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Of many extended theories of gravity, 𝑓 (𝑅,𝑇) gravity has gained reasonable interest in recent times as it provides interesting results
in cosmology. Logarithmic corrections in modified theories of gravity has been studied extensively. In this work, we considered
logarithmic correction to the trace term T and take the functional form as 𝑓 (𝑅,𝑇) = 𝑅 + 16𝜋𝐺𝛼 ln𝑇 where 𝛼 is a free parameter. The
free parameter is constrained using dark energy density parameter ΩΛ and Hubble parameter 𝐻0. The lower bound is found to be 𝛼 ≥
−9.85 × 10−29. The cosmological implications are also studied.
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1. INTRODUCTION
The remarkable discovery in 1998 by Riess et. al and Perlmutter et. al paused a fundamental question on the classical

General Relativity (GR) [1, 2]. The standard GR predicts that the expansion of the Universe should be decelerating with
time. Instead, it is observed that the current Universe has entered a second phase of accelerated expansion which started
around 𝑧 = 1 [1, 2]. Besides this, it is observed that nearly 70% of the total energy density of the Universe is in some
mysterious form called Dark Energy [1, 2]. Whether this Dark Energy is driving the present expansion of the Universe is
a matter of investigation.

Einstein field equations, in their original form can’t explain this late time acceleration because it gives an equation
of state (EoS) parameter 𝑤 = 0 [3]. Whereas, the present late time acceleration demands EoS parameter to be 𝑤 <

− 1
3 . Now, this can be explained if one considers the Universe filled with some exotic form of fluid with EoS parameter

𝑤 < − 1
3 [3]. That means the dominant Dark Energy constituent is driving the expansion. Apart from this, cosmological

constant with EoS parameter 𝑤 = −1 is a viable alternative explanation for Dark Energy as well as late time expansion
of the Universe [3]. In fact the ΛCDM model gives the best fit results to the present observed Universe [4]. But the
Cosmological constant Λ is into fine tuning problem [5].

𝑓 (𝑅) theory, a class of modified gravity, emerged in 1980’s and gained popularity as it can explain the early
inflationary Universe without considering the scalar fields in the theory [6]. Since then different modifications of gravity
viz. 𝑓 (𝐺), 𝑓 (𝑅, 𝐺), 𝑓 (𝐺,𝑇), 𝑓 (𝑅,𝑇), 𝑓 (𝑄), 𝑓 (𝑄,𝑇) etc. have been proposed and studied in literature where R, Q, G
and T are the Ricci scalar, non-metricity, Gauss-Bonnet scalar and Trace of the Energy momentum tensor respectively
[7, 8, 9, 10, 11, 12]. After the discovery of late time acceleration, studies of modified theories of gravity gained even
more interest as it has the potential to explain late time acceleration of the Universe without invoking Dark Energy in the
theory [13].

𝑓 (𝑅,𝑇) theory of gravity, proposed by Harko et. al is found to be extremely sound in explaining cosmological
phenomena. It has been studied with reference to inflation [14, 15, 16, 17], dark energy [18, 19, 20, 21, 22], dark matter
[23], wormhole [24, 25, 26, 27, 28, 29, 30], pulsar [31, 32], white dwarfs [33], gravitational waves [34, 35], scalar field
models [36, 37], anisotropic models [38, 39], bouncing cosmology [40, 41], big-bang neucleosysnthesis [42], baryogenesis
[43], brane world [44, 45] etc. Further, the energy conditions and junction conditions in 𝑓 (𝑅,𝑇) gravity have also been
studied [46, 47, 48, 49]. Snehasish et. al developed a novel way to impose lower bound on the model parameter 𝜆 of
the simplest 𝑓 (𝑅,𝑇) = 𝑅 + 2𝜆𝑇 model through the equation relating the cosmological constant and critical density of the
universe [18]. This method can be applied to other complex forms of 𝑓 (𝑅,𝑇) to constrain the model parameter(s). This
might reveal interesting result.

