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This study focuses on dynamically exploring Marder-type spacetime containing viscous Ricci dark energy within the framework of
general relativity theory. To find a solution of the field equations, we use the relation between metric potentials and the average scale
factor 𝑎(𝑡) = (sinh 𝛽1𝑡)

1
𝛽2 , this leads to a seamless transition of the Universe from its initial decelerating phase to the current accelerating

phase. Here, we have obtained the cosmological parameters and 𝜔𝑑𝑒 −𝜔′
𝑑𝑒

plane for the derived model. Also, dynamical features of
the derived cosmological model are analyzed through diagrams.
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1. INTRODUCTION
Dark Energy(DE), which has yet to be identified, is thought to be the cause of the Universe’s recent aggressive

expansion. One of the pillars of contemporary cosmology is DE. Many measurements, like the cosmic microwave
background radiation(CMB) [1], the distant modulus of the type Ia supernova (SnIa) [2–4] and more recently by large-
scale structure studies [5], show that DE is a peculiar phenomena that is developing into an Einstein-de Sitter structure.
Just ∼ 4% of the entire Universe’s energy density is represented by baryonic matter, ∼ 24% by non-baryonic matter, and
almost ∼ 72% by an unidentified component that has negative pressure, which is the most unexpected and counter intuitive
outcome of these studies. A cosmic acceleration could be produced by the cosmological constant, which represents
quantum vacuum energy density. In general relativity (GR), this simple DE model is plagued by coincidence. The
accelerating universe is explained by different dynamical DE models. There are several notable models in this group,
including 𝐾−essence and Quintessence [6, 7]. You might want to also note that there are other modified matter models
based on perfect fluids, such as pilgrim DE models [8–10], generalized Chaplygin gas models [11], and holographic DE
models [12, 13]. GR is modified by another class of DE models. Models of DE correspond to modified theories of
gravity [14, 15] and scalar-tensor theories of gravity [16, 17].

In 1916, Einstein [18] presented his GR, which gives a geometrical account of gravity. Even today, GR is an elegant
scientific as well as geometrical framework used to accurately characterizes gravity fields. As well as being useful for
discussing cosmological models of the Universe. Even so, Einstein admitted that some desirable characteristics were
not accounted for in his theory. By way of instance, such an approach fails to take into account Mach’s principle. In
the simplest instance, gravity is maintained by Einstein’s equations of GR. The Einstein-Maxwell equations are a set of
differential second order equations with partial derivatives that are extremely nonlinear. On the one hand, these equations
provide formulas for the elements of energy-momentum tensor. Because metric potentials are formed from Ricci tensors,
they enter in a more complicated manner.

Holographic dark energy (HDE) has recently received significant attention as a possible candidate for DE. The
holographic principle inspired this type of model [19, 20], a model that was further developed into string theory [20].
Using this principle for cosmology, Li [21] suggested that HDE energy density can be calculated as 𝜌𝑑 = 3𝑏2𝑀2

𝑝𝐿
−2,

where 𝐿 denotes the infrared (IR) cut-off, 𝑏2 = constant and 𝑀−2
𝑝 = 8𝜋𝐺. Using Hubble’s horizon as a cutoff for the

IR distance from HDE, it was found that there is no evidence that the Universe accelerates. The infrared cut-off of the
Universe was later considered by him to be a prospective event horizon for the Universe that will emerge in the future.
The HDE model can give insight into our current observations indicating an accelerated Universe expansion. Meanwhile,
many works have been published [22–27] on HDE models to illustrate the rapid behavior of the cosmos. Based on the
Ricci dark energy (RDE) model proposed by Gao et al. [28], DE density appears to be oppositely related to Ricci scalar
curvature. In RDE, the future event horizon is replaced by the inverse of the Ricci scalar curvature. In the case of RDE,
the energy density can be expressed as follows:

𝜌𝑑 = 3𝛼
(
¤𝐻 +2𝐻2

)
, (1)
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where 𝐻 is the Hubble parameter, 𝑎 is the scale factor and there is no dimension to 𝛼, but it describes how the energy
density runs. Over dot refers to a derivative of cosmic time 𝑡.

