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This study examines the natural convection of a steady laminar nanofluid flow past an isothermal vertical plate with slip boundary
conditions. A review of existing literature reveals no prior research that has explored the combined effects of thermophoresis, Brownian
diffusion, and particle electrification while considering slip boundary conditions in nanofluid flow. Buongiorno’s revised four-equation
non-homogeneous model, incorporating mechanisms for thermophoresis, Brownian diffusion and particle electrification, is utilized to
address this gap. The model employs velocity, thermal, and concentration slip boundary conditions to investigate enhancing the
nanofluid's thermal conductivity. The resulting local similar equations are tackled using MATLAB's bvp4c package. The study
discusses the influence of key parameters, such as thermophoresis, Brownian motion, and electrification, on temperature, velocity, and
concentration distributions, as well as on heat, mass transfer and skin friction coefficients. The findings of the simulation are consistent
with previous studies, showing that an improvement in the electrification parameter rises the heat transfer coefficient, while
thermophoresis and Brownian motion parameters have the opposite effect. Additionally, mass transfer coefficient values increase with
higher Brownian motion and electrification parameters while reducing with the thermophoresis parameter. This physical model has
potential applications in heat exchangers using nanofluids and in cooling plate-shaped products during manufacturing processes. The
novelty of this study lies in the analysis of Brownian diffusion, thermophoresis, and particle electrification mechanisms in nanofluid
flow under slip boundary conditions.

Keywords: Thermal Conductivity; Nanofluid; Velocity Slip Boundary Condition; Thermal Slip Boundary Condition; Concentration
Slip Boundary Condition

PACS: 44.20.tb, 44.25.+f, 47.10.ad, 47.55.pb, 47.15.Cb

1. INTRODUCTION:

Nanofluids have gained widespread use across numerous industrial applications due to the remarkable chemical and
physical properties of nanoscale particles. These nanofluids are sophisticated composite materials composed of solid
nanoparticles, typically between 1 and 100 nm in size, dispersed within a liquid medium. The use of nanofluids instead
of traditional base fluids to enhance heat transfer rates has garnered significant attention from researchers worldwide,
highlighting the distinct advantages of nanofluids over conventional fluids. Nanofluids, which consist of nanoparticles
suspended in a base fluid, have been recognized as effective coolants for improving heat transfer performance in various
applications. These applications include paper manufacturing, electronic devices, nuclear reactors, power generation, air
conditioning systems, domestic refrigerators, and the automotive industry. By leveraging the unique properties of
nanofluids, these industries can achieve more efficient thermal management, leading to better performance and energy
savings.

The concept of "nanofluids" was first coined by Choi [1], marking a pivotal breakthrough in the study of fluid
dynamics at the nanoscale. Subsequent research demonstrated that even a minimal addition of nanoparticles can
dramatically improve the thermal conductivity of fluids. Buongiorno [2] further advanced the field by investigating the
convective transport phenomena in nanofluids, providing valuable insights into their distinctive flow behaviors.
Buongiorno observed that the improvement in the thermal performance of nanofluids is primarily driven by the slip
mechanisms of Brownian motion and thermophoresis. Since then, numerous studies, including those by Kuznetsov and
Nield [3], Gasmi et al. [4], Ebrahem et al. [5], Kinyanjui et al. [6], Ahmed et al. [7], Biswal et al. [8], Khairul et al. [9],
Sobamowo et al. [10], Sobamowo [11], Sobamowo [12], and Aziz and Khan [13] have explored the behavior of natural
convection considering different types of nanofluid flow along a vertical plate employing a homogeneous model.

