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This paper presents a comprehensive study in a collisionless plasma composed of charged state of heavy positive ion and light positive as
wel as negative ion. By deriving the Korteweg-de Vries (KdV) equation and by using its standard solution we analyze the characteristics
of the solitary profile under varying parameters. We found that the solution gives both rarefactive and compressive soliton. The
compressive structures are formed for the slow mode, while rarefactive solitary structures are formed for the fast mode. Furthermore,
with the application of planar dynamical systems bifurcation theory, the phase portraits have been analyzed. This dynamical system
analysis allowed us to extract important information on the stability of these structures as represented by the KdV equation.
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1. INTRODUCTION
Two key properties of plasma are nonlinearity and dispersion; nonlinearity causes the wave to steepen, while

dispersion aims to make the wave broader. A wave that propagates in the plasma without losing its identity even after
interacting with other waves is referred to as a solitary wave when the nonlinearity and dispersion are balanced. A confined
nonlinear wave with a steady-state shape is a soliton [1]. Washimi and Taniuti made the first theoretical prediction of
the presence of ion-acoustic solitary waves of modest but finite amplitudes in plasma in 1966 [2]. The fundamental
characteristics of the ion-acoustic wave would be considerably altered in the linear [3–5] and nonlinear regimes [6, 7] in
the presence of a second ion species in a plasma. They discovered that two ion acoustic modes, known as the fast and
slow ion modes, are supported by their model. These two ion wave modes are confirmed to exist by the experimental
studies [4, 5].

The physics of positive and negative-ion quantum plasmas, and in particular multi-ion plasmas, have attracted a lot
of attention lately because of their presence in plasma environments ranging from laboratory to astrophysical. [8–11]. The
constituents of the degenerate quantum plasma includes electrons, heavy ions with positive charges, and light ions [12]. It
is commonly known that negative ions exist in the Halley’s comet [13] and the Earth’s ionosphere [14]. Positive-negative
ion plasmas have also been discovered to exist in a variety of settings, including neutral beam sources [15], low-temperature
laboratory studies [16], reactors for plasma processing [17], etc. Numerous authors [11, 18–21] used positively charged
heavy and light ions in quantum plasmas to study nonlinear waves.

In the presence of elevated magnetic fields, the plasma ion pressure exhibits anisotropic behavior, and the plasma
behaves differently in parallel and perpendicular directions relative to the external magnetic field [22]. So, to consider
the effect of ionic pressure anisotropy pressure i.e., the parallel ion pressure (𝑃∥ ) and perpendicular ion pressure (𝑃⊥)
become very important. Numerous studies have been reported on the impact of pressure anisotropy on the propagation of
solitary and shock waves in different plasma regimes [23, 24]. For example, Almas et al. [25] investigated the properties
of ion-acoustic solitary waves composed of anisotropic pressure of electron-positron-ion(e-p-i) plasma and found that
the characteristics of such waves are more sensitive to parallel ion pressure than perpendicular ion pressure. Khalid et
al. [26] also studied the propagation of ion-acoustic electrostatic waves in a magnetized electron-ion plasma with pressure
anisotropy. Mahmood et al. [27] studied the properties of non-linear electrostatic structure in anisotropic pressure plasma
and found that only the width of the soliton depends on the perpendicular pressure (𝑃⊥), however, an increase in the
parallel pressure (𝑃∥ ) decreases both the amplitude as well as the width of the soliton. Manesh et al. [28] studied the
properties of solitary waves in an anisotropic plasma with lighter and heavier ions and found that the light ion’s pressure
anisotropy determines the polarity of solitary waves, and it is rarefactive for anisotropic lighter ion whereas compressive for
the isotropic lighter ion. Khan et al. [29] studied the properties of soliton and cnoidal wave in an anisotropic superthermal
electron-positron-ion plasma and found that the wavelength of the cnoidal wave structure is reduced on increasing the
parallel and perpendicular anisotropy of ion. Khalid and Rahman [30] studied the ion pressure anisotropy of the ion
acoustic non-linear periodic waves in a magnetized plasma. They reported that the increase of parallel pressure of ions
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decreases the amplitude and width of the ion-acoustic periodic waves and the ion-acoustic waves behave differently than
ion-acoustic periodic (cnoidal) waves in anisotropic plasmas.

