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This study examines the heat and mass transfer aspects of the natural convective flow of a nanofluid along a vertical flat surface, 
incorporating electrified nanoparticles and electric Reynolds number. While conventional nanofluid models like Buongiorno’s model 
overlook the nanoparticle electrification and electric Reynolds number mechanisms, this study addresses the nanoparticle electrification 
and electric Reynolds number mechanisms by justifying its relevance, particularly when tribo-electrification results from Brownian 
motion. This incorporation of the electric Reynold number and nanoparticle electrification mechanism is a unique aspect of this 
investigation. Using the similarity method and nondimensionalization, the governing partial differential equations of the flow are 
transformed into a set of locally similar equations. MATLAB's bvp4c solver is employed to solve this set of equations, along with the 
boundary conditions. The obtained results are validated by comparison with those from previously published works. Graphical 
representations are provided for the numerical outcomes of non-dimensional velocity, concentration and temperature concerning the 
nanoparticle electrification parameter and electric Reynolds number. The combined effects of the nanoparticle electrification parameter 
and the electric Reynolds number on non-dimensional heat and mass transfer coefficients are examined in tabular form. Furthermore, 
the impact of the nanoparticle electrification parameter on both heat and mass transfer for varying values of the Brownian motion 
parameter is explored graphically. The primary finding of this investigation indicates that the electrification mechanism of nanoparticles 
quickens the transfer of heat and mass from a flat surface to nanofluid, suggesting promising prospects for utilization in cooling systems 
and biomedical applications. 
Keywords: Electrified Nanoparticles; Nanofluid; Buongiorno’s model; Electric Reynolds number; Natural convection 
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1. INTRODUCTION
The incorporation of heat and mass transfer in the natural convective boundary layer flow around a vertical flat 

surface has garnered significant interest due to its myriad practical implications. These include applications in 
industries such as crude oil extraction, nuclear waste storage, packed bed reactors, aviation insulation, heat exchangers, 
geothermal ventures, and the cooling of electronic equipment. These examples underscore the utilization of the earth's 
natural heat across various technological domains. Recent technological advancements in the manipulation of standard 
fluids now involve the integration of nanometer-sized particle fibers into primary fluids, leading to the creation of 
nanofluids. These nanofluids are primarily utilized to augment the heat transfer capabilities of the base fluid. Over 
time, the progression and refinement of technology, particularly in the realm of nanotechnology, are expected to 
significantly impact future markets. Nanotechnology, which involves the study and application of structures at the 
nanoscale level, has facilitated the development of various effective products. Its applications span across multiple 
domains, including medicine, therapy, diagnostics, sequencing, electronics, and material manufacturing. Choi et al. [1] 
illustrated that adding nanoparticles to a base fluid can significantly enhance thermal conductivity, effectively 
doubling it. 

Several researchers have proposed numerous physical factors that enhance heat transmission in nanofluid flow. 
Buongiorno [2] emphasized that thermophoresis and Brownian motion are pivotal slip mechanisms for modelling 
nanofluid flow. However, the impact of nanoparticle electrification and electric Reynolds number mechanisms has been 
overlooked in this context. Several studies (Kuznetsov and Nield [3], Khan and Aziz [4], Aziz and Khan [5], Das and 
Jana [6], Goyal and Bhargabha [7], Jeevandhar et al. [8], Reddy and Goud [9], Dey et al. [10]) have explored the 
simulation of free convective nanofluid flow along a vertical flat plate using Buongiorno’s model [2]. Notably, the 
mechanism of nanoparticle electrification remains unaddressed in all these studies ([2] to [10]). Nonetheless, due to 
Brownian motion leading to nanoparticle collisions, the significance of the electrification mechanism is justified 
(Soo [11]; Kang and Wang [12]). 

This study delves into the combined effects of electric Reynolds number and electrified nanoparticles on the flow 
of nanofluid near a vertical flat surface. Integrating the electric Reynolds number and electrified nanoparticles into 
Buongiorno's model allows for an exploration of the heat and mass transport dynamics of the nanofluid, which is a 
uniqueness of the current work not considered in earlier literature on nanofluid flow past a vertical flat surface. 
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2. MATHEMATICAL FORMULATION 
A 𝐶𝑢 -water steady laminar nanofluid flow with electrified nanoparticles is examined. The vertical flat surface is 

chosen along the 𝑥 axis. The wall surface maintains constant values for concentration (𝐶௪) and temperature (𝑇௪). The 
values for temperature and concentration outside the boundary layer are taken as 𝑇∞ and 𝐶∞, respectively. The schematic 
view is displayed in Fig 1. 