Generally, it is recognized as a fact the Cosmos’ content in the form of a perfect fluid is aggressive because
dissipation is not involved, dissipation being something that exists extensively and supposedly plays a vital role in the
cosmos’s development. Most practically, the cosmos is thought to consist of a series of mediums which are made up of
scattering media. The development of the Universe is characterized by a series of scattering operations. These mechanisms
include shear viscosity, heat transmission and bulk viscosity. Numerous writers [29–32] have examined their involvement
with the explanation of the Universe’s initial inflation as well as its subsequent cosmic development. Over the past few
decades, the concept of viscous DE models is being developed to better comprehend the development of the Universe.
Based on the writings [33–44], many studies have been conducted to investigate viscosity of the bulk fluid in light of
possibility of DE, without the cosmological constant, cosmological expansion may be explained by even the correct form
of viscosity of the bulk fluid [45]. The main concept of viscous cosmology for the ancient and modern Universes was given
by Brevik et al. [46]. Norman and Brevik [47,48] have investigated the characteristics of two different viscous cosmology
models and established general mathematics formulations for bulk viscous fluids. Several recent literature [49, 50] have
examined the HDE model under the impact of bulk viscosity on the model. By assuming a linear barotropic fluid and an
RDE with bulk viscosity, researchers Feng and Li [51] have developed a viscous RDE model. In their paper [52], Singh
and Kumar propose a diagnostic method for viscous HDE cosmology using a statefinder.

Furthermore, the Universe’s homogeneity and isotropic characteristics have been ascertained from various investiga-
tions. Inflationary Universes were homogeneous and isotropic at the end of the inflationary period [53], and FLRW models
were essential in depicting cosmos that were both spatially homogeneous and isotropic. Yet the theoretical justification
and anomalies found in the CMB facilitate the identification of a phase of anisotropy that is later referred to as an isotropic
phase. Immediately following the Plank probe data was released [54], it was discovered that the early cosmos was not
entirely uniform. As a result, cosmological models constructed with anisotropic backgrounds have gained popularity
due to the inhomogeneous and anisotropic nature of the Universe. Accordingly, the attributes of the Universe change
based on the direction in which they’re observed, which indicates that we live in an anisotropic Universe. Based on
the data provided by WMAP, the current Universe can be described as anisotropic [55]. Marder space time possesses
certain traits that help elucidate the genesis of galaxies in the early phases of universal evolution [56, 57]. Given that
the Marder line element represents an anisotropic and homogeneous space time, it aids in comprehending the Universe’s
inception and its shift from anisotropy to isotropy. This encourages us to contemplate such space time configurations.
Moreover, employing the transformation 𝑡 →

∫
𝐴(𝑡)𝑑𝑡, allows for the simplification of Marder spacetime to the Bianchi

type-I model, subsequently converging to the FRW Universe. Thus, we categorize the line element accordingly based on
whether anisotropy is prevalent in later times or during the early stages of the Universe [58]. Therefore, Marder spacetime
not only enables us to study an anisotropic universe but also an isotropic one. We opted Marder’s space-time in Einstein’s
GR and scalar-tensor theories, which is an anisotropic and homogeneous space-time that facilitates an anisotropic to
isotropic transition. Many authors have discussed Marder space-time for different matter content. Aygün et al., [59],
Aygün [60,61], Kömürcü and Aktas [62] analyzed the Marder’s type Universe in the 𝑓 (𝑅,𝑇) theory of gravity in different
contexts. Aygün et al., [56, 63], Kabak and Aygun [64], Ali et al. [65] provide a couple of references to some authors
who have examined Marder’s space-time in various theories with a variety of tensors of energy and momentum. Singh et
al., [66], Prakash [67] have used Marder’s metric in the development of plane-symmetric models of the universe. Roy and
Chatterjee [68], Mukherjee [69] study the Sen-Dunn theory of gravitation and obtain exact solutions to Marder’s metric.
Pawar and Solanke [70], Pawar and Panpatte [71] studied Marder’s space-time in the Saez–Ballester framework. Pawar et
al., [72] developed an anisotropic homogeneous Marder’s space-time model of wet dark fluids. Santhi et al., [73,74] have
examined a cosmological model based on a bulk viscous string in a modified theory of gravity, as well as a viscous HDE
cosmological model with Marder space-time in GR respectively. It was just studied by Santhi and Naidu [75] that Marder
space-time with Tsallis HDE in GR.

With the help of the GR, we look at Marder-type metric with a viscous RDE (VRDE). The paper looks like this:
Section 2 contains the metric and field equations. We derive solutions for Marder-type cosmological models in section 3.
Our physical discussion of the cosmological parameters is in section 4. The last section summarizes the results.

2. METRIC AND FIELD EQUATIONS
A space time of Marder type that is anisotropic and spatially homogeneous looks like this:

−𝑏2
1 (𝑡)𝑑𝑡

2 + 𝑏2
1 (𝑡)𝑑𝑥

2 + 𝑏2
2 (𝑡)𝑑𝑦

2 + 𝑏2
3 (𝑡)𝑑𝑧

2 = 𝑑𝑠2. (2)

• The average scale factor (𝑎(𝑡)) and volume (𝑉) of the Marder type metric as follows:

𝑉 = [𝑎(𝑡)]3 = 𝑏2
1𝑏2𝑏3. (3)

• The anisotropic parameter Aℎ is given by

Aℎ =
1
3

3∑︁
𝑖=1

(
𝐻𝑖 −𝐻
𝐻

)2
, (4)
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where 𝐻1 =
¤𝑏1
𝑏1

, 𝐻2 =
¤𝑏2
𝑏2

, 𝐻3 =
¤𝑏3
𝑏3

are directional Hubble’s parameters and 𝐻 = 1
3

(
2 ¤𝑏1
𝑏1

+ ¤𝑏2
𝑏2

+ ¤𝑏3
𝑏3

)
is mean Hubble’s

parameter. Cosmological time 𝑡 differentiation is indicated by an overhead dot.