Apart from classical plasmas, the effect of pressure anisotropy has been widely investigated in dense quantum
magnetized plasmas. For example, Bordbar and Karami [31] studied the structural properties of an anisotropic dense
neutron star and analyzed the compactness, redshift, etc. of such a dense matter as a function strong magnetic field of
the order of 1017 Gauss which creates the anisotropy. Patidar and Sharma [32] explored the magneto hydrodynamic
(MHD) wave modes in anisotropic relativistic degenerate plasma and found fast and slow wave modes propagating under
the combined influence of various forces such as pressure anisotropy, exchange potential, Bohm force, and magnetic field.
Irfan et al. [33] observed a strong modification of amplitude and width of weakly nonlinear ion-acoustic waves considering
the pressure anisotropy of positive ions and electron trapping effects in a dense quantum magneto-plasma. Moreover, in
the non-relativistic and ultra-relativistic regimes, the anisotropic ion pressure also affects the stability of solitary waves.

Phase plane analysis is a useful graphical method for analyzing second-order systems with respect to their initial
condition, and it is a useful tool for investigating the qualitative behavior of dynamical systems. Geometrically, a curve
or point represents the trajectory of a dynamical system for a particular initial state in a phase plane. Furthermore, we
may learn more about the system’s stability and the presence of solutions using this technique [34]. The significance
of phase plane analysis in understanding the qualitative solutions of plasma systems is commonly acknowledged and
used by researchers [35–38]. Recently, in various plasma systems, researchers have examined the bifurcation features of
small-amplitude nonlinear waves within the framework of equations such as the Burgers equation [39], ZK equation [40],
etc. [41, 42]

The objective of the present paper is to study the solitary wave propagation in collisionless quantum magneto-
plasma considering the ionic pressure anisotropy. The Korteweg-de Vries (KdV) equation is derived using the reductive
perturbation technique(RPT) to study the solitary wave nature in such plasma. These plasmas are believed to exist in white
dwarfs and neutron stars. The results obtained here may be useful for laboratory as well as space astrophysical plasma
environments wherein such plasma environments are prevalent.

2. THEORETICAL FORMULATION
We consider a collisionless plasma composed of charged state of heavy positive ion and light positive as wel as

negative ion. The normalized set of governing equations is given by [43]:
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, lnΛ is the logarithm of Coulomb parameter, 𝐴𝑙𝑛(𝑙 𝑝) is the atomic weight of heavy positive ion, 𝑍ℎ𝑝 is the charged
state of heavy positive ions, 𝑍𝑙 𝑝 (𝑙𝑛) is the charged state of light positive (negative) ions, 𝑁𝑙 𝑝 (𝑙𝑛) is the normalized plasma
light positive (negative) ion density, 𝜙 is the normalized electrostatic potential. 𝑃𝑙 𝑝 (𝑙𝑛) ∥ and 𝑃𝑙 𝑝 (𝑙𝑛)⊥ are the parallel and
perpendicular pressure of light positive (negative) ion. The pressure equations for the anisotropic and adiabatic system
are given by Chew–Goldberger–Law popularly known as (CGL) or double adiabatic theory [44–46], according to which
𝑑
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(𝑃𝑖⊥/𝑛𝑖𝐵) = 0. In the case of electrostatic waves in a magnetized plasma, the ambient magnetic
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field 𝐵 = 𝐵0 is constant with time, i.e. 𝑑
𝑑𝑡
(𝐵) = 0 where 𝐵0 is the magnetic field at equilibrium. Moreover, the normalized

parallel and perpendicular ion pressures obtained from the CGL theory are given as 𝑃𝑖 ∥ = 3𝑃𝑖 ∥0
/
𝑛𝑖0𝜀𝐹𝑒 and 𝑃𝑖⊥ =

𝑃𝑖⊥0/𝑛𝑖0𝜀𝐹𝑒 where 𝑃𝑖 ∥0 = 𝑛𝑖0𝑇𝑖 ∥ and𝑃𝑖⊥0 = 𝑛𝑖0𝑇𝑖⊥ are the equilibrium values of parallel and perpendicular pressure
functions respectively, and 𝑛𝑖0 is the unperturbed ion density. [22, 45, 47] The variations in the ambient magnetic field

alter the ionic temperatures in parallel and perpendicular directions to the magnetic field, i.e., 𝑇𝑖 ∥ ∝ 𝐵0 and 𝑇𝑖⊥ ∝
(
𝑛𝑖0
𝐵0

