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This study contains a sophisticated computational approach to predict cyclohexane while maintaining the D3d point group symmetry
higher overtone vibrational frequencies (CsHi2), precisely, third, fourth, and fifth. We utilize a Lie algebraic approach within the context
of the vibrational Hamiltonian. The method uses cyclohexane's carbon-hydrogen (C-H) and carbon-carbon (C-C) bonds as unitary Lie
algebras, accurately modelling the molecular vibrational structure. Thus, the vibrational Hamiltonian takes Casimir and Majorana's
invariant operators and parameters and successfully outlines the molecules' vibrational modes. This Lie algebraic approach clearly
outlined cyclohexane's higher overtone vibrational dynamics and provided helpful information that can be applied in other fields of
study and technology.
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1. INTRODUCTION

One of the essential aspects of molecular spectroscopy is the determination of the vibrational and energy distribution
characteristics of the molecules within a study and, therefore, the understanding of different structures, interactions and
activities of such molecules. Vibrational spectroscopy methods deal with the so-called vibrational spectra, which correspond
to discrete energy levels, each of which relates to molecular vibrations. Such frequencies are also considered molecular
fingerprints, essential in understanding the types of chemical bonds, structures, and interactions and identifying different
molecules. Cyclohexane (CéH.2), with its simple D34 point group symmetry, is ideally suited for such studies since it is known
to have very complex vibrational interactions even at high overtone levels [1,2]. Many of the traditional approaches taken
by researchers seeking to explain the vibration of molecules have been based on the so-called harmonic oscillator model,
where it is assumed that the behaviour of a vibrating molecule can be appreciated within the limits of a symmetrical parabolic
potential well-located about the equilibrium position of the molecule. Remember that this modelling of the fundamental
vibrational modes works well. It is well known that the anharmonicity of molecular vibrations is most apparent at higher
energy levels. The simple fact is that molecular bonds show non-linearities instead of a perfect harmonic oscillation due to
the atoms' stretching in a molecule. This anharmonicity becomes much more significant as I work with higher vibrational
overtones where the simple picture of the potential energy curve as a parabola fails all along the sides [3-9]. The Morse
oscillator model improves and provides a better geometrical description of molecules than the diatomic oscillator model
because it incorporates the concept of anharmonicity into the potential energy surface. The Morse potential extends bond
lengths and allows bond breaking to be considered a refinement using spherical averages of molecular vibration models.
Besides, describing and analyzing the data of vibrational spectra involves working with conventional models of molecules
and applying the Morse oscillator, which is necessary to assess energy distributions and vibrational transitions adequately,
particularly at high overtone levels. More detailed representations of present or future molecules, like cyclohexane, should
extend classical models and consider more advanced mathematical frameworks. The significant relation in this case is the
vibrational Hamiltonian, which summarizes all modes of molecular vibrations and enables any rationalization of the normal
modes and their couplings. Tackling the many body problems and other Hamiltonian terms by reformulating the vibrational
Hamiltonian in terms of Lie algebras pretty much exhausts within the amends of the harmonic approximation in polyatomic
systems. The benefit of the Lie algebraic approach is the ability to model Hamiltonians elegantly; this is essential for the
calculations of complex vibrational spectra in a Lie algebra-based model. This method is well suited for polyatomic
molecules because the theoretical presumption is satisfied by this formulation of Hamiltonian designed using invariant
operators, such as Casimir and Majorana operators. These operators are part of the Lie algebraic representation and are
indispensable in a holistic sense of molecular vibrational interactions. For example, the Casimir operator determines the
number of angular momenta in the system. In contrast, the contribution of Majorana operators includes enhancing the
vibrational coupling of different molecular bonds. As described in the article, Lie algebraic methods are used to create a
cyclohexane vibrational Hamiltonian, capable of reproducing the higher overtones vibrational frequencies (third, fourth and
fifth overtone) with more accuracy than existing methods. We construct a Hamiltonian consistent with the D3q symmetry of
cyclohexane and include the nonharmonic couplings present in the molecule's vibrational spectrum by viewing the chemical
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bonds C-H and C-C as unitary Lie algebras. To find the vibrational frequencies, for which the Hamiltonian matrix for the
molecule will be constructed in such a way as to include all possible vibrational couplings in the account of cyclohexane.
Each vibrational state corresponds to a matrix element of the Hamiltonian, and there is no need to solve the matrix directly;
instead, the energy eigenvalues of the matrix through which the state associated with the vibrations is represented are
evaluated [10-12]. This way of looking at matrices also aids in predicting higher overtone frequency levels. It gives a glimpse
of the interaction between the various vibrational forms and the general motion of the molecule. The main conclusion of this
research is that the Lie algebraic approach is a practical tool for estimating cyclohexane's higher overtone vibrational
frequencies since it accounts for anharmonicity, and the interaction of active coordinates typically neglected within simple
harmonic models. Regardless of the covalent bonding nature, when the kinetic energy operator is expressed as a linear
combination of the Lie algebra generators, Casimir and Majorana operators, we systematically elucidate the vibrational
properties of cyclohexane and other more complex polyatomic systems. One of the outcomes of this work is that these
molecular vibrations are essential for spectroscopic studies and other related scientific activities. Experimentally, assigning
vibrational frequencies accurately can be significant since it will help interpret experimental spectra and molecular reactivity
and map out the potential energy surfaces of the molecules in question. The Lie algebraic approach provides a coherent and
generalizable framework that can be applied to other polyatomic molecules to facilitate the examination of vibrational spectra
for various chemical, physical, and engineering purposes [13,14]. It brings new insights into the molecular vibrations that
are of great importance to material science, chemical engineering and molecular physics with respect to the design,
application and enhancement of advanced spectroscopic techniques aimed at studying reaction pathways and constructing
novel materials reaction mechanisms.