Logarithmic correction in modified gravity theories has been studied extensively. The first Logarithmic correction
to trace term T in 𝑓 (𝑅,𝑇) theory has been proposed by Elizalde et. al where they have studied the stability conditions
& energy conditions of the model [50]. In this work, we have considered the simplest 𝑓 (𝑅,𝑇) model with logarithmic
correction to trace term T as 𝑓 (𝑅,𝑇) = 𝑅 + 16𝜋𝐺𝛼 ln𝑇 , where 𝛼 is the model parameter and will constrain the model
parameter 𝛼 using equation relating to the cosmological constant Λ and critical density of the universe 𝜌𝑐𝑟 . Recently
Maurya et. al have studied similar model and found that it shows a quintessence dark energy model and late time universe
approaches to ΛCDM model [56].
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The paper has been organised as follows: In section 2, we present a brief review of 𝑓 (𝑅,𝑇) gravity. In section 3, we
present mathematical framework to impose bound on the model parameter. In section 3, we present our conclusion. Here,
we will use (+,-,-,-) sign convention for the metric tensor.

2. A BRIEF NOTE ON 𝑓 (𝑅,𝑇) GRAVITY
In 𝑓 (𝑅,𝑇) gravity, the gravitational Lagrangian depends on a general function of Ricci scalar 𝑅 as well as of the

trace of energy momentum tensor 𝑇 . The action in 𝑓 (𝑅,𝑇) gravity reads as,

𝑆 =

∫ [
𝑓 (𝑅,𝑇)
16𝜋𝐺

+ 𝐿𝑚
]
√−𝑔𝑑4𝑥 (1)

where 𝐿𝑚 is the matter Lagrangian, g is the metric determinant and G is the Newtonian gravitational constant. On variation
of the action with respect to the metric, we obtain the modified field equations as,

𝑓𝑅 (𝑅,𝑇)𝑅𝜇𝜈 −
1
2
𝑔𝜇𝜈 𝑓 (𝑅,𝑇) + [𝑔𝜇𝜈∇𝜎∇𝜎 − ∇𝜇∇𝜈] 𝑓𝑅 (𝑅,𝑇) = 8𝜋𝐺𝑇𝜇𝜈 − 𝑓𝑇 (𝑅,𝑇) (𝑇𝜇𝜈 + Θ𝜇𝜈) (2)

where we have denoted 𝑓𝑅 (𝑅,𝑇) = 𝜕 𝑓 (𝑅,𝑇 )
𝜕𝑅

, 𝑓𝑇 (𝑅,𝑇) = 𝜕 𝑓 (𝑅,𝑇 )
𝜕𝑇

and defined 𝑇𝜇𝜈 and Θ𝜇𝜈 as,

𝑇𝜇𝜈 = 𝑔𝜇𝜈𝐿𝑚 − 2
𝛿𝐿𝑚

𝛿𝑔𝜇𝜈
(3)

Θ𝜇𝜈 = 𝑔𝛽𝛾
𝛿𝑇𝛽𝛾

𝛿𝑔𝜇𝜈
= −2𝑇𝜇𝜈 + 𝑔𝜇𝜈𝐿𝑚 − 2

𝛿2𝐿𝑚

𝛿𝑔𝜇𝜈𝛿𝑔𝛽𝛾
(4)

The term Θ𝜇𝜈 plays a significant role in 𝑓 (𝑅,𝑇) gravity. Since it contains matter Lagrangian 𝐿𝑚, depending on the nature
of the matter field, the field equation for 𝑓 (𝑅,𝑇) gravity will vary. Besides this the functional form of 𝑓 (𝑅,𝑇) will also
change the field equation. Thus, the field equations in 𝑓 (𝑅,𝑇) gravity depend both on the nature of matter field and choice
of the functional form of 𝑓 (𝑅,𝑇).

Harko proposed four different forms of the function 𝑓 (𝑅,𝑇) in his paper[10], viz.:

• 𝑓 (𝑅,𝑇) = 𝑅 + 2 𝑓 (𝑇)

• 𝑓 (𝑅,𝑇) = 𝑓1 (𝑅) + 𝑓2 (𝑇)

• 𝑓 (𝑅,𝑇) = 𝑓1 (𝑅) + 𝑓2 (𝑅) 𝑓3 (𝑇)

• 𝑓 (𝑅,𝑇 𝜙) = 𝑅 + 𝑓 (𝑇 𝜙), where 𝜙 is a self interacting scalar filed.

Beside these forms, various other forms have been proposed in literature [15, 54, 55] which are as follows:

• 𝑓 (𝑅,𝑇) = 𝑅 + 𝜙 𝑓 (𝑇), 𝜙 is scalar field.

