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The present work deals with the study of a locally rotationally symmetric (LRS) Bianchi type-I cosmological model in the framework
of a scalar-tensor theory of gravity formulated by Sdez and Ballester with time varying cosmological constant. To obtain the explicit
solutions of the Sdez-Ballester field equations we assume the average scale factor to obey a power law expansion and the cosmological
constant to be proportional to the energy density of the cosmic fluid. The dynamical behaviour of relevant cosmological parameters
including the Hubble parameter, the deceleration parameter, the energy density, the pressure, the equation of state parameter, the
cosmological constant, the shear scalar, the expansion scalar etc. are investigated graphically by examining their evolution versus the
redshift parameter. The validation of the four energy conditions are also checked. We find the outcomes of the constructed model to be
in good agreement with the recent observational data.
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1. INTRODUCTION

Throughout the last few decades, a number of observations in the field of cosmology and astrophysics have been
indicating that our universe is currently passing through a phase of accelerated expansion. The list of the observations
includes Supernova type Ia (SNIa), Large Scale Structure (LSS), Cosmic Microwave Background (CMB), Wilkinson
Microwave Anisotropy Probe (WMAP) [1]- [10] etc. These observations have contradicted the earlier beliefs of the
cosmologists that the expansion of the universe would be decelerating due to the gravitationally attractive nature of the
matter in the universe. As a result of the contradiction in the belief, cosmologists become more inquisitive to know the
root cause of the accelerated cosmic expansion. Within the framework of General Relativity, the leading cause behind the
late time acceleration in the expansion of the universe is considered to be a mysterious form of energy with anti-gravity
effect and tremendous negative pressure. This exotic form of energy is named dark energy which consists of nearly 68.3%
of the total energy budget of the present universe. Another exotic component of the universe is the dark matter which
takes approximately 26.8% of the total matter-energy content of the universe. The yet unknown nature of these two exotic
components consisting of more than 95% of the universe raises some fundamental questions which can not be explained
from the General Theory of Relativity although this theory is very successful in describing many gravitational phenomena
up to cosmological scales. In order to ascertain the true nature of dark energy and the root cause of the observed cosmic
acceleration, a variety of theoretical models are proposed in the literature which can be classified into two broad categories
- the dark energy models and the modified gravity models. The dark energy models are constructed by modifying the
matter part of the Einstein-Hilbert action. On the other hand, the modified gravity models are constructed by modifying
the gravitational part of the Einstein-Hilbert action.

Among the several dark energy models, ACDM model is the simplest and the best fit model of the universe but
it is plagued with some theoretical challenges such as the fine-tuning and cosmic coincidence problems. To overcome
these problems, different dynamical scalar field models such as quintessence, k-essence, phantom, tachyons etc. [11],
Chaplygin gas models [12], Holographic dark energy models [13]- [17] etc. are proposed in the literature. Several
modified gravity models are also proposed in the literature such as the f(R) gravity, f(G) gravity, f(Q) gravity, f(R,T)
gravity, (R, G) gravity, f(Q,T) gravity etc., where R is the Ricci scalar curvature, G is the Gauss—Bonnet invariant,
Q is the non-metricity scalar, T is the trace of the energy-momentum tensor and some scalar-tensor theories of gravity
such as Brans-Dicke theory [18], Sdez-Ballester theory [19] etc. in order to unfold the mystery behind the late time
acceleration in the cosmic expansion as well as to study various other aspects of the universe. The Sdez-Ballester theory
of gravity was formulated by Sdez and Ballester in 1986. This theory is a scalar-tensor theory in which the metric is
coupled with a dimensionless scalar field ¢ in a simple manner. The coupling satisfactorily describes the weak fields and
also provides a possible way of removing the missing matter problem in non-flat Friedmann-Lemaitre-Robertson-Walker
cosmologies. After the discovery of the acceleration in the rate of expansion of the universe, many researchers have
constructed different cosmological models in Sdez-Ballester theory and investigated various aspects of the universe as it
can be shown that there exists an antigravity regime in this theory. Rao et al. [20] presented exact string cosmological
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models for Bianchi type II, VIII and IX. Rao er al. [21] also discussed the exact Bianchi type II, VIII and IX perfect
fluid cosmological models. Naidu er al. [22] investigated a Bianchi type-III universe in the presence of anisotropic dark
energy. Mishra and Chand [23] studied the dynamical nature of Bianchi type-I model considering a bilinearly varying
deceleration parameter. Mishra and Dua [24] investigated a Bianchi type-I model with cosmological constant, considering
the deceleration parameter to be a linear function of the Hubble parameter. They have also studied the statefinder diagnostic
and some cosmographic parameters graphically. Naidu et al. [25] investigated the dynamical behaviour of FRW type
Kaluza-Klein (KK) cosmological model taking the Planck Collaboration data as a special reference and discussed three
different models by using hybrid expansion law and varying deceleration parameters. Singh, et al. [26] examined a
FRW model with bulk viscous fluid. Mishra and Dua [27] examined the behaviours of bulk viscous string cosmological
models in the tilted Bianchi type-VI universe. Wath and Nimkar [28] studied a Bianchi type VIII anisotropic dark matter
fluid cosmological model. Dabgar and Bhabor [29] investigated a five-dimensional Bianchi type-III model with string
cosmology considering both power law and exponential law models.

