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The present study aims to perform a comparative analysis of the plane Couette �ow of a couple stress �uid under
the in�uence of magnetohydrodynamics (MHD) using two di�erent methods: the Optimal Auxiliary Function Method
(OAFM) and the Homotopy Perturbation Method (HPM). The couple stress �uid is known for its non-Newtonian
behavior, where the �uid's response to shear is in�uenced by the presence of internal microstructure.The OAFM and
HPM are utlized to solve the governing equations of the couple stress �uid �ow under MHD. The OAFM is a numerical
technique that involves introducing an auxiliary function to simplify the equations, leading to an easier solution procedure.
On the other hand, HPM is an analytical method that employs a series solution .The comparative analysis focuses on
examining the accuracy, e�ciency, and convergence behavior of the two methods. Various �ow parameters such as the
couple stress parameter, the magnetic parameter, and the velocity ratio are considered to investigate their in�uence on
the �ow behavior. Furthermore the HPM solution was compared with the OAFM solution using di�erent graphs and
tables.It reveals that the solution obtained by HPM is batter than OAFM solution.

Keywords: Couple stress �uid; Optimal Auxiliary Function Method (OAFM); Homotopy Perturbation Method (HPM);
magnetohydrodynamics (MHD)

PACS: specify the PACS code(s) here

1. INTRODUCTION

In recent years, the magnetohydrodynamic (MHD) �ow and heat transfer have obtained a wide concern,
because of its various applications, such as nuclear reactor, physics, ocean dynamics, the generation of MHD
energy [1, 2], chemical manufacturing, and the synthesis of magnetic liquids [3, 4, ?, 7, 8, 9, 10, 11]. Ahmed et al.
[12] conducted a theoretical study of an electrically conducting couple stress �uid (CSF) in an oscillatory viscous
�ow with heat transfer in�uenced by convection and MHD, which has important applications in the production
of electro-conductive polymers and liquids. Ajaz [13] investigated the in�uence of an applied inclined magnetic
�eld on the peristaltic �ow that occurs during heat and mass transfer in a CSF. Pei-Ying and colleagues [14]
evaluated the velocity and temperature distributions of hafnium nanoparticles subjected to a thermal radiation
e�ect and a magnetic �eld. They do this by compiling the �ndings of varying thermal conductivity and viscosity
in the hafnium nanoparticles' appearance. Ajala et al. [15] studied how the existence of a variable viscosity
and thermal radiation a�ects the �ow of a two-dimensional boundary layer. Falade et al. [16] investigated the
minimization of the entropy generation rate as a result of temperature-dependent viscosity and couple stress
�uid caused by the heated channel. This is done to lower the entropy production rate to its lowest attainable
value. Swarnalathamma et al. [17] and Ramesh [18] studied the in�uence of heat transfer on the peristaltic
�ow of a couple stress �uid with MHD and a porous media. They looked at how the new factors a�ected the
peristaltic pumping rate, frictional forces, velocity, temperature, pressure gradient, and concentration �elds.
Divya et al. [19] reported and analysed the combined impact of temperature-dependent viscosity and thermal
conductivity on the MHD peristaltic �ow of the Bingham �uid in a porous medium with heat transfer. This is
done in order to better understand how these factors a�ect the �ow of the Bingham �uid. The authors analysed
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the e�ects of these variables on temperature as well as pumping rate and heat transfer coe�cient. In their study
of an unsteady three-dimensional �ow over a stretched surface accompanied by a chemical reaction, Hayat et al.
[20] came to the conclusion that both the velocity �eld and the associated boundary layer thickness decreased
as a function of the couple stress parameter. This is one of the �ndings of their study.
In this paper, the couette �ow of couple stress �uids between two parallel plates under the in�uence of MHD
has been explored utilising the two well known approaches the Homotopy Perturbation Method (HPM)[21],[22]
and the Optimal Auxiliary Function Method (OAFM)[23],[24]. Results obtained by the proposed approaches
are compared with each other using various graphs and tables. The residual error obtained using the proposed
methods reveals the HPM solution is better than the OAFM solution. Graphs have been utilised to demonstrate
how the non-dimensional parameters a�ect the �ow pattern.

The rest of the paper is organized as: Section (2) provides general methodology of the HPM and OAFM.
Section (3) contains basic equation of couple stress �uid and problem formulation. Solution of the problem is
provided in section (4). Section (5) discusses the numerical results and discussion. Section (6) provides �nal
conclusion.