 
Figure 1. Coordinate system and schematic view 

The governing equations with electrified nanoparticles (Pati et al. [13]) and using the Oberbeck-Boussinesq 
approach can be formulated as follows: 

 డ௨డ௫ + డ௩డ௬ = 0, (1) 

 𝜌௡௙ ቀ𝑢 డ௨డ௫ + 𝑣 డ௨డ௬ቁ = 𝜌௦ ௤௠ ሺ𝐶 − 𝐶ஶሻ𝐸௫ + 𝜇௡௙ ቀడమ௨డ௬మቁ + ሺ𝑇 − 𝑇ஶሻ𝛽௙ಮ𝜌௙ಮ𝑔ሺ1 − 𝐶ஶሻ − ൫𝜌௦ − 𝜌௙ಮ൯ሺ𝐶 − 𝐶ஶሻ𝑔, (2) 

 𝑢 డ்డ௫ + 𝑣 డ்డ௬ = ሺఘ௖ሻೞሺఘ௖ሻ೙೑ ௤௠ ஼ி ቀ𝐸௫ డ்డ௫ + 𝐸௬ డ்డ௬ቁ + ௞೙೑ሺఘ௖ሻ೙೑ ቀడమ்డ௬మቁ + ሺఘ௖ሻೞሺఘ௖ሻ೙೑ ஽೅ಮ் ቀడ்డ௬ቁଶ + ሺఘ௖ሻೞሺఘ௖ሻ೙೑ 𝐷஻ డ஼డ௬ డ்డ௬ (3) 

 𝑢 డ஼డ௫ + 𝑣 డ஼డ௬ = ஽೅ಮ் డమ்డ௬మ + ቀ௤௠ቁ ଵி ቂడሺ஼ாೣሻడ௫ + డ൫஼ா೤൯డ௬ ቃ + 𝐷஻ డమ஼డ௬మ, (4) 

 
డா೤డ௬ = ఘೞఌబ ௤௠, (5) 

and the boundary conditions: 

 𝑦 = 0,𝑣 = 0,𝑢 = 0,𝐶 = 𝐶௪ ,𝑇 = 𝑇௪𝑦 → ∞, 𝑣 = 0,𝑢 = 0,𝐶 → 𝐶ஶ,𝑇 → 𝑇ஶൠ, (6) 

where 𝐶 and 𝑇 signify the local concentration and local temperature, respectively. The velocity and electric intensity 
components in the (𝑥,𝑦) direction is represented by (𝑢, 𝑣) and (𝐸௫,𝐸௬), respectively. The subscripts 𝑓,  𝑠 and 𝑛𝑓 represent 
the base fluid, nanoparticle, and nanofluid thermophysical properties, respectively. The symbols (𝜌𝑐), 𝑘, 𝜇, and 𝜌 signify 
heat capacity, thermal conductivity, viscosity, and density, respectively. 𝐹 represents the momentum transfer time 
constant between the fluid and the nanoparticles.  𝑔 denotes the gravitational acceleration. 𝐷், 𝛽௙ and 𝐷஻ stands the 
thermophoretic diffusion coefficient, volumetric thermal expansion coefficient and Brownian diffusion coefficient, 
respectively. 𝑚 and 𝑞 denotes the mass and charge of the nanoparticles, respectively. 𝜀଴ denotes the permittivity. The free 
stream values are represented by the subscript ∞. 

By considering the stream function 𝜓 with డటడ௫ = −𝑣 and
 

డటడ௬ = 𝑢, equation (1) is clearly satisfied. The variables 
mentioned below are employed in transforming equations (2), (3), and (4) into equations (8), (9), and (10) and the 
equations (1) and (5) are identically satisfied. 

 𝜂 = ௬௫ (𝑅𝑎௫)భర,𝜓 = 𝛼௙(𝑅𝑎௫)భర𝑓(𝜂), 𝑠(𝜂) = ஼ି஼∞஼ೢି஼∞ ,𝜃(𝜂) = ்ି ∞்்ೢ ି ∞்
, (7) 

where 𝜂 denotes similarity variable and 𝑅𝑎௫ = ௫య(்ೢ ି ∞்)ఉ೑௚(ଵି஼∞)ఈ೑ఔ೑ , is the local Rayleigh number. 

