameter in terms of redshift 𝑧 is computed as

𝑞 = −1 + 𝑚 − 2𝑚𝛼

𝛼 + [𝑎1 (1 + 𝑧)]𝑚 (30)

It is worthwhile to note that the observational analysis of the linearly varying 𝑞 in terms of time has been carried
out in Refs. [20, 22]. In particular, Akarsu et al. [20] have investigated the kinematics and fate of the universe by con-
fronting observational data for the linearly time-varying deceleration parameter model and its comparison with standard
ΛCDM model while Pacif [22] has investigated dark energy cosmological model by considering the linearly time-varying
deceleration parameter and constrained the model parameter with observational data. In this paper, we use the recent 1048
pantheon compilation of SN Ia data points [62] and 57 𝐻 (𝑧) data sets [63, 64, 65] while in Pacif [22], 580 data points
of SN Ia is used. Furthermore, we also estimate 𝐻0 along with model parameters 𝑚 and 𝑎1 whereas the value of 𝐻0 =

67.8 𝑘𝑚/𝑠/𝑀𝑝𝑐 is taken as prior in Pacif [22].

The 𝜒2 estimator is read as

𝜒2 =

𝑁∑︁
𝑖=1

[
𝐸𝑡ℎ (𝑧𝑖) − 𝐸𝑜𝑏𝑠 (𝑧𝑖)

𝜎𝑖

]2
. (31)

where 𝐸𝑡ℎ (𝑧𝑖) and 𝐸𝑜𝑏𝑠 (𝑧𝑖) denote the theoretical and observed values respectively, and 𝜎2
𝑖

denotes standard deviation of
each 𝐸𝑜𝑏𝑠 (𝑧𝑖). N is the number of data points.
The joint 𝜒2 estimator is read as

𝜒2
𝑗𝑜𝑖𝑛𝑡 = 𝜒2

𝑂𝐻𝐷 + 𝜒2
𝑃𝑎𝑛𝑡ℎ𝑒𝑜𝑛 (32)

The left panel of Fig. 1 depicts the two-dimensional contours in the 𝐻0 − 𝑚 plane at 1𝜎, 2𝜎 and 3𝜎 confidence
regions while the right panel of Fig.1 shows the two-dimensional contours in the 𝐻0−𝑎1 plane at 1𝜎, 2𝜎 and 3𝜎 confidence
regions by bounding our model with joint 57 𝐻 (𝑧) data sets and pantheon compilation of SN Ia data. We constrained
the model parameters 𝐻0, 𝑚 and 𝑎1 as 68.495 km/s/Mpc, 1.591 and 1.462 respectively. The values of parameters 𝑚 and
𝑎1 differ slightly from Pacif [22]. That is why, we choose 𝑚 = 1.591 and 𝑎1 = 1.462 for graphical analysis of various
parameters of the derived model. Fig. 2 depicts the dynamics of deceleration parameter 𝑞 versus redshift 𝑧 for 𝑚 =

1.591 and 𝑎1 = 1.462. From Fig. 2, we observe that the derived model exhibits a model of transitioning universe from
early decelerating phase to current accelerating phase. Furthermore, we obtain the transition redshift and present value
of deceleration parameter as 𝑧𝑡 = 0.73 and 𝑞0 = −0.535 respectively. It is worthwhile to note that an useful approach
to compare the linearly varying deceleration parameter models with standard ΛCDM model are given in Ref. [20]. The
present value of deceleration parameter and transition redshift are reported as 𝑞0 = −0.556±0.046 and 𝑧𝑡 = 0.682±0.082
respectively [20]. Moreover, Akarsu et al. [20] have obtained 𝑧𝑡 = 0.733+0.148

−0.095 for linearly varying deceleration parameter
with redshift (LVDPz) which is very close to the transition redshift of this paper.