In the present work, we also consider the Sdez-Ballester theory of gravity and study the cosmological dynamics
of a locally rotationally symmetric Bianchi type-I universe with a time varying cosmological constant A. The paper is
organised as follows: In section 2, we derive the Sdez-Ballester field equations corresponding to a locally rotationally
symmetric Bianchi type-I line-element. In section 3, we obtain cosmological solution of Sdez-Ballester field equations by
considering the cosmological constant A to be proportional to the energy density p, and by using a power law expansion for
the average scale factor. In section 4, we express the relevant cosmological parameters in terms of the redshift parameter
and study their physical behaviour as the universe evolves. In section 5, the validity of the energy conditions are checked.
The paper is concluded in section 6 with a brief summary of the main outcomes of our model.

2. BASIC EQUATIONS GOVERNING THE MODEL

The action for the Sdez-Ballester theory of gravity along with time-varying cosmological constant A can be expressed
as

S= / [(R-2A)+16nL -W¢"¢ 4| V=g dX'dX*dX>dx* (1
z

where, R is the Ricci scalar curvature, £ is the matter Lagrangian, W and n are arbitrary dimensionless constants, ¢ is a
dimensionless scalar field, ¢ ; is the partial derivative of ¢ with respect to the coordinate X’, ¢*' is the contraction ¢_, g
and g = |g,' fl’

By considering the scalar field ¢ to be vanishing at the boundary of the arbitrary region X of integration, the variation of
the action (1) with respect to the tensor g/ and the scalar field ¢ leads to the field equations

R 1
Rij = = 8ij+ Agij = Weo' (4,6, - Egijfl’,kfb’k = —8nT}; 2

and

20" +ng"p kp* =0 3)

where R;; is the Ricci tensor, T;; is the energy-momentum tensor and semicolon represents the covariant derivative.
Now, in order to construct a cosmological model, we consider a locally rotationally symmetric (LRS) Bianchi type-I
space-time characterised by the metric

ds® = d* — A2dx* - B (dy2 + dzz) )
where A and B are the functions of the cosmic time ¢.

We assume the matter-energy distribution of the universe to be as isotropic perfect fluid of density p and pressure p so
that the energy-momentum tensor 7;; can be taken as

Tij = (p+p)uiuj — pgij &)
where u' is the four velocity with u;u’ = 1.