• The expansion scalar (\) is given by

\ =
1
𝑏1

( ¤𝑏2
𝑏2

+2
¤𝑏1
𝑏1

+
¤𝑏3
𝑏3

)
. (5)

• The shear scalar (𝜎2) is given by

𝜎2 =
1
2

( 3∑︁
𝑖=1
𝐻2

𝑖 −
\2

3

)
. (6)

In Einstein’s theory of GR, the equations of fields are defined as follows:

𝐺𝑖 𝑗 = −𝑇𝑖 𝑗 , (7)

where 𝑇𝑖 𝑗 is the energy momentum tensor and 𝐺𝑖 𝑗 = 𝑅𝑖 𝑗 − 1
2𝑅𝑔𝑖 𝑗 is an Einstein tensor. As well as that, the equation for

conservation is as follows:
𝑇 𝑖 𝑗

; 𝑗 = 0. (8)

With viscosity of the bulk fluid and a deviation from thermodynamic equilibrium of the first order, the stress-energy-
momentum tensor takes the form (Wilson et al. [76]).

𝑇𝑖 𝑗 = (𝜌𝑚 + 𝜌𝑑) 𝑢𝑖𝑢 𝑗 + 𝑝𝑑
(
𝑔𝑖 𝑗 +𝑢𝑖𝑢 𝑗

)
, (9)

where 𝜌𝑑 and 𝜌𝑚 are the energy densities of RDE and DM, respectively and 𝑝𝑑 = 𝑝𝑑 − 3Z𝐻, where 𝑝𝑑 is the effective
pressure of RDE, 𝐻 is Hubble parameter and Z is the bulk viscous coefficient which is given as Z = Z0 + Z1ℎ+ Z2ℎ

′, where
ℎ = 𝐻

𝐻0
and Z0, Z1 are positive constants and 𝑢𝑖𝑢𝑖 = −1.

By using Eq. (9), the field equations (7) can be written as follows:

1
𝑏2

1

( ¥𝑏2
𝑏2

+
¥𝑏3
𝑏3

+
¤𝑏2 ¤𝑏3
𝑏2𝑏3

−
¤𝑏1 ¤𝑏2
𝑏1𝑏2

−
¤𝑏1 ¤𝑏3
𝑏1𝑏3

)
= −𝑝𝑑 , (10)

1
𝑏2

1

(
¥𝑏1
𝑏1

+
¥𝑏3
𝑏3

−
¤𝑏1

2

𝑏2
1

)
= −𝑝𝑑 , (11)

1
𝑏2

1

(
¥𝑏1
𝑏1

+
¥𝑏2
𝑏2

−
¤𝑏1

2

𝑏2
1

)
= −𝑝𝑑 , (12)

&
1
𝑏2

1

( ¤𝑏1 ¤𝑏2
𝑏1𝑏2

+
¤𝑏2 ¤𝑏3
𝑏2𝑏3

+
¤𝑏3 ¤𝑏1
𝑏3𝑏1

)
= 𝜌𝑚 + 𝜌𝑑 . (13)

Furthermore, the energy conservation equation leads to

( ¤𝜌𝑚 + ¤𝜌𝑑) +
(
2
¤𝑏1
𝑏1

+
¤𝑏2
𝑏2

+
¤𝑏3
𝑏3

)
( ¤𝜌𝑚 + ¤𝜌𝑑 + 𝑝𝑑) = 0. (14)

3. SOLUTION OF THE FIELD EQUATIONS
There are four independent equations in (10)-(13) which have six independent components : 𝑝𝑑 , 𝜌𝑚, 𝜌𝑑 , 𝑏1, 𝑏2,

and 𝑏3. In order to resolve the equations mentioned above, the following conditions are required:

• There is a relationship between the metric potentials when the shear scalar (𝜎) is proportional to the expansion
scalar (\)(Collins et al. [77]). That is

𝑏1 = (𝑏2𝑏3)𝑛, (15)

as long as 𝑛 ≠ 1 is constant, space-time’s anisotropy is preserved.

• Mishra et al. [78] proposed a varying deceleration parameter as

𝑞(𝑡) = −𝑎 ¥𝑎
¤𝑎2 = 𝑏(𝑡), (16)
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where 𝑏(𝑡) is an arbitrary function of time, where 𝑎(𝑡) is the average scale factor of the Universe. We can get the
average scale factor by solving the above Eq. (16) using some suitable assumptions (Mishra et al. [78]).

