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In this investigation, compressive and rarefactive solitons are demonstrated to exist in a plasma model that includes unmagnetized
weak-relativistic positive ions, negative ions, electrons, electron beam and positron beam. For these weakly relativistic non-linear ion-
acoustic waves in unmagnetized plasma with electron inertia and relativistic beam, the existence of compressive and rarefactive soliton
is investigated by deriving the Korteweg-de Vries (KdV) equation. It has been observed that the amplitude and width of compressive
and rarefactive solitons vary differently in response to pressure variation and the presence of electron inertia. The research determines
the requirements that must be met for the existence of the nonlinear ion-acoustic solitons. The fluid equations of motion governing the
one-dimensional plasma serve as the foundation for the analysis. Various relational forms of the strength parameter (¢) are chosen to
stretch the space and time variables, leading to a variety of nonlinearities. The findings can have implications not only for astrophysical
plasmas but also for inertial confinement fusion plasmas.
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INTRODUCTION

Kalita, Das and Sarmah [1] have investigated the existence of relativistic compressive solitons of the fast ion acoustic
mode in plasmas where the ion beam is drifting perpendicular to the direction of the magnetic field and Q (= my/m;, the
ratio of the mass of the ion beam to the mass of the ions) is greater than or equal to 1. In these considerations, however,
the relativistic Lorentz factor y is not taken into account by the Poisson's equation or the equation of continuity.
Furthermore, some authors, like ElLabany and El-Taibany [2], have studied electronacoustic (EA) solitons without
accounting for relativistic effects. Non-relativistic electron acoustic solitary waves were studied by El-Shewy and
El-Shamy [3], taking non-thermal electrons into consideration. By using the pseudo potential approach, Alinejad [4] has
investigated the characteristics of arbitrary amplitude dust ion acoustic solitary waves in a dusty plasma that contains
warm adiabatic, electron following flat-trapped velocity distribution, and arbitrarily (positively or negatively) charged
dust immobile dust. The formation of dust ion acoustic solitons in an unmagnetized plasma with the electrons drift velocity
through the modified KdV equation has been studied by Das and Karmakar [5]. By resolving the time fractional modified
KdV equation, Nazari-Golshan and Nourazar [6] have investigated the nonlinear propagation of small but finite amplitude
dust ion-acoustic solitary waves in unmagnetized dusty plasma with trapped electrons and electron solitary waves have
been investigated in [13-15] with trapped electrons. Kalita and Das [7] studied both compressive and rarefactive KdV
solitons of interesting character in a plasma model consisting of ions and electrons with pressure variations in both the
components in the presence of stationary dust. In multispecies plasma model, consisting of negative mobile dusts, non-
thermal ions and Boltzmann electrons, dust-ion acoustic solitary waves are studied by Das [8] through reductive
perturbative technique by deriving corresponding KdV equation. Different modes of dust ion acoustic waves have been
studied theoretically and numerically by Hasnan, Biswas, Habib and Sultana [9] taking into account a four-component
magnetised collisional k-nonthermal plasma containing non-inertial k-distributed super thermal electrons, stationary dust
grains of opposite charges, and inertial ion fluid. Das [10] investigated the role of streaming speeds of ions and relativistic
electrons together with the immobile dust charge to form dust-ion acoustic compressive and rarefactive relativistic solitons
in a multispecies plasma model for immobile dusty plasma. Oblique propagation of the quantum electrostatic solitary
waves in magnetized relativistic quantum plasma is investigated using the quantum hydrodynamic equations by Soltani,
Mohsenpour and Sohbatzadeh [11]. Singh, Kakad, Kakad, Saini [12] studied the evolution of ion acoustic solitary waves
(IASWs) in pulsar wind. The study of nonlinear phenomena in their various manifestations is an interesting field of study
in many physical contexts [13-16]. Solitons represent a remarkable natural example of nonlinear structure in both
magnetised and unmagnetized plasmas [13-16]. Electron solitary wave has been investigated in [16] with resonant
electrons. The formation of nonlinear structures like electron acoustic solitons (EAS), ion acoustic solitons (IAS), and
double layers [17-20] is being studied by a large number of researchers worldwide. Moreover, space missions such as
Solar Anomalous and the Magnetospheric Particle Explorer have demonstrated that relativistic electrons are a threat to
the International Space Stations. It may be tried to balance the nonlinear effect by dispersion that leads to solitons in the
context of wave particle interactions, in order to avoid warning of the dangers. Space observations with energies greater
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than 150 keV confirm the existence of highly relativistic electrons associated with ions in the "Outer zone of the radiation
belt" that stretches to distance.