The non-dimensional equations are as follows: 
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 𝑓ᇱᇱᇱ + ఝభ  ସ௉௥ ሾ3𝑓𝑓ᇱᇱ − 2(𝑓′)ଶሿ + ఝభఝమெ  ே௕ ௌ௖௉௥ேಷ 𝑠 + ଵఝఱ (𝜃 − 𝑁𝑟 𝑠 ) = 0, (8) 

 𝜃ᇱᇱ + ଵఝర Pr𝑁𝑡(𝜃ᇱ)ଶ + ଵఝర 𝑆𝑐 𝑁𝑏 ቂ ேಷேೃ೐ − ଵସ𝑀ቃ (𝑠 + 𝑁𝑐)𝜂𝜃ᇱ + ଵఝర Pr𝑁𝑏𝑠ᇱ𝜃ᇱ + ଷସ ଵఝయఝర 𝑓𝜃ᇱ = 0, (9) 

  𝑠ᇱᇱ + ே௧ே௕ 𝜃ᇱᇱ − ଵସ ெ ௌ௖௉௥ 𝜂𝑠ᇱ + ேಷௌ௖௉௥ேೃ೐ (𝜂𝑠ᇱ + 𝑠 + 𝑁𝑐) + ଷସ ௌ௖௉௥ 𝑓𝑠ᇱ  = 0, (10) 

where prime (′) indicates derivative with respect to 𝜂. 
The equations (6) are simplified to 

 𝜂 = 0, 𝑓(0) = 𝑓 ′(0) = 0, 𝑠(0) = 𝜃(0) = 1𝜂 → ∞,𝑓 ′(∞) → 0, 𝑠(∞) → 0,𝜃(∞) → 0 ቋ. (11) 

The nondimensional parameters are represented as 𝑁𝑟 = ൫ఘೞିఘ೑൯(஼ೢି஼ಮ)(ଵି஼ಮ)ఘ೑ఉ೑(்ೢ ି ಮ்), 𝑁𝑡 = (ఘ௖)ೞ஽೅(்ೢ ି ∞்)(ఘ௖)೑ఔ೑ ∞்
, 𝑃𝑟 = ఔ೑ఈ೑, 

𝑁𝑐 = ஼∞(஼ೢି஼∞), 𝑁𝑏 = (ఘ௖)ೞ஽ಳ(஼ೢି஼ಮ)(ఘ௖)೑ఔ೑ , 𝑆𝑐 = ఔ೑஽ಳ, 

ଵேೃ೐ = ቀ௤௠ቁଶ ఘೞఢబ ௫మ
൮ഀ೑(ೃೌೣ)భమೣ ൲మ , 𝑁ி = ൮ഀ೑(ೃೌೣ)భమೣ ൲

ி௫ , 𝑀 = ቀ௤௠ቁ ଵ
ி൮ഀ೑(ೃೌೣ)భమೣ ൲𝐸௫. 

Here 𝑁𝑟, 𝑁𝑡, 𝑃𝑟, 𝑁𝑐, 𝑁𝑏, 𝑆𝑐, 𝑁ோ௘, 𝑁ி, and 𝑀 denote the buoyancy ratio, thermophoresis parameter, Prandtl number, 
concentration ratio, Brownian motion parameter, Schmidt number, electric Reynolds number, momentum transfer 
number, and electrification parameter, respectively. 

The thermophysical constants (Maharukh et al., [14]) are represented as 𝜙ଵ = ఔ೑ఔ೙೑ = ൤𝐶ஶ ఘೞఘ೑ + (1 − 𝐶ஶ)൨ (1 − 𝐶ஶ)ଶ.ହ
 

, 

𝜙ଶ = ௖೑௖ೞ ଵቈഐೞഐ೑஼ಮା(ଵି஼ಮ)቉ , 𝜏 = (ఘ௖)ೞ(ఘ௖)೑, 
𝜙ଷ = (ఘ௖)೑(ఘ௖)೙೑ = ଵ஼ಮఛା(ଵି஼ಮ), 𝜙ସ = ௞೙೑௞೑ = ൫௞ೞାଶ௞೑൯ିଶ஼ಮ൫௞೑ି௞ೞ൯൫௞ೞାଶ௞೑൯ି஼ಮ൫௞ೞି௞೑൯ , 

𝜙ହ = ఓ೙೑ఓ೑ = (1 − 𝐶∞)ିଶ.ହ. 