Based on the literature reviewed (Kuznetsov and Nield [3], Mojtabi et al. [14], Abu-Nada et al. [15], Probstein [16],
Tyndall [17], Bird et al. [18], Pakravan and Yaghoubi [19]), the slip boundary condition for velocity, temperature, and
solute has generally been overlooked. In systems like emulsions, foams, gels, and slurries, the non-homogeneous
properties of fluid at solid boundaries often result in "apparent wall slip." This phenomenon happens when the fluid's
viscosity near the boundary decreases, leading to the formation of a thin layer with a steep velocity gradient, often
described as a "slipping layer." Comprehensive studies on wall slip in shrinking sheets by Makinde et al. [20] reveal that
true slip involves a velocity discontinuity at the wall. In contrast, for the other systems discussed, true slip is absent.
Instead, "apparent slip" occurs, which is caused by a region with a steeper velocity gradient near the wall. In such cases,
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the no-slip condition fails to accurately represent the physical situation, making slip conditions a more suitable choice.
Similarly, the no-slip condition is also inadequate for non-Newtonian fluids and nanofluids. During processes like
annealing and thinning, the final product's quality is heavily influenced by the heat transfer rate at the continuously
stretching surface. Both the stretching kinematics and the concurrent heating or cooling are crucial factors in determining
the final product's quality. Therefore, incorporating slip boundary conditions for concentration, temperature, and velocity
is essential.

In recent years, several investigations (Pati et al. [21-26], Panda et al. [27], Pattnaik et al. [28]) have explored the
electrification of nanoparticles within nanofluid flows under various physical conditions. In all the previously mentioned
studies on nanofluid dynamics involving the electrified nanoparticles, the slip boundary conditions have been overlooked.

Based on the past literature, this study aims to investigate the impacts of thermophoresis, Brownian diffusion, and
particle electrification on the transfer of heat and mass within the natural convective boundary layer nanofluid flow along
an isothermal vertical plate with slip boundary conditions. This study takes into account various boundary conditions,
including velocity, thermal, and concentration slip conditions. Buongiorno’s revised four-equation non-homogeneous
model is employed in the present investigation. This particular approach to modeling the flow of nanofluids concerning
heat and mass transport phenomena has not been explored in previous research literature.

2. MATHEMATICAL FORMULATION
An analysis is conducted on a nanofluid's laminar steady boundary layer flow over an isothermal vertical plate. The
orientation of the plate is aligned with the vertical axis. It is assumed that both the concentration C,, and temperature T,,,
of the plate remain invariant. The free stream parameters of C and T defined as C,, and T, respectively. The physical
representation of the system is illustrated in Fig. 1.
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Figure 1. Coordinate system and physical model

Based on the assumptions outlined earlier and applying boundary layer simplifications according to Pati et al. [22],
the governing equations for the flow field in a two-dimensional Cartesian coordinate system can be derived and are given

as follows.

du v

%oy = 0, (1)
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The electric field (E-field) is defined by the following equation.

9Ex + 9By _psa (5)

x dy egm’
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According to the Oberbeck-Boussinesq Approximation, the equation of motion in the x-direction, represented by
Equation (2), is expressed as follows:

Pug [+ 02| = g [Z2] + By (T = T (A = Cdg = (€ = C)(ps = Proo)g +(C =€) (L) By (6)

The relevant slip boundary conditions for this study are defined by

ac
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Based on Soo [29], by disregarding the variation of the electric field in the x-direction, the transverse electric
field can be expressed as

%y _psa
dy eom’

Introducing the stream function and scale analysis of the governing equation (1) are satisfied following Kuznetsov and
Nield [3].
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where, n = %(Ra)z, is the local similarity variable and Ra, = , is the local Rayleigh number, we get,
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The equations (2), (3), (4) converted into non-dimensional equations (8), (9), (10) as follows:
Momentum equation:

rnr n N
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Similarly, the slip boundary conditions in equation (7) converted into non-dimensional form as follows:
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This investigation considers a copper water nanofluid which contains 1% of copper nanoparticles. Table-1 provides
the thermophysical properties of copper-water nanofluid as outlined by Oztop and Abunada [30], while Table-2 lists the
corresponding thermophysical constants.
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Table 1. Thermophysical properties

Property copper water
cp(J/kgK) 0.385 4.179
p(kg/m3) 8933 997.1
k(W /mK) 401 0.613

Table 2. Thermophysical constants
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The local skin friction Cfy, local Sherwood number Sh, for mass transfer purpose and local Nusselt number Nu,
for heat transfer purpose are given as

1 1
Cfx = (f”)n:(); _lNux = _(9’)1;:0; _lth = _(S’)n:Oa
(Ray)4 (Ray)4
where () indicates derivative with respect to 7 and (f"');=9, —(8');)=¢, and —(s");=o denotes the dimensionless skin

friction coefficient, Nusselt number and Sherwood number, respectively.

