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This work examines the dark energy phenomenon by studying the Renyi Holographic Dark Energy (RHDE) and pressure-less Dark
Matter (DM) within the frame-work of Saez-Ballester (SB) scalar-tensor theory of gravitation(Phys. Lett. A113,467:1986). To achieve

a solution, we consider the viable deceleration parameter (DP), which contributes to the average scale factor a = e% V27t+cl, where 7,
and c; are respectively arbitrary, and integration constants. We have derived the field equations of SB scalar-tensor theory of gravity
with the help of Kaluza-Klein FRW Universe. We have investigated cosmological parameters namely, DP (g), energy densities (pp7) and
(pr) of DM and RHDE, scalar field (¢), and equation of state parameter (wg). The physical debate of these cosmological parameters
are investigated through graphical presentation. Moreover, the stability of the model are studied through squared sound speed (v%) and
the well-known cosmological plane wr — “’;e and all energy conditions and also, density parameters are analyzed through graphical
representation for our model.

Keywords: Kaluza-Klein FRW Universe; RHDE; Energy Conditions; Saez-Ballester theory
PACS: 04; 98.80cq; 04.5-h; 98.80.-k; 04.50.Kd; 04.20.Jb

1. INTRODUCTION

The cosmological observations like, type Ia Supernovae [1, 2] have provided the convincing evidence that our
Universe is dominated by two dark sectors containing dark matter and dark energy. The behavior of Dark Matter (DM)
and Dark Energy (DE) is one of the most important issues today in modern cosmology. The present Planck data says that
there is 68.3% DE of the total energy contents of the Universe. The approaches to answer this DE problems and cosmic
acceleration issues fall into two categories: (i) To introduce dynamical DE models in the RHS of Einstein’s field equations
in the background of general relativity, (ii) Modify the LHS of Einstein’s field equations, it leads to modified theories of
gravity. We refer [3, 4, 5] for the detail investigation of DE models and modified theories of gravity.

The holographic DE model (HDE) suggests, this model is originated from holographic principle and its energy

20g2

density can be expressed by pg. = SCLQ/I” , here C? is a numerical constant, M? is the reduced Planck mass and L denotes
the size of the current Universe such as the Hubble scale [6, 7]. In addition, the holographic DE has some problems and
cannot explain the time line of a flat FRW Universe [8, 9]. One of the proposed solutions for the HDE problems is the
consideration of various entropies. One of the considered entropy is Tsallis entropy which has been used in many papers
[10, 11, 12, 13]. In recent years, various entropy formalism have been used to discuss the gravitational and cosmological
setups. Also, some new holographic DE models are constructed such as Tsallis HDE [14]. In literature [15, 16, 17] ADE
models are available which deal with various aspects of the evolution of the Universe. Wei and Cai [18] have proposed a
new version of this model referred as New Agegraphic Dark Energy (NADE) model, by replacing the cosmic age T with
the cosmic conformal age 7 for the time scale. Hence, in this model, the dark energy density is of the form p, = 3n2m12177‘2,
where the conformal time 7 is defined as n = fot édl = foa ﬁda here a is the average scale factor of the Universe and
Hubble parameter H = %, and overdot (.) represents derivative with respect to the cosmic time (¢) only. Sheykhi and
Setare [19] have explore NADE model with viable gravitational constant G in a non-flat Universe. And also,they have
generalized to viscous the NADE model in the presence of interacting term between dark sectors.