• 𝑓 (𝑅,𝑇) = 𝑅 + 𝛼𝑒𝑅𝑇 , 𝛼 is a constant.

• 𝑓 (𝑅,𝑇) = 𝑅 + 𝛼𝑒𝛽𝑇 + 𝛾𝑇𝑛, 𝛼, 𝛽, 𝛾 are constant.

3. CONSTRAINING MODEL PARAMETER
Considering 𝑓 (𝑅,𝑇) = 𝑅 + 16𝜋𝐺𝛼 ln𝑇 , the Einstein-Hilbert action becomes,

𝑆 =

∫ √−𝑔
[

𝑅

16𝜋𝐺
+ 𝛼 ln𝑇 + 𝐿𝑚

]
𝑑4𝑥 (5)

This leads to field equations,

𝑅𝜇𝜈 −
1
2
𝑔𝜇𝜈𝑅 = 8𝜋𝐺𝑇 (𝑒 𝑓 𝑓 )

𝜇𝜈 (6)

where 𝑇 (𝑒 𝑓 𝑓 )
𝜇𝜈 is the effective stress-energy tensor given by,

𝑇
(𝑒 𝑓 𝑓 )
𝜇𝜈 = 𝑇𝜇𝜈 −

2𝛼
𝑇

(
𝑇𝜇𝜈 −

𝑇

2
𝑔𝜇𝜈 ln𝑇 + Θ𝜇𝜈

)
(7)

Clearly, depending on the nature of the matter field, the field equation for 𝑓 (𝑅,𝑇) gravity will be different. Now, assuming
the Universe is dominated by perfect fluid, the energy-momentum tensor is

𝑇𝜇𝜈 = (𝜌 + 𝑝)𝑢𝜇𝑢𝜈 − 𝑝𝑔𝜇𝜈 (8)
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and hence the matter Lagrangian density can be assumed as 𝐿𝑚 = −𝑝. Now, let us assume the Friedmann-Lemaitre-
Robertson-Walkar (FLRW) metric in spherical coordinate for flat Universe,

𝑑𝑠2 = 𝑑𝑡2 − 𝑎(𝑡)2 [
𝑑𝑟2 + 𝑟2 (𝑑𝜃2 + sin2 𝜃𝑑𝜙2)

]
(9)

where a(t) denotes scale factor of the Universe. Now, considering the FLRW metric, the 00 component of field Eq. 6
yields first modified Friedmann equation as,

3𝐻2 = 8𝜋𝐺
[
𝜌 + 2𝛼

𝜌 − 3𝑝

(
𝜌 + 𝑝 + 𝜌 − 3𝑝

2
ln(𝜌 − 3𝑝)

)]
(10)

where H is Hubble parameter, 𝜌 is energy density and p is pressure of the Universe. Further, 𝑇 = 𝜌 − 3𝑝 is the trace of the
EM tensor. Now using equation of state parameter 𝑤 = 𝑝/𝜌, the above Friedmann equation can be rearranged as

3𝐻2 = 8𝜋𝐺
[
𝜌 + 2𝛼

(1 − 3𝑤)𝜌

(
(1 + 𝑤)𝜌 + (1 − 3𝑤)𝜌

2
ln(1 − 3𝑤)𝜌

)]
(11)

Current observation [4] suggest that 𝑤 = −1 and hence substituting this value in Friedmann Eq. yields,

3𝐻2 = 8𝜋𝐺 (𝜌 + 𝛼 ln 4𝜌) (12)

Now, Friedmann equation in GR with Cosmological Constant Λ is given by [51],

3𝐻2 = 8𝜋𝐺𝜌 + Λ𝑐2 (13)

Equating Eq.12 and Eq.13 yields,
Λ𝑐2 = 8𝜋𝐺𝛼 ln 4𝜌 (14)

Now, Cosmological Constant Λ can be defined in terms of present value of Hubble parameter 𝐻0 and dark energy density
parameter ΩΛ as [52],

Λ = 3
(
𝐻0
𝑐

)2
ΩΛ (15)

Substituting Eq.15 in Eq.14 we get,

ΩΛ =
8𝜋𝐺𝛼
3𝐻2

0
ln 4𝜌 (16)

The present Universe is spatially flat. As a result the total density parameter is Ω0 = 𝜌/𝜌𝑐𝑟 = 1 [4]. Hence we can replace
𝜌 by 𝜌𝑐𝑟 in the previous equation.