1
(Ray)4
Pr

3. METHOD OF SOLUTION

It has been observed that Pohlhausen-Kuiken-Bejan problems (Bejan [31]) for conventional heat transfer fluids have
one non-dimension parameter Pr. However, the non-dimensional equations of the present problem contain nine
independent dimensionless parameters, such as Pr, Ny, Ny, Ngo, M, Nr, Sc, Ng, Sc. Thus, input selective values are
required to solve the problem. Additionally, the processing time for each of these input parameters is quite brief. Since
the physical domain extends infinitely while the computational domain is limited, it is essential to select an optimal finite
value for 1. Since the needed initial value f''(0), —6’(0), —s'(0) , which are not defined for the present problem. Hence,
some initial guesses are used at the starting point, as well as some finite values of 7, for a specific range of physical
parameters. The solution process is iteratively applied with different values of 71, until the successive values of
f"(0),—0'(0),—s'(0) differ by a specified precision. The final ., value obtained is considered the most suitable for
that set of parameters. This approach is known as the shooting method.

To address the system of local similarity equations (8)-(10) with the boundary conditions (11) using the shooting
method, the MATLAB built-in function bvp4c, which utilizes the collocation technique (as described by Shampine and
Kierzenka [32]), is employed to produce numerical results for the specified physical parameters. The variations of the
computational values of (f"'); =g, —(8")y=o and —(s"),—o with different values of M, N}, and N, are presented in tabular
form. Similarly, the variations of the non-dimensional temperature profile 8 (1), non-dimensional velocity profile f'(n)
and dimensionless concentration distribution of nanoparticles s(n) are depicted in Figures 2 to 10.

4. COMPARISON AND VALIDATION
The resultant quantitative data have been contrasted with those computed by Narahari et al. [33], in conjunction with
the pertinent values for the particular context of regular fluid outlined in Table 3. The present outcomes exhibit a notable
alignment with the prior findings.

Table 3. Comparison of present results with existing literature

Pr Narahari et al. [33] Present analysis
1 0.401 0.4010
10 0.459 0.4649
100 0.473 0.4900
1000 0.474 0.4985

5. RESULTS AND DISCUSSION
In this subsection, the impact of M, N;, and N;, on f'(n), 8(n) and s(n) against 7, illustrated and examined with the
help of graphical analysis. Further, the impact of these parameters on f''(0), —6'(0), —s'(0) are presented in Tabular
form. Additionally, the contour plots are presented to explore the combined effects of M, N;, and N, on

f"(0),—-6'(0), —s'(0).
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5.1 Influence of electrification parameter M on f'(1n), 8(n) and s(n) with slip boundary conditions

Figures 1 and 2 show that as the parameter M increases, the value of f'(n) rises while 8 (n) falls throughout the boundary
layer. This effect is attributed to the Lorentz force, which results from the electric field acting as an accelerating force that
reduces frictional resistance. Consequently, the decrease in frictional resistance leads to a lower temperature in the boundary
layer, as no extra thermal energy is produced. Figure 3 depicts the changes in the non-dimensional particle concentration profile
s(n), illustrating that the concentration decreases with increasing M because the particles are carried away by the fluid moving
from the plate. This observed trend suggests that elevated parameter values facilitate particle transport, resulting in a more
homogeneous distribution throughout the flow. Figures 2-4 illustrate the variation of f'(#n), 8(n) and s(n) with M while
keeping other parameters constant (A = y =y = N, = N, = Np = Nc = Nr = 0.1,5¢ = Ng, = 2.0,and Pr = 6.2).
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Figure 2. Impact of M on f'(n) Figure 3. Impact of M on 6(n) Figure 4. Impact of M on s(n)