A new DE model based on the holographic hypothesis, inspired by a Q generalized entropy, suggested by Renyi
[20], called RHDE [21], has proposed with IR cutoff as the Hubble radius. Maradpour et al. [22] have investigated
thermodynamic approach to HDE and the Renyi entropy. Some other researchers [23, 24, 25] have analyzed based
on Renyi entropy to investigate various cosmological phenomena. Dixit [26] have investigated RHDE models in FRW
Universe with two IR cutoffs with redshift parametrization. Chunlen and Rangdeey [27] have discussed exploring the
RHDE model with the future and the particle Horizons as IR cutoff. Sharma and Dubey [28] have discussed cosmological
behavior of interacting RHDE models. Sarfraz et al. [29] have analyzed the Study of RHDE model in framework of Chern
Simons Modified Gravity.
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Sharma and Dubey [30] have discussed statefinder diagnostic for the RHDE. Saha et al. [31] have investigated RHDE
in higher dimension cosmology. Sharma and Dubey [32] have studied RHDE model in the framework of Brans-Dicke
(BD) scalar tensor theory of gravity. Divya and Aditya [33] have investigated anisotropic RHDE models in background of
general relativity. Recently, Bhattacharjee [34] has investigated interacting Tsallis and Renyi HDE with hybrid expansion
law. Santhi and Sobhanbabu [35] have studied Bianchi type-III Tsallis holographic dark energy model in Saez—Ballester
theory of gravitation. Sobhanbabu and Santhi [36] have investigated Kantowski—Sachs Tsallis holographic dark energy
model with sign-changeable interaction. Divya and Aditya [37] have studied observational constraints on RHDE model in
anisotropic Kantowski Sachs Universe. recently, Sobhanbabu and Santhi [38] have studied Bianchi type-III RHDE models
a in scalar tensor theory. Very recently, Sobhanbabu et al. [39] have analyzed Kantowski—Sachs Barrow holographic dark
energy model in the frame-work of SB theory of gravitation.

In this paper, inspired by the above investigations, we have considered the KK FRW Universe for the RHDE model
with the frame-work of scalar-tensor theory of gravity. This model also, provides the DE model for clear and easy
cosmological evolution. The paper is organized as follows: In the next Section, we present the field equations and obtained
their solution of RHDE model in the frame-work of SB theory. In Section. 3, we study the solution of the field equations
and cosmological parameters are investigated to RHDE model. In the last Section, we have presented some conclusions.

2. METRIC AND FIELD EQUATIONS OF RHDE IN SB THEORY
We consider the non-Ricci, non-compact five-dimensional FRW type KK Universe in the form

ds* = di* — R*(1)

d2
1 : 2+r2(d02+sin20d¢2)+(1—kr2)d§2 (1)
—kr

where R(t) is the five-dimensional scale factor of the model and k = 0, 1, —1 represents the curvature parameter for flat,
closed and open Universe. We define the following physical parameters for KK FRW Universe: Volume V = R3, Hubble
parameter H = R , scalar expansion § = 38, and DP ¢ = —R— here R is average scale factor.

The SB field equations for matter and RHDE distribution are given by [40]

1 -
- we" (¢,ﬂ¢,v - Eguv¢,l¢’/l) = _(Tuv + T,uV)a (2)
and the scalar field ¢ satisfies the following equation
20" g5 +ng" g ap = 0, (3)

where G ,,, represents the Einstein tensor and 7},,, & 7_",,,, are energy momentum tensors for pressure-less dark matter and
RHDE respectively. For physical interpretation, the energy momentum tensors for matter and RHDE can be written as

Ty = diag[1,0,0,0]pp, “)

and .
T,y = diag|1, -~wR, —wWR, —WR] PR, (5)

where pr, pu are energy densities of RHDE and matter and pr, is the pressure of RHDE. wg = £ I’: is an equation of state

(EoS) parameter. So, the field equations for the discussed metric can be written as SB field Eq.(2), for KK FRW Universe
Eq.(1) with the help of Eq.(4), and (5) can be written as

2k wen§

b +05 5 =PM* PR, (6)
R R k& W' p?