𝑎(𝑡) = (sinh 𝛽1𝑡)
1
𝛽2 , (17)

where 𝛽1 and 𝛽2 represent arbitrary positive constants. Using such an average scale factor, we obtain a deceleration
parameter(DP) (𝑞) that changes from an early deceleration phase to a current acceleration phase. Santhi et al. [79]
and Rao and Prasanthi [80], Reddy et al. [81] used this average scale factor to evaluate various cosmological models.

From Eqs.(11) and (12), we have
𝑏2 = 𝛾

2
2𝑏3, (18)

here, 𝛾2
2 ≠ 1&𝛾2

2 > 0.
The metric potentials are derived from equations (3), (15), (17), and (18) as depicted below:

𝑏1 = (sinh(𝛽1𝑡))
3𝑛

𝛽2 (𝑛+1) , (19)

𝑏2 = 𝛾2 (sinh(𝛽1𝑡))
3

𝛽2 (2𝑛+2) , (20)

𝑏3 =
(sinh(𝛽1𝑡))

3
𝛽2 (2𝑛+2)

𝛾2
. (21)

The energy density of VRDE is expressed as follows:

𝜌𝑑 =
6𝛼 (𝛽2 −2) 𝛽3

1 cosh(𝛽1𝑡)
𝛽2

2 sinh(𝛽1𝑡)3
. (22)

Matter’s energy density is given by

𝜌𝑚 =

3𝛽2
1

(
3
(
cosh(𝛽1𝑡)2 −1

)
cosh(𝛽1𝑡)2

(
𝑛+ 1

4

)
sinh(𝛽1𝑡)

2𝛽2 (𝑛+1)+(−4𝑛−4)𝛽2−6𝑛
𝛽2 (𝑛+1) +𝛼(𝑛+1)2 (

𝛽2 −2cosh(𝛽1𝑡)2) )
𝛽2

2 (𝑛+1)2 sinh(𝛽1𝑡)2
. (23)
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Figure 1. VRDE energy density (𝜌𝑑) v/s time
(𝑡) (Gyr)
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Figure 2. Matter energy density(𝜌𝑚) v/s time (𝑡)
(Gyr)

The pressure of VRDE is given by

𝑝𝑑 = −
2𝛽2

1 (sinh(𝛽1𝑡))
(−2𝑛−2)𝛽2−6𝑛

𝛽2 (𝑛+1)
((

3𝑛
2 − 15

8

)
cosh(𝛽1𝑡)2 + 𝛽2 (𝑛+1)2

)
𝛽2

2 (𝑛+1)2
. (24)

The bulk viscosity is given by

Z =
Z1𝛽1 cosh(𝛽1𝑡) sinh(𝛽1𝑡)𝐻0 +𝐻0𝛽2 cosh(𝛽1𝑡)2Z0 − Z0𝛽2𝐻0 − Z2𝛽

2
1

𝛽2𝐻0 sinh(𝛽1𝑡)2 . (25)
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We used the following constants as a constraint in our analysis as well as diagrammatic illustrations of the Marder VRDE
model of the universe in which our analysis discussed the corresponding parameters: 𝛽1 = 0.199, 0.115, 0.111;𝛽2 =

1.52, 1.62, 1.72; 𝑛 = 0.019; 𝛼 = 0.02; Z0 = 0.25;Z1 = 0.35;Z2 = 0.15; 𝐻0 = 65. It is shown in Fig.(1) and (2) that the
characteristics of VRDE energy density (𝜌𝑑) and matter energy density (𝜌𝑚) is plotted against cosmic time 𝑡. Observing
the trajectories of VRDE energy density (𝜌𝑑) and matter energy density (𝜌𝑚) for various values of 𝛽1 and 𝛽2, as we can see
a variation towards the positive region, through time, which indicates that the Universe is expanding. The total pressure
(𝑝) for different values of 𝛽1 and 𝛽2 can also be observed by examining Fig. (3). With the passing of time (𝑡), the total
pressure (𝑝) becomes negative. According to Fig. (4), the trajectory of bulk viscosity decreases with time 𝑡, while it
varies in the positive region.
It is now possible to write the metric (2) as

𝑑𝑠2 = (sinh(𝛽1𝑡))
6𝑛

𝛽2 (𝑛+1) 𝑑𝑥2 +
(
𝛾2

2 (sinh(𝛽1𝑡))
6

𝛽2 (2𝑛+2)
)
𝑑𝑦2 +

(
(sinh(𝛽1𝑡))

6
𝛽2 (2𝑛+2)

𝛾2
2

)
𝑑𝑧2 − (sinh(𝛽1𝑡))

6𝑛
𝛽2 (𝑛+1) 𝑑𝑡2. (26)

Thereby, in the general theory of gravitation, Eq. (26) corresponds to a Marder-type space time that is spatially homoge-
neous and anisotropic with VRDE.