4. MODEL WITH Λ ∝ 𝑡−2 𝑖.𝑒. Λ = Λ1𝑡
−2

This case gives the results of the physical parameter of the model as

𝜌 =
12

𝑡2 (𝛼𝑡 − 2𝑚)2 + 3𝑘
𝑎2

1

( 𝑡

2𝑚 − 𝛼𝑡

)− 2
𝑚 − Λ1𝑡

−2, (33)

𝑝 =
8(𝑚 − 𝛼𝑡) − 12
𝑡2 (𝛼𝑡 − 2𝑚)2 − 𝑘

𝑎2
1

( 𝑡

2𝑚 − 𝛼𝑡

)
+ Λ1𝑡

−2, (34)
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Figure 1. The left panel of Fig. 1 depicts the two-dimensional contours in the 𝐻0 −𝑚 plane at 1𝜎, 2𝜎 and 3𝜎 confidence
regions while the right panel of Fig.1 shows the two-dimensional contours in the 𝐻0−𝑎1 plane at 1𝜎, 2𝜎 and 3𝜎 confidence
regions by bounding our model with OHD + Pantheon compilation of SN Ia data.

Figure 2. The deceleration parameter 𝑞 versus 𝑧 for 𝑚 = 1.59 and 𝑎1 = 1.462.
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𝛾 =

8(𝑚 − 𝛼𝑡) + Λ1𝑡
2 (𝛼𝑡 − 2𝑚)2 − 𝑘

𝑎2
1

(
𝑡

2𝑚−𝛼𝑡

)− 2
𝑚 𝑡2 (𝛼𝑡 − 2𝑚)2 − 12

12 − Λ1𝑡2 (𝛼𝑡 − 2𝑚)2 + 𝑘

𝑎2
1

(
𝑡

2𝑚−𝛼𝑡

)− 2
𝑚 𝑡2 (𝛼𝑡 − 2𝑚)2

. (35)

Temperature

𝜏 =

(
12

𝑡2 (𝛼𝑡 − 2𝑚)2 + 3𝑘
𝑎2

1

( 𝑡

2𝑚 − 𝛼𝑡

)− 2
𝑚 − Λ1𝑡

−2

)𝛽
, (36)

where

𝛽 =

8(𝑚−𝛼𝑡 )+Λ1𝑡
2 (𝛼𝑡−2𝑚)2− 𝑘

𝑎2
1
( 𝑡

2𝑚−𝛼𝑡 )−
2
𝑚 𝑡2 (𝛼𝑡−2𝑚)2−12

12−Λ1𝑡2 (𝛼𝑡−2𝑚)2+ 𝑘

𝑎2
1
( 𝑡

2𝑚−𝛼𝑡 )−
2
𝑚 𝑡2 (𝛼𝑡−2𝑚)2

1 +
8(𝑚−𝛼𝑡 )+Λ1𝑡2 (𝛼𝑡−2𝑚)2− 𝑘

𝑎2
1
( 𝑡

2𝑚−𝛼𝑡 )−
2
𝑚 𝑡2 (𝛼𝑡−2𝑚)2−12

12−Λ1𝑡2 (𝛼𝑡−2𝑚)2+ 𝑘

𝑎2
1
( 𝑡

2𝑚−𝛼𝑡 )−
2
𝑚 𝑡2 (𝛼𝑡−2𝑚)2

. (37)

The entropy density

𝑆1 = (1 + 𝛾)
(

12
𝑡2 (𝛼𝑡 − 2𝑚)2 + 3𝑘

𝑎2
1

( 𝑡

2𝑚 − 𝛼𝑡

)− 2
𝑚 − Λ1𝑡

−2

)1−𝛽

. (38)

Moreover, using Eq. (29) in Eqs. (33) - (35), one may compute the energy density 𝜌 and pressure 𝑝 in terms of redshift 𝑧
as following

𝜌(𝑧) = 3𝑘 [(𝑎1 (𝑧 + 1))−𝑚]−2/𝑚

𝑎2
1

+ 3(𝑎1 (𝑧 + 1))−2𝑚 [𝛼 + (𝑎1 (𝑧 + 1))𝑚]4

4𝑚4 − Λ1 [𝛼 + (𝑎1 (𝑧 + 1))𝑚]2

4𝑚2 (39)