)2

respectively [47, 48].
The other plasma parameters are normalized as follows:
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length, 𝐶𝑠 is the Fermi ion sound velocity, 𝜔𝑝ℎ is the plasma frequency, 𝑚𝑙 𝑝 (𝑙𝑛) is the mass of light negative (light positive)
ions

3. DERIVATION OF KDV EQUATION
To derive the evolution equation we employed the reductive perturbation technique. The stretched coordinates [22]

used here are given by:
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Where M is the phase velocity (Mach number) and 𝜖 is a small nonzero constant measuring the strength of dispersion.
In terms of the expansion parameter 𝜖 , the physical variables in equations are expanded in a power series as
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(10)

Substituting the above stretched coordinates from Eq.(9) and the respective expansions from Eq. (10) in the Eqs.(1)-
(8), and then collecting the terms appearing in the lowest order of 𝜖 gives the following relations which gives the phase
velocity as
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The second-order perturbation terms were also obtained by equating the coefficient of the next higher order of 𝜖 .

Then using standard procedure we obtain the KdV equation as
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To obtain the solution of Eq. (12), the authors consider the new variable 𝜒 = 𝜉 − 𝑈𝜏 where 𝜒 is the transformed

coordinate with respect to a frame moving with velocity U. By taking 𝜙 (1) = 𝜙, Eq.(12) becomes
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Where 𝐷 = 𝐵
𝐴

Now, employing the method used in [49] results the solution of equation(13) as

𝜙 = 𝜙𝑚sech2
( 𝜒
𝑊

)
(14)

Where 𝜙𝑚 = 3𝑈
𝐴

, 𝑊 = 2
√︃

𝐵
𝑈

are the amplitude and width of solitary wave respectively.

4. RESULTS AND DISCUSSION
The authors examine the properties and nature and solitary wave propagation under various physical scenarios through

the analysis of the exact solution provided by Eq. (14). The data range employed in the current paper is widely established
across diverse plasma environments. Specifically, the authors consider plasma density on the order of 1026 − 1030 and a
magnetic field on the order of 1010 − 1012 with 𝑇𝑒 ∼ 1 keV. This set of parameters corresponds to well-known plasma
environments found in various astrophysical contexts.

Figure 1. Variations in mach number for different combination of magnetic quantization, positron density and heavy
positive ion

The normalized phase velocity, also known as the Mach number, is shown in Figure 1(a) for different combinations
of the heavy positive ion, positron density, and magnetic quantization parameter for the fast mode. Figure shows that the
velocity is in the subsonic region and that it rises as the density of lighter positive ions increases. The slow mode is plotted
for the same set of parameters in Fig. 1(b). While in slow mode, the velocity is subsonic, but it decreases as the density
of lighter positive ions increases. By comparing Figs. 1(a) and 1(b), we can observe that the velocity is maximum in the
fast mode and lowest in the slow mode for 𝜂 = 0.2, 𝜇𝑝 = 0.5, 𝑍ℎ𝑝 = 35, and 𝜂 = 0.3, 𝜇𝑝 = 0.4, 𝑍ℎ𝑝 = 50, respectively.

Depending on the sign of the nonlinearity coefficient A, the soliton solution given by Eq. (29) may yield either a
positive (compressive) or a negative (rarefactive) profile.Fig2 displays solitary profiles for variation of 𝑍ℎ𝑝 for fast mode.
It is clear that when 𝑍ℎ𝑝 increases, the amplitude of the solitary profile decreases. Figures 2(a), (b), and (c) show that
when light positive ions are isotropic and light negative ions are anisotropic, the width is at its maximum. For fast mode,
the solitary profile is rarefactive. The slow mode is depicted in Fig. 3 for the same combination as in Fig. 2. The solitary
profile in this instance is compressive. The fast and slow modes are always precisely opposite to one another. This is

Figure 2. Solitary profile of fast mode with variation of heavy positive ion
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Figure 3. Solitary profile of slow mode with variation of heavy positive ion

Figure 4. Solitary profile of fast mode with different combination of perpendicular pressure of light positive ion and light
negative ion.

Figure 5. Solitary profile of slow mode with different combination of perpendicular pressure of light positive ion and
light negative ion.
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an intrinsic property of the plasma that has been investigated both theoretically and experimentaly. If the fast mode is
compressive (rarefactive), the slow mode is rarefactive (compressive).