• The average scale factor (𝑎(𝑡)) and volume (𝑉) of the Marder type space time are given by

𝑉 = (sinh(𝛽1𝑡))
3
𝛽2 and 𝑎(𝑡) = [𝑉]3 = (sinh(𝛽1𝑡))

1
𝛽2 . (27)

• The Hubble parameter (𝐻) is given by the following equation:

𝐻 =
𝛽1 coth(𝛽1𝑡)

𝛽2
. (28)

• The expansion scalar (\) is given by

\ = 3
(
𝛽1 coth(𝛽1𝑡)

𝛽2

) (
sinh(𝛽1𝑡)

(−𝑛−1)𝛽2−3𝑛
𝛽2 (𝑛+1)

)
. (29)

• The shear scalar (𝜎2) is given by

𝜎2 =

(
−3
2

) 𝛽2
1 cosh(𝛽1𝑡)2

(
(𝑛+1)2 sinh(𝛽1𝑡)

2𝛽2 (𝑛+1)+(−2𝑛−2)𝛽2−6𝑛
𝛽2 (𝑛+1) −3𝑛2 − 3

2

)
𝛽2

2 (𝑛+1)2 sinh(𝛽1𝑡)2
. (30)

• You can find the anisotropic parameter by

Aℎ =
(2𝑛−1)2

2(𝑛+1)2 . (31)
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We observe from Eq.(31) that Aℎ ≠ 0 represents the likelihood that the Marder type cosmic model will always be
anisotropic(except 𝑛 = 1

2 ). For different values of 𝛽1 and 𝛽2, the volume has monotonously increased against time (𝑡) in
Fig. (5). This describes the spatial volume (𝑉) is growing a significant increase and presents the Universe’s growth in an
exponential manner. As can also be observed from the equations (27)-(30) within the scope of the earliest phase 𝑖.𝑒., at
𝑡 = 0, the average scale factor 𝑎(𝑡) and the volume (𝑉) decrease as time passes, indicating an expanding Universe. Hubble
parameter 𝐻, expansion scalar \, and shear scalar 𝜎 diverge at the initial epoch but attain constant values later. The
graphical representation of the \ & 𝐻 can be found in figure (6). As time progresses, both functions decrease and become
constant. Based upon these observations, it can be seen that with respect to time, the model begins its intensification as a
volume-zero model, and as it expands further, it reaches an infinite-volume model.

4. COSMIC PARAMETERS
We will investigate the Universe expands in terms of well recognized parameters relevant to the study of the cosmos,

namely the EoS parameter (𝜔𝑑𝑒), squared sound speed (𝑣2
𝑠), jerk parameter ( 𝑗), DP (𝑞), density parameters 𝑖.𝑒., Ω𝑚, Ω𝑑

& Ω, energy conditions and 𝜔𝑑𝑒 −𝜔′
𝑑𝑒

plane, statefinder (𝑟 − 𝑠) for constructing an anisotropic VRDE model.

• Deceleration Parameter: A further parameter that we have to consider as a result of to examine the transition phase
of the Universe is referred to as the DP. This measure quantifies the Universe’s expansion rate in a dimensionless
form. 𝑞 represents this value and it can be described in the following manner:

𝑞 =
𝑑

𝑑𝑡

(
1
𝐻

)
−1 = 𝛽2 secℎ(𝛽1𝑡)2 −1. (32)

Depending on its sign, it signifies either deceleration (if positive) or acceleration (if negative), whereas de-Sitter
expansion is observed at 𝑞 = −1 and marginal inflation happens when 𝑞 = 0. The model indicates a super exponential
expansion for 𝑞 < −1 and an accelerated expansion for −1 ≤ 𝑞 < 0. According to Fig. (7), we can see that the DP
𝑞 is plotted against time 𝑡, and by looking at the trajectory of the DP we observe that it shows a nice line with three
different values of 𝛽1 and 𝛽2 corresponding to the shift from the initial slowing down to the current speeding up.
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• Jerk Parameter: It is widely accepted that the jerk parameter(JP) in cosmology is the third derivative of the scale
factor with respect to time, expressed without dimensions, and it is defined as follows:

𝑗 =
𝑎

𝑎𝐻3 =
2𝛽2

2 + cosh(𝛽1𝑡)2 −3𝛽2

cosh(𝛽1𝑡)2 . (33)

Nowadays it is generally accepted that in modern cosmology, the JP can be used to describe how the Universe
transitions from a decelerating phase into an accelerating phase as a result of its jerk. It seems that this transition
of the Universe occurs in various models if the JP is set to a positive value and the DP is set to a negative value
(Chiba and Nakamura [82]; Visser [83]). Based on three different values of 𝛽1 and 𝛽2, we have plotted a graphical
representation of the JP against time (𝑡) in Fig. (8). Throughout the evolution, the JP varies in positive regions and
achieves a value of one at the end of the process. Thus, we can conclude from our model that recent observations
are consistent with it. Additionally, we observe that 𝛽1 and 𝛽2 completely affect the JP.