2. GENERAL METHODOLOGY OF THE PROPOSED METHODS

2.1. Homotopy Perturbation Method

To explain the general idea of the homotopy perturbation method, we consider the nonlinear di�erential
equation illustrated below.

N(u(y))− η(r) = 0, r ϵ Ω, (1)

B(u,
∂u

∂y
), r ϵ Ω, (2)

where N is the combination of the linear ψ(u) and nonlinear ℵ(u), di�erential operators and B represents
boundary conditions, η(r) is the known analytical function. Therefore Eq.(1) can be written as:

ψ(u) + ℵ(u)− η(r) = 0. (3)

We construct mapping for homotopy:

H(u, ρ) : Ω× [0, 1] → R, (4)

H(u, ρ) = (1− ρ)[ψ(u)− ψ(u0)] + ρ[ψ(u) + ℵ(u)− η(r)] = 0, (5)

u(y, ρ) : Ω× [0, 1] → R, (6)

where ρ is the homotopy parameter and when ρ = 0, then u0 is the initial approximation that satis�es boundary
conditions. When ρ = 1, the solution can be written in the form

u = u0 + ρu1 + ρ2u2 + ρ3u3 + ... (7)

Homotopy perturbation method is the combine process of homotopy and perturbation.

2.2. Analysis of Optimal Axillary Functions Method

To explore the general procedure of the optimal axillary functions method, we consider the nonlinear
di�erential equation illustrated below.

L(u) +N(u) + h(y) = 0. (8)

the associated boundary condition are:

B(u(y),
∂u(y)

∂y
) = 0. (9)

In Eq.(8) L is linear , N denotes the non-linear di�erential operator and h(y) is the known function. The
approximate solution of Eq.(8) can be written as

u∗(y, Ci) = u0(y) + u1(y, Cn), n = 1, 2, 3, 4...s. (10)

where Cn are the auxiliary constant. To �ned the initial and �rst approximate solution of Eq.(8) we use Eq.(10)
in Eq.(8), which reveals

L(u0(y) + y1(y, Cn)) +N(u0(y) + u1(y, Cn)) + h(y) = 0. (11)
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For obtaining the initial approximation u0(y), we use the following linear equation.

L(u0(y)) + h(y) = 0, B(u0,
du0
y

) = 0. (12)

The �rst-order approximation u1(y) can be found from the following equation:

L(u1(y, Cn)) +N(u0(y) + u1(y, Cn)) = 0, (13)

with associated boundary condition:

B(u1(y, Cn),
∂u1(y, Cn)

∂y
) = 0. (14)

The non-linear tern from equation (13) can be expanded in the form

N(u0(y) + u1(y, Cn)) = N(u0(y)) +

∞∑
k=1

u
(k)
1 (y, Cn)

k!
N (k)(u0(y)). (15)

Equation (15) can be stated in the algorithmic sequence to achieve the limit solution. To control all the
challenges that are occur while solving the non-linear di�erential of Eq.(11) and to accelerate the convergence
of the �rst approximation u1(y, Cn). We use an alternate expression which represent the Eq.(13)

L(u1(y, Cn)) +A1(u0(y), Cn)N(u0(y)))) +A2(u0(y), Cm) = 0, (16)

B(u1(y, Cn),
du1(y, Cn)

dy
) = 0, (17)

Remark 1. A1 and A2 are assumed to be two axillary functions which depend on the u0(y) and unknown
Cn and Cm parameters where n = 1, 2, 3, ...s and m = s+ 1, s+ 2, s+ 3...q.

Remark 2.

A1 and A2 are not �xed. It may be u0(y) or N(u0(y)) and can be the combination of both u0(y) and
N(u0(y)).

Remark 3. The auxiliary constants Cn and Cm can be determined using di�erent methods either by
Collocation method, Least square method or Galerkin's method.

3. BASIC EQUATIONS AND PROBLEM FORMULATION

The basic equations for an incompressible couple stress �uid are as follows [25],[26]:

∇.V = 0 (18)

ρ(
∂

∂t
+V.∇)V = ∇.S− η∇4V+ ρf + J×B (19)

ρCp(
∂

∂t
+V.∇)Θ = κ∇2Θ+ tr(S.L) (20)

Where the velocity vector is symbolized by V, the body force per unit mass is f, the constant density is denoted
as ρ, S is the Cauchy stress tensor, Θ is the temperature, κ is the thermal conductivity,J represents current
density, B represents magnetic induction ,Cp symbolizes the speci�c heat, also the gradient of V is denoted by
L, and η is used for couple stress parameter. The material derivative is indicated by D