The investigation utilizes a nanofluid with a 1% concentration of copper nanoparticles. The thermophysical 
characteristics of both pure water and the nanoparticles are evaluated based on the criteria established by Oztop and Abu-
Nada [15]. 

The local Nusselt number 𝑁𝑢௫ and Sherwood number 𝑆ℎ௫ are provided for applications involving heat and mass 
transfer as 𝑁𝑢௫ = ௫௤ೢ௞೑(்ೢ ି ಮ்) , where 𝑞௪ = −𝑘௙ ቀడ்డ௬ቁ௬ୀ଴, 𝑆ℎ௫ = ௫௤೘஽ಳ(஼ೢି஼∞) , where 𝑞௠ = −𝐷஻ ቀడ஼డ௬ቁ௬ୀ଴. 

The reduced Nusselt number ൫−𝜃ᇱ(0)൯ and the reduced Sherwood number ቀ−𝑠′(0)ቁ can be expressed in dimensionless 
form as 𝑁𝑢௫ (𝑅𝑎௫)ଵ ସ⁄ = −𝜃ᇱ(0)⁄ , 𝑆ℎ௫ (𝑅𝑎௫)ଵ ସ⁄ = −𝑠′(0)⁄ . 
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3. METHOD OF SOLUTION 
The MATLAB bvp4c solver is employed for solving equations (8) to (10) along with the equation (11) and it is 

noted that these equations are specifically local similarity equations, as the parameters 𝑀, 𝑁ி and 𝑁ோ௘ continue to rely 
on 𝑥. Numerical results are deemed appropriate, as long as they yield a locally similarity solution, as emphasized by 
Habibi and Jahangiri [16]. Additionally,𝑀, 𝑁ி and 𝑁ோ௘ treated as constants in this context following [16]. 
 

4. RESULTS AND DISCUSSION 
The computed numerical values of −𝜃 ′(0) in the standard fluid scenario are cross-referenced with Kuznetsov and 

Nield's findings [3] to validate the accuracy of the calculations. Table 1 illustrates a significant alignment between the 
two sets of data.  

Table 1. Comparison of −𝜃′(0) 𝑷𝒓 1.0 10.0 100.0 1000.0 −𝜃′(0) (Kuznetsov and Nield [3]) 0.401 0.463 0.481 0.484 −𝜃′(0) (present results) 0.401 0.463 0.480 0.482 

Fig. 2 illustrates the distributions of dimensionless longitudinal velocity ௗ௙(ఎ)ௗఎ , concentration 𝑠(𝜂) and temperature 𝜃(𝜂) 
of the flow. 

 
Figure 2. Plots of ௗ௙(ఎ)ௗఎ , 𝜃(𝜂) and 𝑠(𝜂) for the case 𝑃𝑟 = 6.2,  𝑁ோ௘ = 𝑆𝑐 = 2.0,𝑁𝑐 = 𝑁ி = 𝑀 = 𝑁𝑟 = 𝑁𝑏 = 𝑁𝑡 = 0.1. 

 
4.1. Impact of Electrification Parameter on Velocity, Temperature and Concentration Profiles 

Numerical analysis is conducted to investigate the impact of 𝑀 on 𝑓ᇱ(𝜂), 𝜃(𝜂), and 𝑠(𝜂) distributions with respect 
to 𝜂, represented graphically. Figure 3 illustrates the effect of 𝑀 on 𝑓ᇱ(𝜂), revealing an enhancement in 𝑓ᇱ(𝜂) with 
increasing 𝑀. 