𝑝(𝑧) =
(𝑎1 (𝑧 + 1))−2𝑚

(
𝑎1

2 (𝛼 + (𝑎1 (𝑧 + 1))𝑚)2 (
−6𝛼(𝑎1 (𝑧 + 1))𝑚 + (𝑚(Λ1𝑚 + 2) − 3) (𝑎1 (𝑧 + 1))2𝑚 − 𝛼2 (2𝑚 + 3)

)
− 𝜁

)
4𝑎12𝑚4

(40)
where 𝜁 = 4𝛼𝑘𝑚4 (𝑎1 (𝑧 + 1))𝑚.

Fig.3 and Fig. 4 show the behavior of the universe for energy density 𝜌 and pressure 𝑝with respect to redshift 𝑧
respectively. From the above graphical representations, we observe that the the energy density and pressure decrease as
𝑧 → 0. The variation of EOS parameter 𝛾 =

𝑝

𝜌
with respect to time has been graphed in Fig. 5. We observe that open, flat

and closed model of the universe, the EOS parameter varies as with negative sign, therefore, the derived model in open,
flat and closed space - time geometry depicts dark energy EOS parameter like behaviour for Λ = Λ1𝑡

−2. Furthermore,
from Eq. (35), it is clear that the entropy density 𝑆1 is decreasing function of time and at 𝑡 → ∞, 𝑆1 → 0, which indicates
that the second law of thermodynamics remains impact-less on this model of universe.

In general theory of relativity, the energy conditions have significant role to describes the Hawking’s Penrose
singularity [23] whereas to verify the positive mass theorem, the dominant energy condition (DEC) is required to validate
[24]. It consists of a couple of constraints which characterise the nature of the obscurity of lightlike, timelike or spacelike
curves. Furthermore, to identify the second law of black hole thermodynamics, null energy condition plays a major role
[66]. The four different types of energy conditions are Null energy condition (NEC), Weak energy condition (WEC),
Strong energy condition (SEC) and Dominant energy condition (DEC) are respectively (i) 𝜌 + 𝑝 ≥ 0 (ii) 𝜌 + 𝑝 ≥ 0, 𝜌 ≥ 0
(iii) 𝜌 + 3𝑝 ≥ 0 (iv) 𝜌 > |𝑝 | [67]. The graphical representation of the energy conditions for this case are presented in Fig.
6. In the derived model, WEC, NEC and DEC are validated whereas it violates SEC as expected in dark energy models.
Moreover, the SEC is violated for the derived model of the universe which indicates that the universe is accelerating in
nature, which supports the results of Shekh et al. [17].

5. MODEL WITH Λ ∝ [𝑅(𝑡)]−2𝑛 𝑖.𝑒. Λ = Λ2
(

𝑡
2𝑚−𝛼𝑡

)− 2𝑛
𝑚

The different parameters of this model are obtained as

𝜌 =
12

𝑡2 (𝛼𝑡 − 2𝑚)2 + 3𝑘
𝑎2

1

( 𝑡

2𝑚 − 𝛼𝑡

)− 2
𝑚 − Λ2

( 𝑡

2𝑚 − 𝛼𝑡

)− 2𝑛
𝑚

, (41)

𝑝 =
8(𝑚 − 𝛼𝑡) − 12
𝑡2 (𝛼𝑡 − 2𝑚)2 − 𝑘

𝑎2
1

( 𝑡

2𝑚 − 𝛼𝑡

)− 2
𝑚 + Λ2

( 𝑡

2𝑚 − 𝛼𝑡

)− 2𝑛
𝑚

, (42)
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Figure 3. The energy density 𝜌 versus redshift 𝑧 for 𝑚 = 1.591 and 𝑎1 = 1.462 for model Λ = Λ1𝑡
−2.