In a comoving coordinate system, the field equations (2) and (3) with equations (5) for the metric (4) lead to the following
set of field equations:

B B> W .
2=+ — — — "G — A =-8 6
3 g 277 np (6)
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AB B> W ,.,
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Integration of equation (9) yields
2
o=|E(5+1)]7 ne-2 (10)
where E (1) = f %dr, k1 is a constant of integration.
From the equations (6) and (7), we have
B A . B(B A\ _ 0 an
B A B\B A]
On integration, it gives
B
—=D(z 12
~=D (1) (12)
f k2 ar . . .
where D (1) = e/ «>"", ky is an integrating constant.
Therefore, the average scale factor, a () can be expressed as
1
2\3 2
a:(AB) = AD? (13)

Equations (6)-(8) can be written in terms of the average scale factor a as
i d
2—+—+—-———-A=-81p (14)

o2y D A=8p (15)
a

3. ASSUMPTIONS AND SOLUTION OF THE FIELD EQUATIONS

We have three equations and five unknowns a, A, p, p and ¢, which allows us to take two conditions in consideration
in order to find the exact solutions of the field equations.
We assume the average scale factor a to obey a power law expansion as

a=aopt” (16)

where @ > 0, ag is a constant and represents the present value of a.
In view of equation (15), we consider the cosmological constant A () to be proportional to the energy density p (¢) with
h as the constant of proportionality as

A=hp (17

Then, from the equations (10) and (14)-(17) the expressions for ¢, A, p and p are obtained as

ki (n t1-3a
¢ @) = [a_(ﬁ (§+l)(1—3(x)

n#E =2 (18)

h o [3a? ky? W k2
A=t [ R (19
r+h | t 3 (apt?) 2 (aopt?)
1 [2a 2k, ki? 1 3a? ky? W k2
P = |5 -+ W 6}— e (20)
87 |2 3(apt?) (aot?) 8t+h| t 3(apt®)® 2 (aot®)
1 3a? ky? W k2 ]
p)=—|—5 - - 21
8r+h | 2 3(apt)® 2 (agt)°

4. PROPERTIES OF THE MODEL

The Hubble parameter H measures the rate of expansion of the universe. It is related to the scale factor a by the
relation H = £ and therefore, H > 0 infers the expanding universe. The deceleration parameter g reveals whether the

expansion of the universe is uniform, accelerating or decelerating. It is defined by the relation g = —i—‘; and therefore, ¢ is
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related to the Hubble parameter H through the relation g = —1 — %
For our model, these two parameters are obtained as

H(n="2= 22)

RI—=IR

q(1)=-1+ (23)

The spatial volume (V), the expansion scalar (6), the shear scalar (o), the mean anisotropy parameter (A,,) and the
equation of state (EoS) parameter (17) are obtained as

V() =a’ = (agr®)’ (24)
0 (t) = 3H = 3% (25)
1k
2 = —
SORE vy (26)
2 (t\2 ko?
An( =75 (=) e
9\l (agte)°
20 2k° k2 ]
p =20 & [ - s Ve 8)
p (1) gﬂ[ﬁ_ ka? + W ki ]
P 3(apr™® 2 (apr@)®
The scale factor redshift relation is given by
ap
R 29
Using equation (16), we obtain
t=(l+z)" @ (30)

Therefore, the cosmic time ¢ dependent cosmological parameters of our model can be expressed in terms of the redshift z
as
Hubble parameter,

HGE =a(l+7)w 31)
Deceleration parameter,
1
q(z) =-1+— (32)
1%
Spatial volume,
Vi)=a’=a® (1+2)7° (33)
Expansion scalar,
0(z)=3H=3a(1+2)7 (34)
Shear scalar,
2 1k 6
c () =z—=(1+2) (35)
3 a06
Mean anisotropy parameter,
2 ky? 62
Am (D) = "2 (147573 36
m (Z) 9&2 (106 ( Z) ( )
Also, scalar field,
k 1 st |72
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Cosmological constant,
h 2 ky? 6 Whki? 6
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Pressure,
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Figure 1. Plot of the cosmic time ¢ v/s redshift z for @ =