5.2 Influence of thermophoresis parameter N, on f'(n), 8(n) and s(n) with slip boundary conditions

Figures 5, 6, and 7 show how the thermophoresis parameter N, affects on (1), 8(n) ,and s(n). It is noted that with
higher values of N, all f'(1), 8(n) and s(n) profile increases. This is because the increased thermophoresis force causes
hot nanoparticles to move faster from the plate region towards the fluid region, thereby raising the dimensionless velocity
profiles as well as temperature and concentration profiles. This behaviour is crucial for optimizing the efficiency of thermal
systems, as it allows for better heat transfer and enhanced performance in applications such as cooling and energy conversion.
Figures 5-7 illustrates the variation of f'(n), 8(n) and s(n) with N, while keeping other parameters constant (A = y =y =
M =N, = Ng=Nc=Nr=0.1,Sc = Ng, =2.0,and Pr = 6.2).
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5.3. Influence of Brownian motion parameter Ny, on f'(n), (1) and s(1n) with slip boundary conditions

Brownian motion describes the erratic movement of minute particles suspended in a fluid. This unpredictable motion
increases the frequency of collisions between nanoparticles and fluid molecules, leading to the transformation of the
molecules' kinetic energy into heat. Smaller particles experience more intense Brownian motion, leading to higher values
in N,,. In contrast, larger particles exhibit weaker Brownian motion, resulting in lower values in N,.
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Figures 8, 9, and 10 depict the impact of N, on f'(n), 0(n), and s(n) profiles. It is observed that the profiles of f'(n)
show an upward trend, while the s(n) shows a downward trend as the values increase for N;,. The profile of 6(n)
demonstrates a dual characteristic with the N;. The temperature distribution increases near the surface of the plate but
decreases away from it. As the values in N, increase, the movement of nanoparticles becomes more pronounced.
Consequently, their activity becomes more dynamic, resulting in more frequent collisions within the system. This increased
activity promotes a uniform distribution of nanoparticles within the medium, ultimately influencing the system's thermal
conductivity and overall performance. Figures 8-10 illustrates the variation of f' (1), 8(n) and s(n) with N, while keeping
other parameters constant (A = y =y =M = N, = Ny = Nc = Nr = 0.1,Sc = Ng, = 2.0, and Pr = 6.2).

5.4. Influence of M, N;,and Nj, on the non-dimensional skin friction, heat and mass transfer coefficients with slip
boundary conditions

Table 4 illustrates the influences of M, Ny, and N, on f''(0), —6'(0) and —s’(0). The values of f''(0) enhances with

larger values of all the three parameters M, N, and N,. Values of —6'(0) rises as M increases and reduces with higher

values of N, and N,. However, —s’(0) improves with M and N,, but reduces with higher values of N;.

Table 4. Effects of M, N;,and N, on f''(0), —8'(0) and —s’(0) when Sc = Ng, = 2.0,Pr = 6.2,A=y =y = Nr = Nc = N; = 0.1.

M N, Ny f"(0) —6'(0) —s'(0)
0.1 0.1 0.1 1.30966 0.37392 0.12734
0.2 0.1 0.1 1.68596 0.41169 0.15141
0.3 0.1 0.1 2.03417 0.44147 0.16622.
0.1 0.1 0.1 1.30966 0.37392 0.12734
0.1 0.2 0.1 1.53577 0.34208 0.07440
0.1 0.3 0.1 1.77814 0.28933 0.07335
0.1 0.1 0.1 1.30966 0.37392 0.12734
0.1 0.1 0.2 1.63950 0.32896 0.27441
0.1 0.1 0.3 1.93596 0.27784 0.33639

5.5. Combined effects of M and N, on the non-dimensional skin friction, heat and mass transfer coefficients with
slip boundary conditions
Combined effects of M and N; on f"(0), —6'(0) and —s'(0) are graphically examined in Figs. 11, 12 and 13,
respectively. It is analyzed that all £"(0), —6'(0) and —s'(0) are improves with M for different values of N;. However,
only f"'(0) increases, whereas both —8’(0) and —s'(0) decreases with N, for varied values of M.
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Figure 13. Combined effects of M and N; on —s’(0)
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5.6. Combined effects of M and N, on the non-dimensional skin friction, heat and mass transfer coefficients
with slip boundary conditions
Combined effects of M and N, on f"(0), —6'(0) and —s’(0) are graphically explored in Figs. 14, 15 and 16,
respectively. It is observed that all the values of £ (0), —6'(0) and —s’(0) are enhanced with M for different values of
N,. Additionally, it is noticed that both f''(0) and —s’(0) rises while —0'(0) reduces with Nj, for varied values of M.
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Figure 16. Combined effects of M and N, on —s’(0)