3=+ —=+—5]|- = - , 7
e a2) > WRPR (7

R ng>
fraRo no ®)

Ré " 2¢

From Eq.(6), we get the continuity equation is
. : R

PR+ PM +4((1+wR)PR +PM)§ =0, 9)

where the overhead dot indicates differentiation with respect to time ¢.
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3. SOLUTION AND THE MODEL

The field Eqgs.(6)-(8) form a system of three highly non-linear equations with R, ¢, pas, pr, and wg five (5) unknowns.
So, we need three more physical conditions to get consistency solution. For this reason we take the following conditions:
The DP is taking as linear function of the average scale factor as [41, 42]

RR R

= —— = k +v—, 10
q R2 2 yR (10)
where k, and v is an arbitrary constants. For k» = —1, we get the solution of Eq.(10),
R = e%\ﬂ'yHcl’ (11)
where ¢ is an integrating constant. Hence, KK FRW Universe Eq.(1), can be written as
2 dr?
ds? = df? — v V2Y+e 1—r1<2 + rz(d92 + sin20d¢2) + (1 - kr?)dé? (12)
— kr
The Volume V, Hubble parameter H for our model found to be
V= ey Ve (13)
_1
H=(2yt+c) 2, (14)
2 x10°
S x10°
-1 0 1 2 3 4 ; ‘ : ;
redshift (z) 1 0 1 2 3 4

redshift (z)

Figure 2. The behavior of energy density (or) of BHDE

Figure 1. The behavior of energy density (og) of RHDE versu)s redshift (z) for y = 0.0052, y = 0.0062, y = 0.0072
versus redshift (z) for y = 0.0052, y = 0.0062, y = 0.0072  and 1 =0.000016.
and c¢; = 0.000016.

In Figures 1 & 2, corresponding equations (15) & (16), we show the variation of the energy density (por) of RHDE
& matter (pps) with the Hubble’s horizon cut-off with respect to the redshift (z) for the approprivate values of the model
parameter respectively. It is observed that the both pr & pjs are positive throughout evolution of the Universe and
decreasing function of redshift and finally it reached to zero.
We consider Hubble horizon as a candidate for IR cutoff [43]i.e., L = H~! and 87 = 1, we obtain energy density of RHDE
as

_ 3d*H*  3d*(2yt+cy)7!
T l+avH?2  1+78Qyt+c1)

PR (15)

From equations (6) & (15), we have the energy density of DM is

+6/’<ei2 ZVWUI +Ke%m— 3d° (16)
2yt + ¢y 2 2yt +cy) + 62yt +c1)

PM =
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From equations (7), (11), (14) & (15), we have EoS parameter is

W oy 2 o 2 || 1+n6H?
wR=I2H2e7H -3(1-yH)H? —3kH 2, 5w Tl, an
H=Qyt+c1)?, and H = _+
(27t+c|)\
-1.98
-2 |
£ 2.02| |
-2.04 |
——y=0.0052
- - -y =0.0062
4 =0.0072
-2.06 : ‘ . ‘ ‘
-1 -0.5 0 0.5 1 1.5 2

redshift (z)

Figure 3. The behavior of equation of state parameter (wg) of BHDE versus redshift (z) for y = 0.0052, y = 0.0062, y =
0.0072 and c¢; = 0.000016.

Variation of equation of state parameter (wg) against redshift (z) in Figure 3,, corresponding to Eq. (17) for the
values of ¥y = 0.0052,0.0062,0.0072. It can be observed that the wg completely varies in aggressive phantom region
(wgr < —1) only. If the value of y increases the phantom region increases.

’
WR - Wy plane:

. . ’ .
In this section, w R 1S found

. 2n6H Ly =2 3w, 8 1 +n6H™?
wg = 3 3kH e " +3(1 —yH)H™ > _EH e vﬂl +(—3d2H
) ) (18)
4 _8 H 9 5. 3. 3kH 5. -2
w(;—H)e 7"ﬁ+§(l—yH)H 2H+3yH 2H_27H4(1_)/H )e 7”]

The evolution of the wg -wlR plane is shown in Figure 4 for different values of y. We observe that the wg "”;2 plane for
our model is in the thawing region throughout evolution of the Universe (wg < 0, and a)'R > 0).