EQUATIONS GOVERNING DYNAMICS OF PLASMA
The fluid equations of motion, governing the collision less dusty plasma in one dimension are:
for positive ions,
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The basic governing equations are the continuity and the momentum equations of acoustic mode of the plasma.
Equations (7) provides the adiabatic response which contributes additional sources of energy to the non-linearity in the
usual ion-electron inertial dynamical system. Electron inertia, which is usually neglected, is considered. Again, these
equations are to be supplemented by the following Poisson equation for the charge imbalances.

29

§=Tle+ nj—ni+nb—ns, (12)

1 2
where, y, = {1 — (%")2}_5 =1+ %, a=1,j,eb,s and c is the speed of light. Here, suffixes i, j,e,b and s stand for
positive ion, negative ion, electron, electron beam and positron beam respectively. In this case, we normalize densities by
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the equilibrium plasma density ny; velocities ( including ¢ ) by the acoustic speed ¢g = ( -
the characteristic ion plasma frequency w,;’ = (m/4xn.oe’)? ; the distance x by the Debye length Ap. = (ks T./4mn.0e’)";
the electron pressure p. by the characteristic electron pressure poo = n.ok,T,; and, the electric potential ¢ by (% ),

where k; is the Boltzmann constant and 7. is the characteristic electron temperature.
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KdV Equation and its Solution
We use the stretched variables

1 3
5:82(X7Vt)and¢:£2t (13)

(where V is the phase velocity) along with the expansions of the flow variables in terms of the smallness parameter € as
Nk = Nko + €Nk1 +€2nk2 + €3nk3 + ..., Uk = Uko + €Uk1 +€%Uk2 + €3Uk3 + ..., pe = 1 + €pe1 +€2pe2+ €3pe3 + ..., d = b1+
€2d2+ €3¢s + ..., (k =1ij,e,b and s), where neo = 1, nbo = 1 and ueo = 1 to derive the KdV equation from the set of
equations (1) to (11).

Using the transformation (13) and the expansions of n;, nj, ng, ny, Uj, Uj, Ue, Uy, and pe in equations (1) to (11) and
equating the coefficient of the first lowest-order of € we get,
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where U, Ujg, Ueg, Upo and ug, are initial streaming velocities of relativistic positive ions, relativistic negative ions,
relativistic electrons, relativistic electron beam and relativistic electron beam respectively.

Using the expansions of njq, nj;, Neq, Ny and ng; in neq + nj; — nyy + Ny — ngy = 0, the expression of phase
velocity V is found as
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Eliminating U3, U2, Uz, Upz, Us, and pe, from the equations obtained by equating the coefficient of second higher
order terms of € we get the KdV equation as,
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We introduce the variable n = § — U1, where U is the velocity of the wave in the linear 1 space, to find a stationary

2
solution of the KdV equation (14). Equation (14) can be integrated using the boundary conditions ¢; = a(% = ‘;}—q); =
0 as n| — oo, to give