Concisely, this investigation proves the predictive capability of the Lie algebraic approach to extending higher
overtone vibrational frequencies and confirms this method as a single-line weapon in molecular spectroscopy
development. It is also worth mentioning that such a thorough incorporation of the Morse oscillator model, anharmonicity
and, importantly, Lie algebraic operators within the vibrational Hamiltonian opens new technological opportunities for
the polyatomic molecules vibration analysis and cyclohexane tasks.

2. LIE ALGEBRAIC APPROACH

The Lie algebraic approach has thus proved to be a very effective tool in representing the vibrational frequencies
within a molecule being fashioned, such a treatment accommodating the interactions involved in both the fundamental
and the overtone transitions. This approach differs in that instead of using potential energy surfaces or differential
equations to outline framework, it employs the mathematical structures of Lie algebras, particularly the U(2) algebra
wherein vibrational states are treated as vectors and transitions as operators acting on these states. With the aid of algebra,
molecular vibrations can be described which has advantages because harmonic and non-harmonic behaviours can be dealt
with in a single framework. Central to this system is the formulation of the vibrational Hamiltonian which determines the
energy levels and vibrational frequencies of the molecule. The Hamiltonian is written in terms of U(2) Lie algebra
generators that operate with raising, lowering and projection including projection operators, Casimir (C;, C;;) and
Majorana (M;;) operators bonding single vibrational mode and modes interaction. By adjusting parameters such as
A;, Ayj, A;j, the Hamiltonian accurately models the vibrational dynamics, capturing fundamental frequencies and overtone
transitions observed in molecular spectra. This strategy is effective in the case of complex and multi-vibrational molecules
as it allows the analysis of vibrational spectra systematically and flexibly for molecules of extensive diversity. The
advantage of the Lie algebraic approach is that it makes it possible to describe molecular vibrations not only in harmonic
systems but also in anharmonic ones, which is, to a great degree, essential in molecular spectroscopy and enables
correlation with experimental [13, 14].

To determine the vibrational modes of the molecule, it is essential to have the C-H and C-C stretching leads to the
so-called vibrational Hamiltonians in cyclohexane. These Hamiltonians account for stretching vibrational interactions
and energy and provide an idea of how the energy levels of vibration are structured within the molecule. For the case of
the C-H stretching vibrations, this Hamiltonian is prepared to describe how the C-H bonds behave when they are stretched.
It includes the normal vibrational modes and other inclusions to model higher overtone frequencies. This Hamiltonian
usually has terms about the harmonic oscillator basis; however, other terms are included regarding flexible coupling
terms, which are more representative of the accurate molecular picture. Similarly, cyclohexane is modelled for the C-C
stretching vibrations with a Hamiltonian considering the bond stretching between the carbon atoms. However, the picture
is more complicated in this case because of the cyclohexane symmetry and the coupling of the neighbouring C-C bonds.
It is designed to include interactions between individual C-C stretching modes and between C-H and C-C vibrations,
providing a more holistic representation of the vibrational structure.