Stability Analysis
We consider an important parameter to verify the stability of the RHDE model. If squared speed sound v? is (v2 >
0) positive then the model is stable whereas v2 is (v> < 0) negative the model is unstable. For our RHDE model v? is
given by

_ i R .
V%=|: ery%_S(l_‘yH)H%—3kH_ze_*/iH 1+7T62[1 : 1+716H
2 3d 2H(1 +n6H2 + m5H2)
. ) N |
2OH |y 258 +3(1 = yHYHS — 2o | 4 | L1 W(i _H)e_%ﬂﬁ (19)
32 : 3d°H y H

3kH
2yH*

9 3L 3, 5. —2
+§(1—7H)H H+3yH *H - (1—-yH’)e H

Figure 5 shows that the sound speed ¢? is decreasing function of redshift (z) and it is negative (¢2 < 0) throughout history
of the Universe for the varios values of y, and c¢; = 0.000016 which describes our RHDE model is unstable.
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Figure 4. The behavior of wg versus w}, for y = 0.0052 and c¢; = 0.000016.
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Figure 5. The behavior of squared speed of sound v2 (km/h) versus redshift (z) for y = 0.0052, y = 0.0062, y = 0.0072
and c; = 0.000016.

Density Parameters

Now we define dimensionless density parameters of dark energy as

PM PR

QM = ﬁ, and QR = m (20)
By substituting the expressions of pjs and pr and Hubble parameter H in the above equations, we get the density parameter
of dark matter (pps) and dark energy (pr) for our RHDE model and analyzed its behavior through graphical representation
for the various values of y. Figure 6 & 7 shows the behavior of ), and Qg versus redshift (z). The density parameter
of DM observed that it increases as the universe evolves. The density parameter of RHDE observed that it decreses as
the universe evolves. Also, we have observed that the RHDE density parameter Qg meets the [44] values which exhibits
consistent results with the recent observations for different values of vy.

Energy Conditions

The study of the energy conditions came into existence from the Raychaudhuri equations which play significant role
in any discussion of the congruence of null and time like geodesics. The bounce behavior of cosmological model is also
realized using these conditions (energy conditions) as mentioned in references [45, 46, 47, 48, 49, 50, 51].

Null Energy Condition (NEC): pr(1 + wg) = 0,
Weak Energy Condition (WEC): pr > 0, pr(1 + wr),
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Figure 6. The behavior of matter density parameter (£257)
versus redshift (z) fory = 0.0052, y = 0.0062, y = 0.0072

and c¢; = 0.000016.
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Figure 7. The behavior of density parameter (2g) of
RHDE versus redshift (z) for y = 0.0052, y = 0.0062, y =

0.0072 and c; = 0.000016.

Strong Energy Condition (SEC): pgr(1 + wg) = 0, pr(1 £3p) >0,
Dominant Energy Conditions (DEC): pg = 0, p(1 £ wg) = 0.

8000

7000
6000

5000
Q
= 4000
Z

3000

2000

1000

Figure 8. The behavior of NEC of RHDE versus redshift (z) for y = 0.0052, y = 0.0062, y = 0.0072 and ¢; = 0.000016.
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Figure 9. The behavior of WEC of RHDE versus redshift

(z) for y = 0.0052, and c¢; = 0.000016.
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Figure 10. The behavior of WEC of RHDE versus redshift

(z) for y = 0.0062, and ¢; = 0.000016.




16
EEJP. 3 (2024)

Y. Sobhanbabu, et al.

From Figure 8, we observe that the NEC ((1 + wgr)pr = 0) are satisfied throughout evolution of the Universe for

different values of v = 0.0052, 0.0062, 0.0072.
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Figure 11. The behavior of WEC of RHDE versus redshift
(z) for y = 0.0072, and c¢; = 0.000016.
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Figure 13. The behavior of SEC of RHDE versus redshift
(z) for y = 0.0062, and ¢; = 0.000016.
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Figure 15. The behavior of DEC of RHDE versus redshift
(z) for y = 0.0052, and ¢; = 0.000016.
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Figure 12. The behavior of SEC of RHDE versus redshift
(z) for y = 0.0052, and ¢; = 0.000016.
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Figure 14. The behavior of SEC of RHDE versus redshift
(z) for y = 0.0072, and ¢; = 0.000016.
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Figure 16. The behavior of DEC of RHDE versus redshift
(z) for y = 0.0062, and c; = 0.000016.