 
Figure 3. Effects of 𝑀 on velocity profiles 

This phenomenon occurs due to the escalation of the electrification parameter, which subsequently augments the 
drag force on ions, inducing an opposite and equal reaction force on neutral fluid molecules within the boundary layer, 
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thereby causing an increase in 𝑓ᇱ(𝜂). By increasing 𝑀, 𝜃(𝜂) decrease, as shown in Fig. 4. The rise in 𝑀 leads to an 
increase in fluid velocity, causing the hotter fluid particles to move away. Consequently, the fluid cools, resulting in a 
decrease in 𝜃(𝜂). Fig. 5 shows that 𝑠(𝜂) reduces with increasing 𝑀. This occurs due to a rise in 𝑀, causing nanoparticles 
to move from the fluid region towards the flat surface, resulting in a decrease in 𝑠(𝜂). The values 𝑃𝑟 = 6.2, 𝑁𝑐 = 𝑁ி =𝑁𝑟 = 𝑁𝑏 = 𝑁𝑡 = 0.1 and  𝑁ோ௘ = 𝑆𝑐 = 2.0 remain constant across all the findings depicted in figures 3 to 5. 

 

Figure 4. Effects of 𝑀 on temperature profiles. 

 
Figure 5. Effects of 𝑀 on concentration profiles 

4.2. Impact of Electric Reynolds Number on Velocity, Temperature and Concentration Profiles 
Numerical investigation is conducted to examine the impact of  𝑁ோ௘ on 𝑓ᇱ(𝜂), 𝜃(𝜂), and 𝑠(𝜂) distributions with 

respect to 𝜂, represented graphically. Figure 6 and 7 shows the effect of  𝑁ோ௘ on 𝑓ᇱ(𝜂) and 𝜃(𝜂) respectively, revealing 
an improvement in 𝑓ᇱ(𝜂) and 𝜃(𝜂) as 𝑁ோ௘ increases. Fig. 8 indicates that 𝑠(𝜂) reduces near the flat surface while the 
opposite trend is noticed far away from the flat surface with increasing  𝑁ோ௘. The values 𝑃𝑟 = 6.2, 𝑁𝑐 = 𝑀 = 𝑁ி = 𝑁𝑟 =𝑁𝑏 = 𝑁𝑡 = 0.1 and  𝑆𝑐 = 2.0 remain constant across all the findings depicted in figures 6 to 8.  

 
Figure 6. Effects of  𝑁ோ௘ on velocity profiles. 
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Figure 7. Effects of  𝑁ோ௘ on temperature profiles. 

 
Figure 8. Effects of  𝑁ோ௘ on concentration profiles. 

 
4.3. Combined effects of Electric Reynolds Number and Electrification parameter on Non-dimensional Heat 

and Mass Transfer Coefficients 
The combined effects of 𝑁ோ௘ and 𝑀 on −𝜃ᇱ(0) and −𝑠ᇱ(0) is depicted in Table 2. It is observed that for various 

values of the electric Reynolds number, both −𝜃ᇱ(0) and −𝑠ᇱ(0) enhances as 𝑀 increases.  It has been noted that as the 
electric Reynolds number (𝑁ோ௘) increases, −𝜃ᇱ(0) reduces whereas −𝑠ᇱ(0) improves across different values of 
electrification parameter. 

Furthermore, the effect of 𝑀 on −𝜃ᇱ(0) and −𝑠ᇱ(0) for varied values of 𝑁𝑏 is depicted in Figs. 9 and 10, 
respectively. It is found that for various values of the Brownian motion parameter, both −𝜃ᇱ(0) and −𝑠ᇱ(0) improve as 𝑀 grows. This is because as 𝑀 grows, the values of 𝜃(𝜂) and 𝑠(𝜂) near the flat surface both drops. 
Table 2. Combined effects of 𝑁ோ௘ and  𝑀  on −𝜃ᇱ(0) and −𝑠ᇱ(0) when 𝑆𝑐 = 2.0,𝑃𝑟 = 6.2,𝑁𝑟 = 𝑁𝑐 = 𝑁𝑏 = 𝑁𝑡 = 𝑁ி = 0.1. 𝑴 𝑵𝑹𝒆 −𝜽ᇱ(𝟎) −𝒔ᇱ(𝟎) 
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Figure 9. Effects of 𝑀 on −𝜃ᇱ(0) for varied values of 𝑁𝑏. 

 
Figure 10. Effects of 𝑀 on −𝑠ᇱ(0) for varied values of 𝑁𝑏. 