• Statefinder diagnostics: For the purpose of distinguishing between multiple candidates for dark energy, Sahni et
al. [84] has developed an analytical tool that can be used to identify and quantify the statefinder pair of terms {𝑟, 𝑠},
for which the term 𝑟 able to derived as a result of 𝑎(𝑡) and in terms of cosmic time (𝑡), it is a third-order derivative
and 𝑠 can be derived as a function of 𝑟 and the DP 𝑞. The parameters for Statefinder are as follows:

𝑟 =
𝑎

𝑎𝐻3 =
2𝛽2

2 + cosh(𝛽1𝑡)2 −3𝛽2

cosh(𝛽1𝑡)2 , 𝑠 =
𝑟 −1

3(𝑞− 1
2 )

=
4𝛽2

2 −6𝛽2

6𝛽2 −9cosh(𝛽1𝑡)2 . (34)

“A few useful regions can be described by these parameters: (𝑟, 𝑠) = (1,0) indicates Λ𝐶𝐷𝑀 , (𝑟, 𝑠) = (1,1) shows
CDM limit, Chaplygin gas region (𝑟 > 1, 𝑠 < 0), quintessence and phantom regions (𝑟 < 1, 𝑠 > 0). Fig. (9) shows
the behavior of 𝑟 − 𝑠 plane of our model. A Λ CDM model is observed within our model of the Universe.”
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• EoS Parameter: The following equation will be used to obtain EoS parameter

𝜔𝑑𝑒 =
𝑝𝑑

𝜌𝑑
. (35)

Here, 𝜌𝑑 and 𝑝𝑑 are used to represent the DE density and the pressure of the VRDE, respectively. It is estimated
that the EoS parameter can be used to define the Universe’s progression into stages of deceleration and acceleration.
It is possible to divide the DE dominated phase into the following eras:

(i) 𝜔𝑑𝑒 = 0 corresponds to non-relativistic matter.
(ii) −1 < 𝜔𝑑𝑒 <

−1
3 quintessence.

(iii) 𝜔𝑑𝑒 = −1 cosmological constant.
(iv) 𝜔𝑑𝑒 < −1 phantom.

In the model, the EoS parameter is represented as the following:

𝜔𝑑𝑒 =

2𝛽2
1 sinh(𝛽1𝑡)

𝛽2 (−2𝑛−2)−6𝑛
𝛽2 (𝑛+1)

((
3𝑛
2 − 15

8

)
cosh(𝛽1𝑡)2 + 𝛽2 (𝑛+1)2

)
(𝑛+1)26𝛼 (𝛽2 −2) 𝛽3

1 coth(𝛽1𝑡)𝑐𝑜𝑠𝑒𝑐ℎ(𝛽1𝑡)2
. (36)



78
EEJP. 3 (2024) T. Chinnappalanaidu, et al.

VRDE’s EoS parameter is given in Eq. (26). For the model (26), we present in figure (10) the development of the
EoS parameter 𝜔𝑑𝑒 in terms of time (𝑡), which has various numbers for 𝛽1 and 𝛽2. It is clear form the figures that
the EoS parameter for model (26) starts from phantom region and vary in high phantom region.
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• 𝜔𝑑𝑒 −𝜔′
𝑑𝑒

plane: Caldwell and Linder [85] propose the 𝜔𝑑𝑒 −𝜔′
𝑑𝑒

plane analysis, which is a useful tool for
distinguishing DE models based on the trajectory of their planes. Using this approach, we can create two types of
planes in the essence model, 𝑖.𝑒., the region 𝜔𝑑𝑒 < 0, 𝜔′

𝑑𝑒
< 0 implies the freezing region and the region 𝜔𝑑𝑒 <

0, 𝜔′
𝑑𝑒
> 0 a region of thawing. The expression for 𝜔′

𝑑𝑒
can be obtained by taking the derivative of Eq. (36) with

respect to ln𝑎

𝜔′
𝑑𝑒 =

(−1)
(
4
(

9𝑛2

2 − 45𝑛
8

)
cosh(𝛽1𝑡)2 sinh(𝛽1𝑡)

3𝛽2 (𝑛+1)+𝛽2 (−3𝑛−3)−6𝑛
𝛽2 (𝑛+1)

)
𝛽2 (𝑛+1)36𝛼 (𝛽2 −2)

+
(−4)

(
𝛽2 (𝑛+1)2 +3𝑛2 + 9𝑛

2 − 15
8

)
sinh(𝛽1𝑡)

3𝛽2 (𝑛+1)+𝛽2 (−3𝑛−3)−6𝑛
𝛽2 (𝑛+1)

(𝑛+1)26𝛼 (𝛽2 −2)

+
(−1) sinh(𝛽1𝑡)

3𝛽2 (𝑛+1)+𝛽2 (−2𝑛−2)−6𝑛
𝛽2 (𝑛+1)

((
3𝑛
2 − 15

8

)
cosh(𝛽1𝑡)2 + 𝛽2 (𝑛+1)2

)
(𝑛+1)26𝛼 (𝛽2 −2) 𝛽3

1 cosh(𝛽1𝑡)
.