Figures 9, 10, 11, 12, 13,14, 15, 16, 17 describes variation of WEC, DEC and SEC versus redshift (z) for the various
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values of y. We observe that energy conditions WEC (pgr > 0, pr(1 + wgr)), DEC ( pr(1 + wgr) = 0, pr(1 £3p) = 0)
and SEC (pgr > 0, p(1 £ wg) > 0) are not satisfied for the various values of y = 0.0052, 0.0062, 0.0072. The violation
of the SEC condition represents the accelerated expansion of the Universe.

5
3 x 10
—— (4 wp) py
2r (1 - (UR) pR il
Q -

0
-1 I I I I

-1 0 1 2 3 4

redshift (z)

Figure 17. The behavior of DEC of RHDE versus redshift (z) for the values y = 0.0072 and ¢; = 0.000016.

Deceleration Parameter

The signature of deceleration parameter (g) shows whether the model either accelerates or decelerates. If g > 0, the

model exhibits decelerating expansion, the Universe exhibits accelerating expansion, for ¢ < 0. The DP for our models,
is given by

ad
q=—3 =-1+y(2yt+c1)

1 @1

The evolution of the deceleration parameter (g) with redshift z is shown in Fig. 6. The DP g is observe that there is a

1 ‘
——=0.0052
- = =y=0.0062
v =0.0072
0.5 1
s 0r ]

-1 . . . .
-1 0 1 2 3 4

redshift (z)

Figure 18. The behavior of deceleration parameter (g) versus redshift (z) fory = 0.0052, v = 0.0062, y = 0.0072 and
c1 =0.000016.

sign change in the trajectory of ¢ from positive (¢ > 0) to negative value (¢ < 0). It represents that the Universe smooth
transition from early decelerating region (g > 0) to accelerating region (g < 0) at late epochs. The present value of DP is
consistent with the recent observational data [58].
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Statefinder Parameters

The DE models have been proposed for explaining the accelerated expansion phenomenon of the universe. In order
to check the viability of these models, statefinder parameters are widely used [52, 53, 54, 55, 56, 57]

a r—1

s=— 22)
3(g- %

The importment model described by the parameters (r = 1, s = 1) shows CDM model, (r = 1, s = 0) represents ACDM
model, while » < 1, s > 0 indicate quintessence and phantom DE models.

In the present work, the trajectory statefinder r — s plane for different values of y is shown in Figure 20. It can be
observed that the trajectory r — s plane approaches to ACDM (r = 1, s = 0) model for the value of y = 0.0052. We also,
observed that the trajectory of r — s plane is initially lies in quintessence region r < 1, crosses the with quintessence and
phantom regions and finally reached to ACDM in late times for tha values of y = 0.0062 and 0.0072. We have also

6 T S 1
—— 7 =0.0052 R
5= = =4=0.0062 R 1
4=0.0072 -
4t 05" Lt .
3t L7
7)) 2 L =l 0 - . -, g i
1r ya
of 0.5f / ]
—— = 0.0052
Ak - = =y =0.0062
4 =0.0072
0.5 1 1.5 2 0 1 2 3 4 5 6

r r

Figure 19. The behavior of statefinder r — g plane fory =  Figure 20. The behavior of Statefinder r — ¢ plane for y =
0.0052, y = 0.0062, y = 0.0072 and ¢; = 0.000016. 0.0052, y = 0.0062, y = 0.0072 and ¢; = 0.000016.

shown the evolutionary trajectories of another statefinder » — ¢ plane for the RHDE model in Figure 20 for the best-fit
values of y. The evolutionary curve of the r — g plane of RHDE model starts from the SCDM in the past and reaches
above the de-Sitter expansion in the future, and it also shows the Chaplygin gas behavior throughout the evaluation. Since
q changes its sign from positive to negative, it also represnts the recent phase transition of the Universe.