The Hamiltonian can be expressed in terms of Lie algebra generators, in particular, using the U(2) algebraic model.
This method permits a thorough and systematic description of the fundamental and overtone vibrational frequencies,
which ensures that the calculated frequencies are consistent with experimental data. These Hamiltonians include harmonic
and anharmonic terms, which can be used in detail to analyze the vibrational dynamics of cyclohexane.

The established Hamiltonian operator which keeps in view the D34 symmetry of cyclohexane is given as [15]:

HEH = Ey+ Y2 ACHC + Z?fjlz AiCj'HCij + Z{‘fjlz Afj_HMi]- (1)
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HC_C — Eo + Z‘]I:'l:16AiC—CCi + 2?56‘4,5_(:6” + ZnZGAiCj_CMi]' (2)

i<j
The algebraic operators and dimensionless Vibron number N can be defined from the following expressions,
(C;) = —4(Nw; — v}) (3)
(N;, vi; N;, v; | Cyj | N, w35 N, vy = 4w + ) (0 + vy — N; = ;) )

(Ni' vi;IVj'vj|Mij|Ni'vi;1Vj!vj) = 'UiIVj + VjNi - 217i'l7j
(Ni, v; + 1; Ivj, Uj - 1|M1]|Nl! IZh Ivj, 17]) = —[Uj(vi + 1)(Nl - Vi)(]Vj - 17]' + 1]1/2 (5)
<Ni, Ui — 1;1\]]',17]' + 1|Ml]|Nl' Ui;IVj,Uj) = _[Ui('l?j + 1)(1\]1 — V])(Nl — Ui + 1]1/2

The vibrational quantum numbers for the different bonds i and j are denoted by v; and v}, respectively. .

N=-¢-1 (6)

WeXe

The initial guess for the parameters A; is obtained from the energy expression for single-oscillator fundamental mode,
Ef M (v =1) = — 447" (NCH-1) ™
EfH(v=1) = — 44A7C(NCC-1) ®)

The initial guesses for 4;; are obtained by the relations,

C-H_pC-H c-C_pC-C
o R ) B [or g M) S )
Y 12NC-H 7 U 6 NC—C

Here, Ef ™", Ef ™, E{~¢,E{f = represent the different energies corresponding to the symmetric and antisymmetric
combinations of the two local vibrational modes. The initial values for A;; are assumed to be zero.

3. RESULTS AND DISCUSSIONS
To predict the third, fourth, and fifth overtone frequencies for cyclohexane using the U(2) Lie algebraic approach,
we utilize the established vibrational Hamiltonian parameters as outlined in the methodology [15]. The Table below
summarizes the third, fourth and fifth overtone vibrational frequencies, symmetry species, and associated vibrational
modes within the cyclohexane molecule. These values are also presented graphically in the accompanying figure.

Table. Vibrational frequencies (in cm™) for cyclohexane

Vibrational Mode Symmetry I1I overtone IV overtone V overtone
Species
vi (CH: a-str) alg 10132 13293 15881
v2 (CH2 s-str) alg 10180 12780 15186
v3 (CHz scis) alg 3975 6703 7959
v4 (CH2 rock) alg 3511 4551 5741
vs (CC str) alg 2623 3297 3973
vy (CC str) alu 3662 4598 5536
vi2 (CHz a-str) a 9945 13815 15114
v13 ((CHz s-str)) a 10530 12871 15721
vi4 (CHz scis) a 5120 6651 7786
vis (CHz rock) a 2975 4798 5750
v17 ((CH2 a-str)) eg 9894 13112 15210
vis ((CHz s-str)) eg 10604 13876 16107
vi19 (CHz scis) eg 5040 6783 8285
v22 (CC Str) €g 3869 4703 5835
v23 (CH2 rock) eg 2775 3388 4082
v2s5 (CH2 a-str) €u 10602 13596 15865
va6 (CHz s-str) €u 10759 12842 15904
v27 (CHz scis) €u 5023 6693 8101
v30 (CHz rock) eu 3012 4209 5197
v31 (CC str) €u 3156 3878 4630
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Vibrational Spectrum for Cyclohexane

Overtones

16000 - \ £ 1 —e— lll overtone
—\ \ / \ —a— IV overtone
\ \
\ \ \
/

\ —+— Vovertone

14000

12000

10000

8000

Wave Numbers (cm-1)