(37)

As shown in Fig. (11), all values of 𝛽1 and 𝛽2 place the model in the freezing region. According to observations, the
Universe is expanding relatively fast in the freezing region. For the obtained model (26), 𝜔𝑑𝑒 −𝜔′

𝑑𝑒
plane analysis

gives the Universe is expanding faster than ever.

• Energy conditions: Astrophysical and cosmological energy conditions (ECs) are derived from Raychaudhuri
equations [86]. In general, the energy momentum tensor(EMT) is an important factor to consider when studying
energy conditions, so, for this discussion, we are going to use the term EMT in relation to pressure 𝑝𝑑 and energy
density 𝜌𝑑 , therefore, all four of the energy conditions can be written in the following ways: null energy condition
(NEC), dominant energy condition (DEC), strong energy condition (SEC), and weak energy condition (WEC). As
part of this paper, we have examined how energy conditions have evolved over time. In general, these energy
conditions serve as a measure of the expansion of the Universe. It is imperative to recognize that these conditions
impose additional limitations on the cosmological model’s viability. These conditions include the following:

WEC: 𝜌𝑑 ≥ 0
NEC: 𝑟ℎ𝑜𝑑 + 𝑝𝑑 ≥ 0
DEC: 𝜌𝑑 − 𝑝𝑑 ≥ 0
SEC:𝜌𝑑 +3𝑝𝑑 ≥ 0

It’s important to mention that SEC represents a strong energy condition, DEC represents a dominant energy
condition,and NEC represents a null energy condition, and WEC represents a weak energy condition.
Fig. (12) shows the behavior of these energy conditions in the constructed model. In cosmic evolution, WEC and
DEC are well satisfied while NEC and SEC are violated at late times, which corresponds to accelerated expansion.
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Our model also clearly shows that DEC dominates NEC and SEC in accordance with our observation. I think this
is an interesting observation that should be taken into account.
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Figure 12. VRDE ECs v/s time 𝑡 (Gyr)

• Squared speed of sound (𝑣2
𝑠): Our next step will be to consider and study one of the most important quantities

in cosmology, that is the squared speed of sound(𝑣2
𝑠), which is an important quantity to take into account when

checking every DE model’s stability. Depending on the sign of this parameter, we can examine stability of DE
models. Models with 𝑣2

𝑠 < 0 are unstable whereas models with 𝑣2
𝑠 > 0 are stable. Here is a definition of the squared

speed of sound:

𝑣2
𝑠 =

¤̄𝑝𝑑
¤𝜌𝑑

=

−2
((

9𝑛2

2 − 45𝑛
8

)
cosh(𝛽1𝑡)2 + (𝑛+1)

(
𝛽2 (𝑛+1)2 +3𝑛2 + 92

2 − 15
8

)
𝛽2

)
sinh(𝛽1𝑡)

−6𝑛
𝛽2 (𝑛+1)

3𝛼 (𝛽2 −2) 𝛽2 (𝑛+1)3

 . (38)

Fig. (13) illustrates 𝑣2
𝑠 versus time 𝑡 for various values of 𝛽1 and 𝛽2. All values of 𝛽1 and 𝛽2 show trajectories in the

negative region, which indicates unstable cosmos behavior.
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• Density parameters: “It has been suggested by most authors that the Ω ≈ 1. The ultimate destiny of the Universe
can be revealed by knowing whether Ω is greater than 1, less than 1, or exactly equal to 1. Eventually, the Universe
will stop expanding and collapse if Ω > 1. In the case where Ω < 1, then the Universe is open and will continue to
expand forever, whereas if Ω= 1, then the Universe is flat and has enough material to stop expansion, but not enough
to collapse. As a result of this definition, a dimensionless density parameter expression can be found as follows:”

Ω𝑑 =
𝜌𝑑

3𝐻2 , (39)
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Ω𝑚 =
𝜌𝑚

3𝐻2 , (40)

Ω = Ω𝑑 +Ω𝑚. (41)

For model (26), the density parameters of VRDE, matter, and total density are given by

Ω𝑑 =
−𝛼

(
𝛽2 −2cosh(𝛽1𝑡)2)

cosh(𝛽1𝑡)2 , (42)