Figures 4 and 5 depict the changes in the solitary profile for different combinations of perpendicular pressure.
Perpendicular pressure to the wave affects its width, but its amplitude stays constant. The width reaches its greatest when
when both light negative ion and light positive ions are anisotropic for 𝑃𝑙𝑛∥ > 𝑃𝑙 𝑝∥ (figs. 4a and 5a), but it is at its highest
when light negative ion is anisotropic but light positive ion is isotropic for 𝑃𝑙𝑛∥ = 𝑃𝑙 𝑝∥ (figs. 4b and 5b)

5. DYNAMICAL SYSTEM ANALYSIS
Phase plane analysis is a useful tool that is widely used in fusion research to understand the dynamics and stability

of plasma systems. A phase plane in plasma physics generally shows the development of two relevant factors, including
temperature and plasma density. Achieving controlled and persistent fusion reactions requires maintaining the stability of
plasma systems.

Regarding our research and phase plane analysis, we would like to state that the reason for this section of the manuscript
is that the phase plane technique entails visually identifying whether limit cycles are present in a differential equation’s
solutions. Scientists examine plasma state trajectories and equilibrium point locations using phase plane analysis. The
way that small deviations from these equilibrium points change over time is how stability is determined. The solutions
are interpreted as a family of functions that are graphically depicted as a two-dimensional vector field in the phase plane.
At typical points, arrows denoting the derivatives of points with respect to a parameter are drawn. The system’s behavior
throughout the examined plane regions can be seen by constructing these vectors, which makes limit cycle identification
easier. Phase portrait refers to the overall visual representation, and phase path refers to a particular trajectory along a flow
line (a path tangent to the vectors).

In order to obtain the dynamical system equation we apply the transformation of the space and variable as 𝜒 = 𝜉 −
𝑈𝜏 and finally obtain the transformed equation as

𝑑𝜙

𝑑𝜒
= 𝑧

𝑑𝑧
𝑑𝜒

= 𝑈
𝐷𝐴

𝜙 − 1
2𝐷 𝜙2 (15)

The Hamiltonian of the system (15) is

𝐻 =
1
2
𝑧2 − 𝑈

2𝐷𝐴
𝜙2 − 1

6𝐷
𝜙3 (16)

The dynamical system described by (15) involves the equilibrium points 𝑃 = (0, 0) and 𝑄 =

(
0, 2𝑈

𝐴

)
.

To derive the eigenvalues, it is essential to have the Jacobian matrix (JM) of the dynamical system. It is evident that
system (15) can be expressed as (

𝜙

𝑧

)
=

(
0 1

𝑈
𝐷𝐴

− 1
2𝐷 𝜙 0

) (
𝜙

𝑧

)
(17)

The expression for the JM is

𝐽 =

(
0 1

𝑈
𝐷𝐴

− 1
2𝐷 𝜙 0

)
(18)

The eigenvalues can be found by using the relation |𝐽 − 𝜆𝐼 | = 0. Where I indicates the identity matrix. The eigenvalues
are provided by 𝜆𝑎,𝑏 = ±

√︃
𝑈
𝐷𝐴

− 1
2𝐷 𝜙. At 𝑃 = (0, 0) as the fist equilibrium point, the eigenvalues are ±

√︃
𝑈
𝐷𝐴

and at the

second equilibrium point 𝑄 =

(
0, 2𝑈

𝐴

)
,the eigenvalues are ±

√︃
− 𝑈

𝐷𝐴
. Utilizing the concept of dynamical systems [] we can

see that the first equilibrium point is saddle and the second equilibrium point is centre if 𝑈
𝐷𝐴

> 0. If 𝑈
𝐷𝐴

< 0 the nature of
the points will reverse. Note that 𝑃 = (0, 0) must be a saddle point always in order for the results to be physically plausible.
The condition for Q to be a saddle point is when the phase speed is negative, which contradicts physically. But Q can be
positioned on either the positive or negative axis for centers, which means Q can either be

(
0, 2𝑈

𝐴

)
or

(
0, −2𝑈

𝐴

)
It is self-explanatory to see the phase portraits themselves. They display how various parameters affect the structure

of orbits and how equilibrium points shift. In figures the limit cycles are seen to travel along the z axis. Figure 6 is plotted
for the fast mode with variation 𝑍ℎ𝑝 . We see that the centre Q is in the negative z-axis as the nonlinear coefficient A is
negative. We can see in figure 8, A is positive in slow mode then Q is positioned in the positive z-axis. The centre Q
moves towards to saddle point P with increasing charge of heavy positive ion (𝑍ℎ𝑝) (figure 6 and 7). Referring to figures 8
and 9 we observe that the centre moves closest to saddle point when the light positive ion is anisotropic and light negative
ion is isotropic and when both are anisotropic, the centre moves away from the saddle point.