$; = dosech? (/4) (15)

where ¢, = (3U/p) is the amplitude and A = (4q/U)"? is the width of the soliton respectively.
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RESULTS AND DISCUSSION
Week relativistic effects are incorporated in pursuit of the formation of solitary waves in this plasma model. For
nonlinear ion-acoustic solitary waves we have used the reductive perturbation theory to reduce the basic set of equations
to KdV equation (14). We have investigated the effects of plasma parameters on the nature of the solitary waves in this
model of plasma and displayed their variation graphically in figures 1 to 12. For numerical analysis, some appropriate
values of plasma parameters are considered as: ¢ =300, Q = 0.00054.
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Figure 1. Variation of amplitude with respect to Q” for different  Figure 2. Variation of width with respect to Q" for different V

o and fixed U =0.03, uio = 1.17, V= 0.74, ujo = 0.95, nio =1.06, and fixed U = 1.01, uio = 1.11, ujo = 1.17, nio =1.22, nyo= 1.33,
nvo=1.06, uso= 0.95, njo=1.06, ueo = 1.22, nso= 1.27, uso= 1.01 upo=1.01, njo=0.79, 6 = 0.412, ueo = 0.74, nso= 1.11, uso= 0.75

Variation of amplitude with respect to mass ratio is shown in Figure 1. The figure shows that when we increase mass
ratio while keeping other parameters mixed the amplitude increases positively. Therefore, we can say that our plasma
model has compressive solitons whose amplitude increases as we increase the value of mass ratio. If we increase the value
of ¢ from 0.049 to 0.052 we observe that the soliton amplitude gradually rises. Thus, we can say that we get compressive
solitons of higher amplitude for greater values of ¢ in the comparison of amplitude with respect to mass ratio. Figure 2
shows variation of width with respect to mass ratio. While keeping other parameters fixed as mentioned in Figure 2 we
observe that soliton width increases as mass ratio increases. We also observe that soliton width increases when phase
velocity increases from 0.58 to 0.61 in the comparison of width with respect to mass ratio.

Figure 3 depicts the amplitude variation with respect to ny. The figure illustrates how the amplitude increases
positively when we increase ny while maintaining fixed values of other parameters. Therefore, we can conclude that our
plasma model has compressive solitons whose amplitude increases as we increase the value of ng. A gradual increase in
the soliton amplitude is observed when the mass ratio is increased from 0.65 to 0.83. Therefore, in the comparison of
amplitude with respect to ny, we can say that for larger values of 6, we obtain compressive solitons of higher amplitude.
Figure 4 illustrates how width varies in relation to ny. Soliton width rises as ny increases, as shown in Figure 4, while
other parameters remain fixed. In the comparison of width with respect to ny, we also find that soliton width increases
when mass ratio increases from 0.15 to 0.43.

Q'=0.434
Q'=0.321
Q'=0.23]
Q'=0.15]

Figure 3. Variation of amplitude with respect to nso for different ~ Figure 4. Variation of width with respect to nso for different Q"
Q’ and fixed U= 0.37, uio = 0.85, v = 0.47, ujo = 0.9, njo =0.85, and fixed U = 1.83, uio = 1.82, V= 0.45, ujo = 1.43, nio =1.01,
npo= 0.9, uve= 0.42, njo= 0.74, 6 = 0.047, ueo = 0.95, uso= 0.23 nvo=1.33, uvo= 1.64, njo=0.37, 6 =0.071, ueo = 1.11 , uso=1.17

Figure 5 illustrates how the amplitude varies in relation to 6. As we hold other parameters constant, the figure
illustrates how the amplitude varies negatively as we increase 6. We can therefore conclude the presence of rarefactive
soliton in our plasma model which have increasing amplitude as we increase the value of 6. We find that the soliton
amplitude gradually decreases as we increase the mass ratio from 0.87 to 0.94. Therefore, in the comparison of amplitude
with respect to 6, we can say that for larger values of mass ratio, we obtain rarefactive solitons of lower amplitude.
Figure 6 illustrates how width varies in relation to c. It is observed that the soliton width increases as ¢ increases, while
other parameters remain fixed as indicated in figure 6. In the comparison of width with respect to 6, we also find that
soliton width increases when mass ratio increases from 0.21 to 0.57.