Ω𝑚 =

12
(
cosh(𝛽1𝑡)2 −1

)
cosh(𝛽1𝑡)2

(
𝑛+ 1

4

)
sinh(𝛽1𝑡)

𝛽2 (−2𝑛−2)−6𝑛
𝛽2 (𝑛+1)

4cosh(𝛽1𝑡)2 (𝑛+1)2 (43)

+
4𝛼(𝑛+1)2 (

𝛽2 −2cosh(𝛽1𝑡)2)
4cosh(𝛽1𝑡)2 (𝑛+1)2 ,

& Ω =
3(4𝑛+1) sinh(𝛽1𝑡)

−6𝑛
𝛽2 (𝑛+1)

4(𝑛+1)2 . (44)

According to Fig. (14), we analyze the behavior of the density parameters of VRDE (Ω𝑑), matter (Ω𝑚) as well as
the total density (Ω) as a function of cosmic time 𝑡 for model (26) with 𝛽1 and 𝛽2. Based on the trajectory of density
parameters, we observe that Ω𝑑 , Ω𝑚 & Ω decrease with cosmic time and approach a number less than one at later
times, subsequently the total density (Ω) dominates the VRDE and matter parameters.

5. CONCLUSION
Using Einstein GR, we have constructed a Marder type cosmological model with viscous Ricci dark energy. A

variable declaration parameter has been applied to study the dynamics of the Universe and to determine solutions to the
field equations. A transition from a decelerating to accelerating phase was observed in DP. This model has the following
main outcomes:

Our obtained model at present accelerated and deceleration at past, based on the assumed form of DP. Observations
agree well with these aspects of the model. At first 𝑉 , 𝑎 are dies whereas 𝐻, \, & 𝜎 tends to ∞ but as time passes 𝑉 , 𝑎
are tends to ∞ and 𝐻, \, & 𝜎 are become constant. It can be seen that our constructed model is anisotropic throughout
the evolution of the Universe since (𝐴ℎ) is constant and does not vanish (𝐴ℎ ≠ 0). Throughout cosmic expansion, VRDE
has a positive energy density. Furthermore, cosmic pressure increases over time and is negative. Also, the changes of EoS
parameter 𝜔𝑑𝑒 =

�̄�𝑑
𝜌𝑑

has been graphically observed. According to this analysis, 𝜔𝑑𝑒 evolves from the phantom region and
varies in the high phantom region. Our constructed model’s evolution of 𝜔𝑑𝑒 −𝜔′

𝑑𝑒
varies in the freezing phase. In the

freezing region of the Universe, according to the observations, the growth of the Universe is relatively accelerating at the
present time and also we examine that ECs for obtained model and hence notice that SEC, NEC are breach whereas DEC
is fulfilled. We observe that Ω𝑑 , Ω𝑚 & Ω decrease with cosmic time and approach a number less than one at later times
Throughout the evolution, the JP is positive and reaches one. In general, (𝑟, 𝑠) trajectories start from the chaplygin gas
region and finally reach SCDM, where 𝑠 = 0, 𝑟 = 1. Consequently, in the future, the constructed model of the Universe
will behave in a manner similar to the ΛCDM model.
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АНАЛIЗ КОСМОЛОГIЧНОЇ МОДЕЛI В’ЯЗКОЇ ТЕМНОЇ ЕНЕРГIЇ РIЧЧI
В ЗАГАЛЬНIЙ ТЕОРIЇ ГРАВIТАЦIЇ

Т. Чiннаппаланайдуa, М. Вiджая Сантib, Н. Шрi Лакшмi Судха Ранib
𝑎Департамент математики, Iнститут iнформацiйних технологiй Вiньяна (автономний), Вiсакхапатнам 530049, Iндiя
𝑏Департамент прикладної математики, Коледж науки i технологiй, Унiверситет Андхра, Вiсакхапатнам 530003, Iндiя 

Це дослiдження зосереджено на динамiчному дослiдженнi простору-часу типу Мардера, що мiстить в’язку темну енергiю Рiччi, 
в рамках загальної теорiї вiдносностi. Щоб знайти розв’язок рiвнянь поля, ми використовуємо спiввiдношення мiж метричними

потенцiалами та середнiм масштабним коефiцiєнтом 𝑎(𝑡) = (sinh 𝛽1𝑡) 𝛽
1
2 , це призводить до плавного переходу Всесвiту вiд 

початкової фази уповiльнення до поточної фази прискорення. Тут ми отримали космологiчнi параметри та площину 𝜔𝑑𝑒 −𝜔′
𝑑𝑒 для похiдної моделi. Також за допомогою дiаграм аналiзуються динамiчнi особливостi отриманої космологiчної моделi. 

Ключовi слова: темна енергiя; в’язка темна енергiя Рiччi; метрика типу Мардера; загальна теорiя вiдносностi
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