Figure 4. The pressure 𝑝 versus redshift 𝑧 for 𝑚 = 1.591 and 𝑎1 = 1.462 for model Λ = Λ1𝑡
−2.
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Figure 5. EOS parameter 𝛾 versus redshift 𝑧 for model Λ = Λ1𝑡
−2 for 𝑚 = 1.591 and 𝑎1 = 1.462.

Figure 6. Energy conditions: i) WEC 𝜌 ≥ 0 ii) NEC 𝜌 + 𝑝 ≥ 0 iii) DEC 𝜌 − 𝑝 ≥ 0 and iv) SEC 𝜌 − 3𝑝 ≤ 0 for model
Λ = Λ1𝑡

−2.
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Figure 7. The energy density 𝜌 versus redshift 𝑧 for 𝑚 = 1.591 and 𝑎1 = 1.462. for model Λ = Λ2
(

𝑡
2𝑚−𝛼𝑡

)− 2𝑛
𝑚 .

Figure 8. The pressure 𝑝 versus redshift 𝑧 for 𝑚 = 1.591 and 𝑎1 = 1.462. for model Λ = Λ2
(

𝑡
2𝑚−𝛼𝑡

)− 2𝑛
𝑚 .
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Figure 9. EOS parameter 𝛾 versus redshift 𝑧 for model Λ = Λ2
(

𝑡
2𝑚−𝛼𝑡

)− 2𝑛
𝑚 for 𝑚 = 1.591 and 𝑎1 = 1.462.

𝛾 =

8(𝑚 − 𝛼𝑡) + Λ2𝛼
2𝑡4

(
𝑡

2𝑚−𝛼𝑡

)− 2(𝑛+𝑚)
𝑚 − 𝑘

𝑎2
1

(
𝑡

2𝑚−𝛼𝑡

)− 2
𝑚 𝑡2 (𝛼𝑡 − 2𝑚)2 − 12

12 − Λ2𝛼2𝑡4
(

𝑡
2𝑚−𝛼𝑡

)− 2(𝑛+𝑚)
𝑚 + 𝑘

𝑎2
1

(
𝑡

2𝑚−𝛼𝑡

) 2
𝑚 𝑡2 (𝛼𝑡 − 2𝑚)2

. (43)

The temperature is given by

𝜏 =

(
12

𝑡2 (𝛼𝑡 − 2𝑚)2 + 3𝑘
𝑎2

1

( 𝑡

2𝑚 − 𝛼𝑡

)− 2
𝑚 − Λ2

( 𝑡

2𝑚 − 𝛼𝑡

)− 2𝑛
𝑚

) 𝜂
, (44)

where

𝜂 =

©­­­­­­­­«

8(𝑚−𝛼𝑡 )+Λ2𝛼
2𝑡4 ( 𝑡

2𝑚−𝛼𝑡 )−
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2
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2
𝑚 𝑡2 (𝛼𝑡−2𝑚)2

1 +
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2(𝑛+𝑚)

𝑚 − 𝑘

𝑎2
1
( 𝑡

2𝑚−𝛼𝑡 )−
2
𝑚 𝑡2 (𝛼𝑡−2𝑚)2−12

12−Λ2𝛼2𝑡4 ( 𝑡
2𝑚−𝛼𝑡 )−

2(𝑛+𝑚)
𝑚 + 𝑘

𝑎2
1
( 𝑡

2𝑚−𝛼𝑡 )
2
𝑚 𝑡2 (𝛼𝑡−2𝑚)2

ª®®®®®®®®¬
. (45)