83

Nonlinear Ion-Acoustic Solitary Waves in a Weakly Relativistic Electron-Positron-Ion Plasma... EEJP. 4 (2024)

'=0.87 Q'=0.214
8'=0.39 0'=0.321
Q'=0.92 Q'=0.45]
¢'-0.94 i 0'=0.57]
4
do ogf A
T 01 0.2 03 r 0.5 005 7l 02 23 ry os
o o

Figure 5. Variation of amplitude with respect to ¢ for different
Q" and fixed U = 0.9, uio = 1.54, V = 1.3, ujo = 1.0, nio =1.06,
nwo= 0.95, uvo= 1.43, njo=1.27, ueo = 1.06, nso= 0.95, uso= 0.85

Figure 6. Variation of width with respect to ¢ for different Q”
and fixed U = 0.85, uio = 0.85, v = 2.15, ujo = 1.01, nijo =1.01,
nbo= 0.9, upo= 0.95, njo= 1.01, nso= 0.85, uco = 1.11, uso= 1.01
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Figure 7. Variation of amplitude with respect to Q" for different ¢
and fixed U=0.16, uio= 0.9, V= 0.7, ujp=1.17, nio =0.79, noo=1.27,
ubo= 1.17, njo= 1.06, 6 = 0.0524, ueo = 1.11, nso= 1.01, uso= 1.11

Figure 8. Variation of width with respect to uso for different Q”
and fixed U = 1.8, uio = 0.95, V = 0.1, ujo = 1.49, nio =1.22,
nbo = 1.27, ubo= 0.95, njo= 1.11, nso= 1.43, ueo = 1.17, 6 = 0.016

Figure 7 displays the variation in amplitude in relation to the mass ratio. The graph indicates that the amplitude
increases negatively as the mass ratio climbs while the other parameters remain unchanged. As such, we can state the
presence of rarefactive solitons in our plasma model whose amplitude increases as we increase the value of mass ratio.
The soliton amplitude gradually decreases as we increase the value of ¢ from 0.0500 to 0.0524. Therefore, when
comparing amplitude to mass ratio, we obtain rarefactive solitons with lower amplitudes for higher values of ¢. Figure 8
illustrates the variation in width in relation to uy. We note that soliton width increases as uy increases while maintaining
other parameters fixed, as shown in figure 8. Furthermore, we note that in the comparison of width with respect to uso,
soliton width increases when mass ratio increases from 0.46 to 0.69.

Variation of amplitude with respect to nyo is shown in Figure 9. The figure shows that when we increase ny while
keeping other parameters mixed the amplitude increases positively. Therefore, we can say that our plasma model has
compressive solitons whose amplitude increases as we increase the value of nyo. If we increase the value of wave speed
from 0.99 to 1.59, we observe that the soliton amplitude gradually rises. Thus, we can say that we get compressive solitons
of higher amplitude for greater values of ¢ in the comparison of amplitude with respect to ny. Figure 10 shows variation
of width with respect to uj. While keeping other parameters fixed as mentioned in figure 10, we observe that soliton
width increases as ujo increases. We also observe that soliton width decreases when ujo increases from 0.53 to 0.74 in the
comparison of width with respect to uio.
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Figure 9. Variation of amplitude with respect to nwo for different
U and fixed ui0=0.62, V=0.21, uj0=0.39, ni0c=0.69, Q'=0.85,
n50=0.53, up0=0.74, njo=0.37, 6=0.026, uc0=0.79, us0=0.53

Figure 10. Variation of width with respect to uio for different ujo
and fixed U=0.21, Q'=0.21, V=149, ni=0.26, nw0=0.26,
ub0=0.26, njo=0.42, 6=0.018, uco=0.16, ns0=0.26, uso=0.37
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Finally, we have observed variation of solitary wave potential @; versus 1 for four different values of wave speed U
as shown in Figure 11 and 12. We found that the wave potential of both compressive (Figure 11) and rarefactive
(Figure 12) ion-acoustic soliton increases while the value of wave speed increases.