Dt and is de�ned by the
following:

D(∗)
Dt

= (
∂

∂t
+V.∇)(∗) (21)

The Cauchy stress tensor is represented and de�ned as

S = −pI + µA1 (22)

Where I represent the unit tensor, p indicates the dynamic pressure and µ is the viscosity constant. The �rst
Rivilin-Ericksen tensor is de�ned and represented as

A1 = L+ Lt, (23)

where Lt is the transpose of L.
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3.1. Problem Formulation

Consider the Couette �ow of a couple stress �uid under the in�uence of MHD between two in�nite parallel
plates separated by 2d, where the upper plate moves with constant velocity U and the lower plate remains
stationary (Figure 1). 1. The temperature of the lower upper and plates are Θ0 and Θ1 respectively. Both
plates are situated in the plane at y = −d and y = d in an orthogonal coordinate system (x, y), where the �uid
is moving in the x-axis direction and the y-axis is perpendicular to the plates.Here, the viscosity is assumed to
be a function of temperature Θ(y), the pressure gradient is set to zero, and the velocity and temperature �elds
are chosen as follows:

V = [u(y), 0, 0], Θ = Θ(y) (24)

Figure 1. Geometry of the problem

These assumptions lead us to the conclusion that the continuity Eq.(18) is identically satis�ed and the
momentum Eq.(19) simpli�es to

0 = −∂p
∂x

+
∂Sxx

∂x
+
∂Sxy

∂y
+
∂Sxz

∂z
− η

d4u

d4y
− σB2

0u, (25)

0 = −∂p
∂y

+
∂Syx

∂x
+
∂Syy

∂y
+
∂Syz

∂z
, (26)

0 = −∂p
∂z

+
∂Szx

∂x
+
∂Szy

∂y
+
∂Szz

∂z
. (27)

Where B0 represents the applied magnetic �eld and σ denotes electric conductivity of the �uid.
We have

Sxx = Syy = Szz = Syz = Szy = Sxz = Szx = 0, Sxy = Syx = µ
du

dy
. (28)

Obtaining the velocity pro�le using equation Eq.(25). This equation may also be stated as

η
d4u

dy4
− µ

d2u

dy2
− dµ

dy

du

dy
+ σB2

0u = 0. (29)

After all assumptions are applied, the energy equation (20) simpli�es to Eq. (30).

d2Θ

dy2
+
µ

κ
(
du

dy
)2 +

µ

κ
(
d2u

dy2
)2 = 0. (30)

The associated boundary condition are

u(−d) = 0, u(d) = U, (31)
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u
′′
(−d) = 0, u

′′
(−d) = 0, (32)

Θ(−d) = Θ0, Θ(d) = Θ1. (33)

According to Eq. (32), the couple stresses at the plates are zero. We utilize the non-dimensional parameters
mentioned below:

y∗ =
y

d
, u∗ =

u

U
, µ∗ =

µ

µ0
, Θ∗ =

Θ−Θ0

Θ0 −Θ1
,

β2 =
d2µ0

η
, R =

σd4B2
0

η
, λ =

µ0U
2

κ(Θ0 −Θ1)

Where λ is the Brinkman number, µ is the reference viscosity, and U is the reference velocity. Using these
dimensionless parameters, Eqs.(29) and (30) along with the boundary conditions becomes.

d4u

dy4
− β2µ

d2u

dy2
− β2 dµ

dy

du

dy
+Ru = 0, u(−1) = 0, u(1) = 1, u

′′
(−1) = 0, u

′′
(−1) = 0. (34)

d2Θ

dy2
+ λµ(

du

dy
)2 +

λ

β2
(
d2u

dy2
)2 = 0, Θ(−1) = 0, Θ(1) = 1. (35)

The dimensionless form of the Reynolds viscosity is expressed as follows [27, 28, 29].

µ = e−MΘ (36)

Using Taylor series expansion to Eq. (36) we get

µ = 1−MΘ,
dµ

dy
= −M dΘ

dy
(37)

The coupled system illustrated below is created by replacing Eq. (37) in the governing Eqs. (34) and (35),
respectively:

d4u

dy4
− β2(1−MΘ)

d2u

dy2
+ β2M

dΘ

dy

du

dy
+Ru = 0, (38)

u(−1) = 0, u(1) = 1, u
′′
(−1) = 0, u

′′
(−1) = 0,

d2Θ

dy2
+ λ(1−MΘ)(

du

dy
)2 +

λ

β2
(
d2u

dy2
)2 = 0, Θ(−1) = 0, Θ(1) = 1.