ΩΛ =
8𝜋𝐺𝛼
3𝐻2

0
ln 4𝜌𝑐𝑟 (17)

Now the critical density of the Universe is defined as [53]

𝜌𝑐𝑟 =
3𝐻2

0
8𝜋𝐺

(18)

From Eq.17 and Eq.18 we get the final expression of the model parameter 𝛼 in terms of Hubble parameter and dark energy
density parameter as

ΩΛ =
8𝜋𝐺𝛼
3𝐻2

0
ln

3𝐻2
0

2𝜋𝐺
(19)

From Planck 2018 data [4], we have 𝐻0 = 67.4± 0.5𝐾𝑚𝑠−1𝑀𝑃𝑐−1 and ΩΛ = 0.6889± 0.0056. Substituting 𝐻0 = 2.17×
10−18 𝑠−1(in SI unit) and ΩΛ = 0.6833 in Eq.19, we obtain the lower bound on the model parameter

𝛼 ≥ −9.85 × 10−29
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4. CONCLUSION
Free parameters in modified gravity theories are trivial and hold significant role. It allows a particular gravity model

to be consistent with observational results. In this work we tried to constrain the simplest 𝑓 (𝑅,𝑇) model with logarithmic
correction, using Hubble parameter and dark energy density parameter. The analysis reveals that the model parameter 𝛼
can assume any non negative value.

This method of imposing lower bound on the model parameter by relating equation to the cosmological constant and
critical density of the Universe developed by Snehasish et. al is exclusively model dependent. For more complex forms
of 𝑓 (𝑅,𝑇), more input parameters are required to constraint the model. Further, this method can be applied to constrain
other modified gravity models but it may require more constraining parameters beside dark energy density parameter.

Snehasish et. al obtained the lower bound for 𝑓 (𝑅,𝑇) = 𝑅 + 2𝜆𝑇 model which is of the order of 10−8. In case
𝑓 (𝑅,𝑇) = 𝑅 + 16𝜋𝐺𝛼 ln𝑇 , the lower bound obtained is of the order of 10−29. In both the cases, the lower bound on the
model parameter is quite small. As a result, these bounds need to be validated from other sources like spectral indices,
tensor-to-scalar ratio etc which is beyond the scope of this work.

As a possible extension of this work, one can apply this methodology to other 𝑓 (𝑅,𝑇) models, specially non-
minimally coupled ones. Further, this method can also be applied to other modified gravity theories like 𝑓 (𝑅, 𝐺), 𝑓 (𝐺,𝑇)
etc. which may generate interesting results.
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ОБМЕЖУВАЛЬНА ЛОГАРИФМIЧНАМОДЕЛЬ 𝑓 (𝑅,𝑇) IЗ ВИКОРИСТАННЯМ ПАРАМЕТРА
ЩIЛЬНОСТI ТЕМНОЇ ЕНЕРГIЇ ΩΛ I ПАРАМЕТРА ХАББЛА 𝐻0

Бiсваджит Деб, Атрi Дешамукх’я
Факультет фiзики, Ассамський унiверситет, Сiлчар, Iндiя

З багатьох розширених теорiй гравiтацiї гравiтацiя 𝑓 (𝑅,𝑇) останнiм часом викликала розумний iнтерес, оскiльки вона дає
цiкавi результати в космологiї. Логарифмiчнi поправки в модифiкованих теорiях гравiтацiї були широко вивченi. У цiй роботi
ми розглянули логарифмiчну поправку до члена слiду T i прийняли функцiональну форму як 𝑓 (𝑅,𝑇) = 𝑅 + 16𝜋𝐺𝛼 ln𝑇 , де 𝛼 є
вiльним параметром. Вiльний параметр обмежується за допомогою параметра щiльностi темної енергiї ΩΛ i параметра Хаббла
𝐻0. Нижня межа становить 𝛼 ≥ −9, 85 × 10−29. Також вивчаються космологiчнi наслiдки.
Ключовi слова: 𝑓 (𝑅,𝑇) гравiтацiя, темна енергiя
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