And the entropy density obtained as

𝑆1 =
©­­«1 +

8(𝑚 − 𝛼𝑡) + Λ2𝛼
2𝑡4

(
𝑡

2𝑚−𝛼𝑡

)− 2(𝑛+𝑚)
𝑚 − 𝑘

𝑎2
1

(
𝑡

2𝑚−𝛼𝑡

)− 2
𝑚 𝑡2 (𝛼𝑡 − 2𝑚)2 − 12

12 − Λ2𝛼2𝑡4
(

𝑡
2𝑚−𝛼𝑡

)− 2(𝑛+𝑚)
𝑚 + 𝑘

𝑎2
1

(
𝑡

2𝑚−𝛼𝑡

) 2
𝑚 𝑡2 (𝛼𝑡 − 2𝑚)2

ª®®¬(
12

𝑡2 (𝛼𝑡 − 2𝑚)2 + 3𝑘
𝑎2

1

( 𝑡

2𝑚 − 𝛼𝑡

)− 2
𝑚 − Λ2

( 𝑡

2𝑚 − 𝛼𝑡

)− 2𝑛
𝑚

)1−𝜂

. (46)

Moreover, using Eq. (29) in Eqs. (41) and (42), we obtain an expression of the energy density 𝜌 and pressure 𝑝 in terms
of redshift 𝑧 as following

𝜌(𝑧) = 3𝑘 [𝛼(𝑎1 (𝑧 + 1))−𝑚]−2/𝑚

𝑎12 + 3(𝑎1 (𝑧 + 1))−2𝑚 [𝛼 + (𝑎1 (𝑧 + 1))𝑚]4

4𝑚4 − Λ2 [𝛼(𝑎1 (𝑧 + 1))−𝑚]−
2𝑛
𝑚 (47)

𝑝(𝑧) = (𝑎1 (𝑧 + 1))−2𝑚 (𝛼 + (𝑎1 (𝑧 + 1))𝑚)3 (2𝑚 ((𝑎1 (𝑧 + 1))𝑚 − 𝛼) − 3 (𝛼 + (𝑎1 (𝑧 + 1))𝑚))
4𝑚4 − 𝛼𝑘 (𝑎1 (𝑧 + 1))−𝑚

𝑎12 +

Λ2 (𝛼(𝑎1 (𝑧 + 1))−𝑚)−
2𝑛
𝑚 (48)

The expressions for energy density 𝜌, pressure 𝑝 in terms of time are obtained in Eqs. (41) and (42) respectively
while Eqs. (47) and (48) exhibit 𝜌 and 𝑝 in terms of redshift 𝑧. The graphical behaviours of energy density, pressure and
EOS parameter versus redshift 𝑧 are shown in Fig. 7, Fig. 8 and Fig. 9 respectively. As in the earlier case here also we
can see the same results for energy density and EOS parameter for model Λ = Λ2

(
𝛼𝑡

2𝑚−𝛼𝑡

)− 2𝑛
𝑚 for 𝑚 = 1.591 and 𝑎1 =

1.462. Moreover, we also obtain here the similar results for energy conditions which indicates that the assumption made
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Figure 10. Energy conditions: i) WEC 𝜌 ≥ 0 ii) NEC 𝜌 + 𝑝 ≥ 0 iii) DEC 𝜌 − 𝑝 ≥ 0 and iv) SEC 𝜌 + 3𝑝 ≤ 0 for model
Λ = Λ2

(
𝑡

2𝑚−𝛼𝑡

)− 2𝑛
𝑚 .
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Figure 11. The behaviour of cosmological constant Λ with redshift 𝑧 for models i) Λ = Λ1𝑡
−2 (left panel) and ii) Λ =

Λ2
(

𝑡
2𝑚−𝛼𝑡

)− 2𝑛
𝑚 (right panel) for 𝑚 = 1.591 and 𝑎1 = 1.462.

for dark energy in this case remain valid in energy condition aspects. The Fig. 10 describes the graphical representations
of energy conditions. We observe that the derived model of the universe validates WEC, NEC and DEC while it violates
SEC. The violation of SEC favors the accelerating expansion of the universe. It is worthwhile to note that the entropy
density of the model remain positive and it approaches to a small positive value at present epoch.