6. CONCLUSIONS
In this paper we have studied the effect of pressure anisotropy in a collisonless plasma composed of charged state

of heavy positive ion and light positive as well as negative ion. Using reductive perturbation technique Kdv equation is
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Figure 6. Phase portrait of the system (15) for fast mode when 𝑃𝑙𝑛∥ = 0.5, 𝑃𝑙 𝑝∥ = 0.5, 𝑃𝑙𝑛⊥ = 0.2, 𝑃𝑙 𝑝⊥ = 0.2 (i)𝑍ℎ𝑝 =

35,(ii)𝑍ℎ𝑝 = 50,(iii)𝑍ℎ𝑝 = 65

Figure 7. Phase portrait of the system (15) for slow mode when 𝑃𝑙𝑛∥ = 0.5, 𝑃𝑙 𝑝∥ = 0.5, 𝑃𝑙𝑛⊥ = 0.2, 𝑃𝑙 𝑝⊥ = 0.2 (i)𝑍ℎ𝑝 =

35,(ii)𝑍ℎ𝑝 = 50,(iii)𝑍ℎ𝑝 = 65

Figure 8. Phase portrait of the system (15) for fast mode when 𝑍ℎ𝑝 = 35, 𝑃𝑙𝑛∥ = 0.5, 𝑃𝑙 𝑝∥ = 0.5, 𝑃𝑙 𝑝⊥ = 0.2 (i)𝑃𝑙𝑛⊥ =

0.5,(ii)𝑃𝑙𝑛⊥ = 0.2,(iii)𝑃𝑙𝑛⊥ = 0.9
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Figure 9. Phase portrait of the system (15) for slow mode when 𝑍ℎ𝑝 = 35, 𝑃𝑙𝑛∥ = 0.5, 𝑃𝑙 𝑝∥ = 0.5, 𝑃𝑙 𝑝⊥ = 0.2 (i)𝑃𝑙𝑛⊥ =

0.5,(ii)𝑃𝑙𝑛⊥ = 0.2,(iii)𝑃𝑙𝑛⊥ = 0.9

derived and found the analytic solution. For the system under investigation, a biquadratic dispersion relation has been
derived, yielding the fast and slow modes.We observed that the phase velocity is within subsonic range in both fast mode
and slow mode. We found that compressive structures are formed for the slow mode, while rarefactive solitary structures
are formed for the fast mode mode. It was found that the soliton width is influenced by the perpendicular pressure but the
amplitude remains the same. However that the amplitude of the solitary profile is influenced by the charge state of heavy
positive ion. We then convert our evolutionary equation into a system of two ordinary differential equations (ODEs) in
order to do a phase plane analysis. We extract significant information about the stability of stationary structures given
by the KdV equation via dynamical system analysis. We have introduced the center and saddle points and graphically
displayed the phase portrait of the stated plasma system for various values.
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ЕВОЛЮЦIЯ ОДИНОЧНОЇ ХВИЛI В КВАНТОВАНIЙ МАГНIТОПЛАЗМI БЕЗ ЗIТКНЕНЬ
З АНIЗОТРОПIЄЮ IОННОГО ТИСКУ
Дiпсiха Махантаa, Джнандйотi Сармаb

𝑎Департамент математики, Унiверситет Гаухатi, Гувахатi 781014, Iндiя
𝑏Департамент математики, коледж Радха Говiнда Баруа, Гувахатi 781025, Iндiя

Ця стаття представляє комплексне дослiдження плазми без зiткнень, що складається iз зарядженого стану важкого позитивного
iона та легкого позитивного, а також негативного iона. Виводячи рiвняння Кортевега-де Фрiза (KdV) i використовуючи його
стандартне рiшення, ми аналiзуємо характеристики iзольованого профiлю за змiнних параметрiв. Ми виявили, що розчин дає
як розрiджений, так i стиснутий солiтон. Для повiльного режиму формуються стислi структури, а для швидкого – розрiдженi
солiтарнi структури. Крiм того, iз застосуванням теорiї бiфуркацiй планарних динамiчних систем проаналiзовано фазовi порт-
рети. Цей аналiз динамiчної системи дозволив нам отримати важливу iнформацiю про стабiльнiсть цих структур, представлену
рiвнянням KdV.
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