6. CONCLUSIONS

The study successfully examined the steady laminar flow of natural convective Copper-water nanofluid moving
along an isothermal vertical plate while considering slip boundary conditions. The outcomes, illustrated and discussed
through the figures, reveal a notable impact of control parameters, such as M, N; and N, on the non-dimensional
temperature, concentration and velocity profiles. In addition, a comprehensive quantitative analysis was conducted on the
skin friction, heat transfer, and mass transfer rates of copper-water nanofluid, with a focus on Brownian diffusion,
electrification, and thermophoresis mechanisms under slip boundary conditions. This analysis was meticulously presented
through detailed tables and contour surface graphs. These visual representations illustrate the impacts of these
mechanisms on the reduced skin friction coefficient, heat transfer rate, and mass transfer rate, providing a clear

understanding of how each factor influences these parameters. The main findings are as follows:
1. The shooting method implemented in MATLAB’s bvp4c effectively addressed the local similarity equations,
incorporating velocity, thermal, and concentration slip boundary conditions, ensuring accurate and reliable results.

ii. Dimensionless skin friction coefficient improves with higher values of all the three parameters M, N, and N,,.
Reduced Nusselt number enhances with only M. However, reduced Sherwood number rises with both M and N,,.
iil. An improved understanding of the interplay between electric fields, thermophoresis, and Brownian motion using

copper water nanofluids can lead to developing more efficient cooling systems for compact and smart heat
exchanger devices.
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The findings of this study provide valuable insights into the behavior of electrified nanofluids with velocity, thermal,

and concentration slip boundary conditions that can be applied to enhance thermal management in various engineering