 
5. CONCLUSIONS 

The heat and mass transfer aspects of natural convective nanofluid flow involves examining the impact of 𝑀 and 𝑁ோ௘  on 𝑓ᇱ(𝜂),  𝜃(𝜂), 𝑠(𝜂),−𝜃ᇱ(0) and −𝑠ᇱ(0). The numerical investigation focuses on studying the variations of −𝜃ᇱ(0) 
and −𝑠ᇱ(0) concerning the values of 𝑀 and 𝑁ோ௘, with the results presented in graphical and tabular forms. The analysis 
of these findings yields the following conclusions: 
• As the electrification parameter 𝑀 increases, there is an increase in the non-dimensional velocity, accompanied by 

a reduction in the dimensionless concentration and temperature within the boundary layer region. 
• As the electric Reynolds number 𝑁ோ௘ rises, the non-dimensional velocity and temperature experiences a growth, 

while the dimensionless concentration experiences dual nature within the boundary layer region. 
• As the dimensionless heat transfer rate rises from a flat wall to a nanofluid, there's a consequent increase in 𝑀, 

prompting heat conduction into the cooler fluid and subsequently cooling the flat surface. 
• An increase in the values of 𝑀 results in a boost in the dimensionless mass transfer rate from a flat surface to a 

nanofluid, consequently bolstering drug delivery efficacy in biomedical uses. 
• The dimensionless heat transfer coefficient decreases as the electric Reynolds number increases. 
• The dimensionless mass transfer coefficient enhances as the values of 𝑁ோ௘ increase. 

Furthermore, alongside thermophoresis and Brownian motion, as proposed by Buongiorno, the inclusion of 
electrified nanoparticles emerges as a pivotal element in the modelling of nanofluid flow. This aspect notably enhances 
both heat and mass transfer mechanisms. 
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АСПЕКТИ ПЕРЕНЕСЕННЯ ТЕПЛА ТА МАСИ ПОТОКОМ НАНОФЛЮЇДІВ ДО ВЕРТИКАЛЬНОЇ ПЛОСКОЇ 

ПОВЕРХНІ ПІД ВПЛИВОМ ЕЛЕКТРИФІКОВАНИХ НАНОЧАСТИНОК 
ТА ЕЛЕКТРИЧНОГО ЧИСЛА РЕЙНОЛЬДСА 

Адітя Кумар Паті, Суджит Мішра, Ашок Місра, Сародж Кумар Мішра 
Університет технології та менеджменту Центуріон, Паралахемунді, Одіша, Індія 

У цьому дослідженні розглядаються аспекти тепло- та масообміну природного конвективного потоку нанофлюїду вздовж 
вертикальної плоскої поверхні, що включає електрифіковані наночастинки та електричне число Рейнольдса. У той час як 
звичайні моделі нанофлюїдів, такі як модель Буонджорно, не помічають механізми електризації наночастинок і електричних 
чисел Рейнольдса, це дослідження розглядає механізми електризації наночастинок і електричних чисел Рейнольдса, 
обґрунтовуючи їх актуальність, особливо коли трибоелектризація є результатом броунівського руху. Таке включення 
електричного числа Рейнольдса та механізму електризації наночастинок є унікальним аспектом цього дослідження. 
Використовуючи метод подібності та безрозмірність, керівні диференціальні рівняння в частинних похідних потоку 
перетворюються на набір локально подібних рівнянь. Розв’язувач bvp4c MATLAB використовується для вирішення цього 
набору рівнянь разом із граничними умовами. Отримані результати підтверджуються порівнянням з результатами раніше 
опублікованих робіт. Наведено графічні представлення числових результатів безвимірної швидкості, концентрації та 
температури щодо параметра електризації наночастинок та електричного числа Рейнольдса. У табличній формі розглянуто 
сукупний вплив параметра електризації наночастинок та електричного числа Рейнольдса на безрозмірні коефіцієнти тепло- 
та масовіддачі. Крім того, графічно досліджено вплив параметра електризації наночастинок як на тепло-, так і на масообмін 
для різних значень параметра броунівського руху. Основний висновок цього дослідження вказує на те, що механізм 
електризації наночастинок прискорює передачу тепла та маси від плоскої поверхні до нанорідини, що передбачає 
багатообіцяючі перспективи використання в системах охолодження та біомедичних додатках. 
Ключові слова: наелектризовані наночастинки; нанофлюїд; модель Буонджорно; електричне число Рейнольдса; природна 
конвекція 