6000

4000

2000

v1 (CH2 a-str)
v2 (CH2 s-str)
v3 (CH2 scis)
v4 (CH2 rock)
v5 (CC str)

v9 (CC str)
v12 (CH2 a-str)
v13 (CH2 s-str)
v14 (CH2 scis)
v15 (CH2 rock)
v17 (CH2 a-str)
V18 (CH2 s-str)
v19 (CH2 scis)
v22 (CC Str)
v23 (CH2 rock)
v25 (CH2 a-str)
v26 (CH2 s-str)
v27 (CH2 scis)
v30 (CH2 rock)
v31 (CC str)

Vibrational Mode

Figure. Vibrational Frequencies Representation for Cyclohexane - 111, IV, and V Overtones

4. CONCLUSIONS

In this study, cyclohexane's third, fourth, and fifth overtone vibrational frequencies are predicted and analyzed using
the U(2) Lie algebraic method for symmetric D34 point group configurations. Applying a vibrational Hamiltonian with
incorporated Casimir and Majorana operators enables one to correctly reproduce the anharmonic couplings and
interactions between C—H and C—C bonds. The results prove that this method significantly gives better insight into the
vibrational dynamics than the modelled systems in terms of overtones high order transitions. The results confirm the
practical usefulness of the so-called Lie algebraic method for solving problems of the vibrational spectra of complex
polyatomic molecules and indicate its good prospects for various studies of molecular vibrations in various other systems.
The assignment of the vibration spectra is important for interpreting the experimental spectra, understanding the molecular
reactivity and mapping the potential energy surfaces. This general strategy is systematic and flexible. It will help develop
complex analyses with a scope that can be expanded to other molecules and provide valuable information regarding their
vibrational characteristics for use in spectroscopy, materials and molecular design. In general, the findings of this research
support the idea that the Lie algebraic model can predict overtone frequencies with precision while appreciably enhancing
the knowledge of molecular vibrations, especially in molecules with high anharmonicity. Other studies may investigate
applying this method to other polyatomic molecules and apply it to vibrational spectra of more complicated molecular
systems.
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AHAJII3 BULIIUX OBEPTOHHUX KOJIUBAJIBHUX YACTOT B IUKJIOI'EKCAHI 3A TOITIOMOI' OO
AJITEEPATYHOT O MIAXOAY JI
M.B. Cy66a Pao?, T. CpiniBac®?, l:x. Bimkascexap®
aJlenapmamenm mamemamuru, Incmumym mexuonoeiii i Hayxk Anina Hipyxonou (ANITS), Bicaxxanamnam, Inoia
bdaxynomem mamemamuru, Texnonoziunuil ynisepcumem [oicasaxaprana Hepy, Kaxinaoa, Inoia
“/lenapmamenm mamemamuxu, GITAM (ssasicaemvca ynisepcumemon), Xatioapabao, Inois

VY 1mpoMy JOCIHIUKEHHI NPEACTaBIeHO CKIATHUH OOUYMCIIIOBAIBHUM XA MO HPOTHO3YBAaHHS BHINNX OOEPTOHHUX KOJIMBATBHHX
gactor D3d ToukoBoi rpymu nuxiorekcany (CO6H12), 3okpema TpeThoi, 4eTBepToi Ta I’sToi. MU BUKOPUCTOBYEMO aireOpaidHmit
Meton JIi B paMKax KOJIMBAJIBHOIO raMiIbTOHIaHa. Y IIbOMY ITiJIXO/i BUKOPHCTOBYIOTHCS Byrienb-BogHeBi (C-H) i Byriens-Byriienesi
(C-C) 3B’s3KkM LMKIJIOTEKCaHy SIK yHiTapHi ainreOpu Jli, TOYHO MOJEIIOIOYHM MOJEKYJSIPHY KOJHMBAIBHY CTPYKTYpY. SIK Hacmimok,
KOJIMBAJIbHUN TaMiNbTOHIaH BKJIIOYAE iHBapiaHTHI omeparopu Ta mapameTpu Kasumupa ta Maiiopanu, e(eKTHBHO OKPECIIIOIOUN
KOJIMBaJIBHI pexxumu Moniekynu. Leit anredpaiunuii metox Ji mosicHioe BiOpamuiiiHy qUHAMIKY UKJIOreKCaHy 3 BUIIUMH 00epTOHAMU
Ta Ja€ HiHHY iHQOPMAIIO [JIsl 3aCTOCYBAHHS B PI3HHUX rajy3sX JOCIiIKEHb Ta TEXHOJOTIH.

KurouoBi cinoBa: ancebpaiynuii nioxio Jli; konusanvui vacmomu, KOIUBATbHUL 2AMITbIMOHIAH, YUKTIO2EKCAH