Figure 2. Evolution of the Hubble parameter H v/s red-
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Figure 3. Evolution of the pressure p v/s

redshift z fora =1.233, h=1,W=1l,a0 =k =k =1

Figure 4. Evolution of the energy density p v/s redshift
zfora=1233,h=1,W=1a0=ki =ky=1

Figure 1 shows the graphical plot of cosmic time ¢ v/s redshift z. From Figure 2 and Figure 8 we can see the decreasing
and positive nature of the Hubble parameter H and the expansion scalar 6. In Figure 3, we observe that the pressure
p of the cosmic fluid has a peculiar behaviour. It is positive in the early phases of the universe, subsequently becomes
negative in the later phase and keeps increasing to attain the zero value at far future. Figure 4 depicts the behaviour of
the energy density p. It decreases as the universe evolves, remains positive throughout the evolution of the universe and
tends to zero at far future, thereby hinting about the expanding universe during the cosmic evolution. Figure 5 shows that
the cosmological constant A is an increasing function of the redshift z, or equivalently it is a decreasing function of the
cosmic time ¢. The Figure also depicts the positive nature of A in the evolving universe which fades away at far future.
In Figure 6 we observe the decreasing nature of the EoS parameter n with the universe’s evolution. The Figure indicates
that the model starts in the radiation-dominated phase and subsequently it enters into the matter-dominated phase. At the

late phase of universe’s evolution, the model behaves as in the quintessence phase (—1 <n<-3

l). Figure 7 depicts the

increasing nature of the spatial volume V, with the evolution of the universe, which gives the indication of the acceleration
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Figure 6. Evolution of the EoS parameter 1 v/s redshift
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Figure 8. Evolution of the expansion scalar 6 v/s redshift
zfora =1.233

in the expansion rate of the universe at late times. Figure 9 and Figure 10 show the decreasing nature of the shear scalar
o and the mean anisotropy parameter A,, which tends to zero at late times, thereby indicating the transition from early

anisotropic phase to an isotropic phase at late time.

5. ENERGY CONDITIONS:

Energy conditions are simply some linear combinations of the energy density and the pressure with constraints.
These conditions are helpful in studying the characteristics of the universe. A normal matter always satisfies all the energy
conditions, for the reason that the energy density and the pressure of the normal matter are positive. Violation of the
energy conditions hints about the presence of some unknown matter energy which is not normal in the universe. The four
energy conditions are: Strong Energy Condition (SEC), Weak Energy Condition (WEC), Dominant Energy Condition

(DEC) and Null Energy Condition (NEC).

The SEC suggests that the rate of expansion of the universe decelerates, independent of whether the universe is open,
flat, or closed [30]. The WEC suggests that the energy density is always positive and non-increasing. The DEC provides
an upper bound on the energy density and therefore an upper bound on the rate of expansion. The NEC implies a (very
weak) upper bound on the Hubble parameter and indicates that the energy density of the universe goes down as its size

increases.

The energy conditions are given as:
SEC:p+3p>0andp+p >0
WEC:p+p>0andp >0
DEC:p+p>0,p—p=0andp >0
NEC:p+p >0

For our model,

2k

3 2 ki?
(p+3p)(z)=§ 2a(1+z)%——26(1+z)6+W 16 (1+z)6

3(10
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Figure 11. Plot of the energy conditions v/s redshift z fora = 1.233,h =1, W =1,a90 = k; =k =1

In Figure 11 we observe that at the very early stage of the universe, all the four energy conditions are satisfied and
the three conditions other than the SEC are satisfied throughout the cosmic evolution. However, at a later stage the SEC is
violated hinting about the accelerated rate of the universe’s expansion, which is in agreement with recent obeservational
data.