L
]

ol ol sod

TR T

cooco

T et bt

oy kg 0o
c

q)li.;j- [ ] 471 __

n
Figure 11. Variation of ¢1 with respect to 1 for different U and  Figure 12. Variation of ¢1 with respect to n for different U and
fixeduio=4.2, V=5.4,uj0=0.79, nio=1.17, npo= 1.59, upo=1.49,  fixed uio = 0.58, V = 3.56, ujo = 0.47, nio =0.53, npo= 0.58,
njo= 1.49, nyo= 1.43, ueo = 1.54, Q'=0.47, uso= 0.47, n50=0.16, w0 = 0.32, njo= 0.33, nso= 1.43, ueo = 0.26, Q'=0.21, ns=0.42,
c=10.282 us0=0.53, 6 = 0.045
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HEJIIHIAHI IOHHO-AKY CTHYHI OJAWHOKI XBHJII B CJIABOPEJISATUBICTCHKINA EJIEKTPOH-IIO3UTPOH-
TIOHHIN IJTA3MI 3 PEJIATUBICTCHKUMH ITYYKAMM EJIEKTPOHIB I HO3UTPOHIB
Carbenapa Harx Bapman?, Kinrkap Taaykaap®
“Koneodoc b. bopya, I'veaxami 781007, Accam, Inois
bﬂenapmamenm mamemamuxu, Yuisepcumem Iayxami, 'yeaxami 781014, Accam, Inois

VY upomy AociipkeHHi Oya0 MPOAEMOHCTPOBAHO ICHYBaHHSI CTHCKAIOYUX 1 PO3PIAKEHHUX CONIITOHIB Y MOZEINI IJIa3MH, sIKa BKIIFOYAE
HEeHaMarHiueHi caOKi pessITUBICTCHKI MMO3UTHBHI i10HU, HEraTUBHI 10HHU, CJICKTPOHH, SJICKTPOHHHUHN MYYOK i IMy4OK HO3UTPOHIB. J{yst
oux crnabo PeNATUBICTCHKUX HENIHIMHMX 10HHO-aKyCTHUYHMX XBWJIb y HEHAMarHideHid miasMi 3 eNeKTPOHHOIO iHEpIiel Ta
PENATHBICTCHKIM IYyYKOM ICHYBaHHS CTHCIHBOTO Ta PO3PIMKEHOTO COJITOHY MOCHIIKYEThCS LUIIXOM BHBEICHHS PiBHSIHHS
Kopresera-ne ®piza (KdV). Byno momideHo, 1o amIniiTyia Ta MIHUPHHA CONITOHIB CTHCHEHHS Ta PO3PLIKEHHS 3MIHIOIOTHCS I0-
pi3HOMY y BINOBigh HA 3MiHY THCKY Ta HasBHICTH iHepIii eneKTpoHiB. J{OCIIUKCHHSIMU BH3HAUYCHO BUMOTH, SKi IIOBHHHI OyTH
BHUKOHAHI JUIs ICHYBaHHS HETIHIWHMX 10HHO-aKyCTHYHHUX CONITOHIB. OCHOBOIO JUIS aHAIIi3y € PIBHSAHHS PyXy PiIUHH, IO KEPYIOTh
OJJHOBUMIpHOIO I1a3Moro. Pi3Hi BimHOCHI opMHu mapaMeTpa MIIHOCTI (€) BUOMPAIOTHCS [UIsl PO3IIMPEHHS HPOCTOPOBUX 1 YACOBHX
3MIHHHUX, II0 HPH3BOJMTH IO DPI3HOMAHITHUX HeniHidHOCTedl. OTpuMaHi pe3ynbraTd MOXYTh MaTH HACHIIKM HE JIHIe IS
acTpodi3udHOI TIa3MHu, ane i Uisl TEPMOSACPHOI IUTa3MH 3 IHEPIIHHUM YTPUMaHHSIM.
Ku104oBi ci10Ba: pernamusicmcoka niasma, cOMimoH, iOHHA aKyCMu4Ha X6Uuis, ny4oK RO3UMpOHie; meopis 36ypets