6. CONCLUSIONS
The present study deals with the phenomenon early stage of the universe and the dynamics of the universe at

present epoch with in the framework of isotropic and homogeneous space - time. It is also well established that the
mathematical formulation of different cosmological models through the laws of physics becomes an essential component
in understanding the nature of the universe. Hence, in this present work, we have investigated FRW cosmological model
in the context of Einstein’s theory of gravitation. We have studied time varying dark energy states of two different
assumptions: i) Λ = Λ1𝑡

−2 and ii) Λ ∝ [𝑅(𝑡)]−2𝑛. This study reveals that the universe was expanding with positive value
of deceleration parameter at early time and it enters into accelerating phase at 𝑧𝑡 = 0.73. Moreover, we also observed
that the Hubble parameter approaches to infinite when time approaches to zero, this indicates that, the universe describes
a power law inflation. The temperature and entropy density of the model remain positive for both the cases. In view
of energy conditions, the assumptions yields identical results. Our study suggests that the SEC violates for our model
which indicates the domination of dark energy type fluid at present epoch. Finally, we conclude that the second law of
thermodynamics remain impact-less in both the assumptions. Furthermore, the study suggests that the models of the
universe presented in this paper is finite with increasing rate of expansion that leads accelerating phenomenon of the
universe at present epoch. The nature of cosmological constant as function of redshift in the derived models have been
graphed in Fig. 11. From Fig. 11, we observe that the cosmological constant Λ decrease with redshift 𝑧 and finally it
approaches a small positive value at present epoch (𝑧 = 0) which is supported by type Ia supernova observations [2, 3, 4].
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ТЕРМОДИНАМIКА ОДНОРIДНОГО ТА IЗОТРОПНОГО ВСЕСВIТУ
ДЛЯ РIЗНИХ УМОВ ТЕМНОЇ ЕНЕРГIЇ

Нiру Гоялa, Анiл Кумар Ядавb, Тенсубам Олександр Сiнгхc, Адiтя Шарма Грераa, Асем Джотiн Мейтейd,e,
Кангуджам Прiйокумар Сiнгхd*

𝑎Департамент прикладних наук, Унiверситет НортКап, Гуруграм - 122017, Iндiя
𝑏Департамент фiзики, Об’єднаний коледж iнженерiї та дослiджень, Велика Нойда - 201310, Iндi

𝑐Департамент математичних наук, Унiверситет Бодоленд, Кокрайхар-783370, Ассам, Iндiя
𝑑Департамент математики, коледж Правабатi, Маянг Iмпхал-795132, Манiпур, Iндiя

𝑒Департамент математики, Манiпурський унiверситет, Канчiпур, Iмфал-795003, Манiпур, Iндiя
Дослiджено термодинамiчнi властивостi однорiдного та iзотропного Всесвiту для рiзних умов темної енергiї з спадаючим
космологiчним членом Λ(𝑡). Щоб отримати явний розв’язок рiвнянь поля Ейнштейна, ми розглянули лiнiйно змiнний параметр
уповiльнення у формi 𝑞 = −𝛼𝑡 + 𝑚 − 1 з 𝛼 i 𝑚 як скалярними константами. Ми обмежили параметри моделi 𝐻0 i 𝑚 як 68, 495
км/с/Мпк i 1, 591 вiдповiдно, обмеживши похiдну модель комбiнованою компiляцiєю пантеону наборiв даних SN Ia i H(z).
Крiм того, ми дослiджували стани темної енергiї, що змiнюються в часi, для двох рiзних припущень: i) Λ = Λ1𝑡

−2 та ii) Λ ∝
[𝑅(𝑡)]−2𝑛. Для конкретного припущення нашi моделi вказують на поведiнку, подiбну до темної енергiї, у вiдкритому, плоскому
та закритому просторi – геометрiя часу. Температура та щiльнiсть ентропiї моделi залишаються додатними для обох випадкiв:
i) Λ = Λ1𝑡

−2 i ii) Λ ∝ [𝑅(𝑡)]−2𝑛.. Також обговорюються деякi фiзичнi властивостi Всесвiту.
Ключовi слова: модель FRW; однорiдний; термодинамiка; пантеон; темна енергiя
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