6. CONCLUDING REMARKS

In this paper, we explore LRS Bianchi type-I universe with a power law expansion in the framework of Séez-Ballester
scalar-tensor theory with a cosmological term A which is assumed to be directly proportional to the matter-energy density p.
We study the evolution of some parameters of cosmological importance such as the Hubble parameter H, the deceleration
parameter ¢, the equation of state (EoS) parameter 7, spatial volume V, the expansion scalar 6, Shear scalar o> and the
mean anisotropy parameter A,, graphically by choosing the values of the parameters as @ = 1.233,h = 1,W = 1,q¢ =
k1 = ko = 1. We observe that
e The increasing nature of the scale factor a and the Spatial volume V of the universe throughout the cosmic evolution
implies the acceleration in the rate of cosmic expansion.

e The decreasing nature of the Hubble parameter H and the expansion scalar 6 gives the hint of accelerated expansion of
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the universe.

e The deceleration parameter ¢ is constant in nature which may be positive, negative or zero according as
O<a<l,a>lora=1.

e With the evolving universe, the cosmological constant A and the energy density p decrease and tend to zero at later
phase of the universe’s evolution.

e The decreasing nature of the EoS parameter n with the universe’s evolution is seen in Figure 6, which indicates that
the model starts in the radiation-dominated phase and subsequently it enters into the matter-dominated phase. At the late

phase of universe’s evolution, the model behaves as in the quintessence phase (—1 <n< —%)
e The decreasing nature of the shear scalar o> and the mean anisotropy parameter A,,, which gradually fades away signifies
the transitioning from early anisotropic phase to a later isotropic phase.

e Violation of the SEC is indicating the accelerated cosmic expansion agreeing with the observation.
Thus the results of our model, are found to be satisfactory with the current observational data.
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KOCMOJIOITYHA MOJIEJIb LRS BIANCHI B TEOPIi TPABITAIIIE CAME€3-BAJIECTEPA 31 3MIHHOIO B YACI
KOCMOJIOTTYHOIO KOHCTAHTOIO
Yangpa Pexxa Maxanra, Anjirta Bacymarapi
Daxyavmem mamemamuru, Yuisepcumem layxami, I'yeaxami - 781014, Inoia
L1 po6GoTa npucBsYeHa BUBYSHHIO JIOKaJIbHO-00epTanbHO-cumeTpuaHoi (LR S) kocMornoriynoi mozeni B’ ki tumy I B pamkax ckanspHo-
TeH30pHOI Teopii rpasiraii, copmysaboBanoi Caiie3om i Bayutectepom, 3i 3MiHHO B 4aci kocMosoriunoio craioio. II[o6 orpumaru
SIBHI po3B’sI3KU piBHSIHB NoJist Caiies-banectepa, Mi IPHUITYCKAEMO, IO CEpPeHiil MACIITaOHMIA KOS(IIliEHT MMiAKOPSETHCS CTEIEHEBOMY
3aKOHY PO3LIMPEHHs, a KOCMOJIOriUHa CTajla MpONOpLiiiHa MIJIBHOCTI eHeprii KocMiuHoi piguHu. JUHaMiYHYy NOBEAiHKY BiANOBIIHUX
KOCMOJIOTIYHMX MapaMeTpiB, BKIoYalo4y napamerp Xa00sa, mapamMeTp yNoBiIbHEHHS, IUIbHICTh €HEeprii, TUCK, MapaMeTp PiBHIHHSI
CTaHy, KOCMOJIOTiYHy TOCTilHY, CKaJISIp 3CYBY, CKaJIAP PO3MIMPEHHS TOLIO, JOCHiIKYEThCS rpadivHO IMUISXOM BUBYEHHS 1X €BOMIOLIT
MPOTH TTapaMeTp YePBOHOTO 3CyBY. Takoxk IepeBipsiEThCs MepeBipKka YOTUPHOX SHEPreTHYHUX YMOB. MU BBakaeMo, IO pe3y/IbTaTh
1o0Oy/10BaHOI MOJIETi 100pe Y3rOUKYIOThCSI 3 OCTAaHHIMH JaHUMH CIIOCTEPEKEHb.
Kuaro4oBi ciioBa: kocmonoziuna cmana; napamemp ynoginvrenus, napamemp Xaoaa; LRS Bbvsnui mun-1; meopis Caiiez-banrecmepa
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