applications.
Nomenclature
A Velocity slip parameter N,  Thermophoresis parameter
X Temperature slip parameter Nr  Buoyancy ratio
4 Concentration slip parameter Nc  Concentration ratio
N Velocity slip factor Nr  Momentum transfer number
D Thermal slip factor Ng.  Electric Reynolds number
K Concentration slip factor Sc Schmidt number
U,C,T Local velocity, concentration & temperature B Volumetric thermal expansion coefficient
Co, T,  Free stream concentration & temperature F Momentum transfer time constant between the fluid and nanoparticles
Cy, T,  Wall Surface concentration & temperature €y  Permittivity
u,v Velocity Component in direction x, y ps  Density of solid particles
E,E,  Electric Intensity Component in direction X,y ~ pr  Density of base fluid
g Gravitational acceleration pns  Density of nanofluid
Dy Thermophoretic diffusion coefficient ug  Viscosity of base fluid
Dy Brownian diffusion coefficient Uns  Viscosity of nanofluid
m Mass of the nanoparticle ks Thermal conductivity of solid particles
Charge of the nanoparticle ks Thermal conductivity of base fluid
Pressure knr  Thermal conductivity of nanofluid
Pr Prandtl number Cs Specific heat capacity of solid particles
M Electrification parameter ¢y Specific heat capacity of base fluid
Ny Brownian motion parameter cny  Specific heat capacity of nanofluid
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TEILIOBI XAPAKTEPUCTHKH IIOTOKY HAHOPIJIMHU B3/IOBK I3OTEPMIYHOI BEPTUKAJIBHOI
IJIACTHUHH 3 TPAHHYHAMHA YMOBAMU LIBUAIKOCTI, TEIIJIOBOI'O TA KOHIEHTPALIIMHOT'O KOB3AHHSI
3A BUKOPUCTAHHS MEPETJITHYTOI HEOTHOPITHOI MOJIEJII BYOHI)KOPHO
Cynzxut Mimpa, Anita Kymap Ilati, Amox Micpa, Caponax Kymap Mimpa
Yuisepcumem mexnonoeii ma meneosrcmenmy Llenmypion, Iapanaxemynoi, Odiwa, Inoia
V wiit po6OTI AOCTIHKYETHCS TPUPOIHA KOHBEKLS MOCTIHHOTO JIAaMiHAPHOTO MOTOKY HaHOQIIIOINY MOB3 i30TePMiuHy BEpTHKAIbHY
IUTACTHHY 3 TPaHUYHUMH YMOBaMH KoB3aHHS. OTJsin iCHYIOYOI JIiTepaTypd HE BHUSBHB JKOJHHUX IOMEPEIHIX IOCTIKEHb, AKi O
JOCHiKyBaii KoMOiHOBaHi edektu TepmMmodopesy, OpoyHiBCbKOi Andy3ii Ta enexkTpu3alii YaCTHHOK MPU PO3TIIAAl TPAaHUYHUX YMOB
KOB3aHHsS B HOTOLi HaHOpimuH. [lepernsHyTa HeoxHOpiAHA MOJENb i3 YOTHPHOX PIBHSIHb ByOHIPKOPHO, IIO BKJIIOYAE MEXaHi3MHU
TepModopesy, OpoyHiBCbKOI mudysii Ta enekrpusamii YaCTUHOK, BUKOPHUCTOBYETHCS M yCyHEHHs wmiel mporamuuHu. Mopens
BHUKOPHCTOBYE IPaHNYHI YMOBH IIBUJIKOCTI, TEIJIa T2 KOHLEHTPALiHHOTO KOB3aHHSI IS IOCIIKEHHS IiABUIIEHHS TETUIONPOBIJHOCTI
HaHo¢uroiny. OTprMaHi JIOKaJIbHI aHAJOTiIYHI PIBHSIHHSA 0OpOOJISIOTHCS 3a JoroMororo naketa bvpdc MATLAB. YV nocnimkenHi
00rOBOPIOETHCS BILTUB KJIFOUYOBUX [APAMETPIB, TAKUX SIK TepMOdope3, OpOyHIBCbKHUiT pyX 1 €IeKTPHU3aLLisl, Ha TEMIIEPATypy, IIBHIKICTh
1 pPO3MO/ALN KOHIEHTpALIiT, 8 TAKOX Ha TEII0-, MacOOOMIH 1 KOoedilieHTH TepTs IIKipu. Pe3ynbTaT MOJETIOBaHHS y3TOKYIOTHCS 3
MOTIEPEAHIMH JOCTIPKEHHAMH, TIOKa3yI0UH, 10 MOKPAICHHS TapaMeTpa eJIEKTpU3allii iABUIIye Koe(illieHT TeIIonepeaadi, ToAi K
nmapameTpu TepModope3y Ta OpOYyHIBCHKOTO PyXy MaloTh MpOTHISKHHNA edekT. Kpim Toro, 3HaueHHs KoedimieHTa Macomnepenadi
30UTBIIYIOTECS. 3 BHUIIMMH ITapaMeTpaMH OpOYHIBCBKOTO pyXy Ta eJIeKTpH3alii, OJHOYaCHO 3MEHIIYIOYHCH i3 I1apaMeTpoM
tepmoopesy. Lls ¢izuunHa mMojmenbs Mae IMOTEHIIHE 3aCTOCYBaHHS B TEIUIOOOMIHHMKAX 3 BHKOPUCTAHHSIM HAHOQUIIOINIB 1 B
OXOJIO/DKSHHI IUIACTUHYACTUX NPOAYKTIB ITijl yac BUpOOHWYKX TporieciB. HoBH3Ha 1IOro TOCIIIXKEHHS MoJIsrae B aHali3i MEXaHi3MiB

OpoyHiBcbkol nudy3ii, TepModopesy Ta eneKTpHu3aLil YaCTHHOK y NOTOL HAHOGUIIOINIB 38 TPAHMYHUX YMOB KOB3aHHS.
KumouoBi ciioBa: mennonposionicms,; Hano@nioio; epanuuna ymosa weuoOKiCH020 KOB3AHH S, SDAHUYHUL CTAH MEPMIYHO20 KOB3AHHSL,
SPAHUYHA YMOBA KOHYEHMPAYILIHO20 KOB3AHMHSL