4. CONCLUSIONS

In this work, we have studied the Kaluza-Klein FRW RHDE model in SB scalar—tensor theory of gravitation. To
obtain the deterministic model of the Universe we consider some physical plausible conditions, these conditions leads to
a varying DP, which represents transition from the past decelerating Universe to the current accelerating Universe. The
main conclusions of these two models are summarized as follows:

 The variation of the energy density (pg) of RHDE & matter (pjs) with the Hubble’s horizon cut-off observed that
the both pr & pps are positive throughout evolution of the Universe and decreasing function of redshift and finally
it reached to zero.

» Behavior of equation of state parameter (wgr) completely varies in aggressive phantom region (wg < —1) only for
the different values of y = 0.0052, 0.0062, 0.0072. If the value of vy increases the phantom region increases.

* The evolution of the w R—w;,e plane for our model is in the thawing region throughout evolution of the Universe.

e The sound speed c? is decreasing function of redshift (z) and it is negative (c% < 0) throughout history of the
Universe for the varios values of y, and ¢; = 0.000016 which describes our RHDE model is unstable.

* The density parameter of DM observed that it increases as the universe evolves. The density parameter of RHDE
observed that it decreses as the universe evolves. Also, we have observed that the RHDE density parameter Qg
meets the [44] values which exhibits consistent results with the recent observations for different values of 7y.

* We observe that energy conditions WEC, DEC and SEC are not satisfied for the various values of y = 0.0052,
0.0062, 0.0072. The violation of the SEC condition represents the accelerated expansion of the Universe.
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* The evolution of the deceleration parameter (g) is observe that there is a sign change in the trajectory of g from
positive (¢ > 0) to negative value (g < 0). It represents that the Universe smooth transition from early decelerating
region (g > 0) to accelerating region (¢ < 0) at late epochs. The present value of DP is consistent with the recent
observational data [58].

* The trajectory r — s plane approaches to ACDM (r = 1, s = 0) model for the value of y = 0.0052. We also, observed
that the trajectory of r — s plane is initially lies in quintessence region r < 1, crosses the with DE (quintessence
and phantom) regions and finally reached to ACDM in late times for tha values of v = 0.0062 and 0.0072. The
evolutionary curve of the r — ¢ plane of RHDE model starts from the SCDM in the past and reaches above the
de-Sitter expansion in the future, and it also shows the Chaplygin gas behavior throughout the evaluation. Since g
changes its sign from positive to negative, it also represnts the recent phase transition of the Universe.
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T'OJIOTPA®IYHA MOJEJIb TEMHOI EHEPI'Ti KAJTY3A-KJIENHA FRW PEHbI B
CKAJIAPHO-TEH3OPHIN TEOPIi I'PABITAIIII
10. Codxan6ady®, M. Bimxas Canri®, A. Illpinisaca Pao®, M. IIpasin Kymap?
4 Inorcerneprnuii konedxc Cazi Pama Kpiwrnam Paoscy (A), Bximasapam, 534204, Inodis
b Yuisepcumem Anoxpa, Biwmaxxanammam, 530003, Inois
V wiit po6oTi po3rIAfaEThCS ABHILE TEMHOI €Hepril IIUIAXOM BUBUYEHH: rojorpacdiunoi TemHoi eneprii Pensi (RHDE) i TemHoO1 Matepii
6e3 ticky (DM) y paMKkax cKaJIsspHO-TeH30pHOI Teopii rpasiTaiii Cae3a-bamectepa (SB) (Phys. Lett. A113)., 467:1986). 11106 3HaiiTu
pimeHHﬂ MH PO3NISIIAEMO KUTTE3NATHUI TapamMeTp yroBinbHeHHs (DP), sikuit BHOCHTD BHECOK Yy cepelHiil MacmTabHuil KoediieHT
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rpasitanii SB 3a gonomoroio Beecsity Kanynu-Kneitna FRW. Mu nocnigkyBany KOCMOJIOTiYHI apameTpy, a came DP (g), ryctuny
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JIOTIOMOT 010 I'pahiYHOTO MPECTABICHHS HAIIOT MOAIE.
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