(39)

4. SOLUTION OF THE PROBLEM

4.1. HPM Solution

Zeroth order problem.

d4u

dy4
= 0, (40)

u(−1) = 0, u(1) = 1, u′′(−1) = 0, u′′(1) = 0,

d2Θ

dy2
= 0, (41)

Θ(−1) = 0, Θ(1) = 1.

Solution of zeroth order problem

u0(y) =
1 + y

2
, (42)

Θ0(y) =
1 + y

2
. (43)
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First order problem

d4u1
dy4

+
(
β2MΘ0 − β2

)d2u0
dy2

+ β2M
dΘ0

dy

du0
dy

+Ru0 = 0 (44)

u1(−1) = 0, u1(1) = 0, u1
′′(−1) = 0, u1

′′(1) = 0,

d2Θ1

dy2
+

λ

β2

(d2u0
dy2

)2 + (λ−MλΘ0)
(du0
dy

)2
= 0, (45)

Θ1(−1) = 0, Θ0(1) = 0.

Solution of the �rst order problem.

u1(y) =
1

1440

(
− 75β2M + 90β2My2 − 15β2My4 − 150R− 14yR+ 180y2R+

20y3R− 30y4R− 6y5R
)
,

(46)

Θ1(y) =
1

2
(6λ− 3Mλ−Myλ− 6y2λ+ 3My2λ+My3λ). (47)

First order HPM solution for velocity pro�le and temperature distribution are

u(y) = u0(y) + u1(y) (48)

Θ(y) = Θ0(y) + Θ1(y) (49)

u(y) =
1 + y

2
+

1

1440

(
− 75β2M + 90β2My2 − 15β2My4 − 150γ − 14yR+ 180y2R+

20y3R− 30y4R− 6y5R
)
,

(50)

Θ(y) =
1 + y

2
+

1

2
(6λ− 3Mλ−Myλ− 6y2λ+ 3My2λ+My3λ). (51)

4.2. OAFM Solution

Zeroth component for velocity and temperature distribution.

d4u0
dy4

= 0, (52)

u0(−1) = 0, u0(1) = 1, u0
′′(−1) = 0, u0

′′(1) = 0,

d2Θ0

dy2
= 0, (53)

Θ0(−1) = 0, Θ1(1) = 0.

Their solution are

u0(y) =
1 + y

2
, (54)

Θ0(y) =
1 + y

2
(55)

consider non Linear term from Eq. (38) and (39)

N(u) = −β2(1−MΘ)
d2u

dy2
+ β2M

du

dy

dΘ

dy
+Ru, (56)

N(Θ) = λ(1−MΘ)(
du

dy
)2 +

λ

β2
(
d2u

dy2
)2. (57)

Replace u by u0 and Θ by Θ0

N(u0) = −β2(1−MΘ0)
d2u0
dy2

+ β2M
du0
dy

dΘ0

dy
+Ru0, (58)
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N(Θ0) = λ(1−MΘ0)(
du0
dy

)2 +
λ

β2
(
d2u0
dy2

)2. (59)

We are free to choose auxiliary function.

A1 = c1(
1 + y

2
)2, A2 = c2(

1 + y

2
)3,

A3 = c3(
1 + y

2
)5, A4 = c4(

1 + y

2
)7.

(60)

Now using Eq.(54), Eq.(55) and Eq.(60) into Eq.(58) and Eq.(59), the nonlinear terms becomes

N(u0) =
β2M

4
+

1

2
R(y + 1), (61)

N(Θ0) =
1

4
λ
(
1− 1

2
M(y + 1)

)
. (62)

First order approximation can be obtained by

d4u1
dy4

+A1N [u0] +A2 = 0, (63)

d2Θ1

dy2
+A3N [Θ0] +A4 = 0. (64)

After applying inverse operator on Eq.(63) and Eq.(64), we get the �rst order approximation.

u1(y) =
1

20160

(
− 21β2c1My5 − 105B2c1My4 + 70B2c1My3 + 630B2c1My2

− 49β2c1My − 525β2c1M − 1246c1R− 3c2y
7 − 14c1Ry

6 − 21c2y
6

− 84c1Ry
5 − 63c2y

5 − 210c1Ry
4 − 105c2y

4 + 280c1Ry
3 + 231c2y

3

+ 1470c1Ry
2 + 945c2y

2 − 196c1Ry − 165c2y − 819c2
)
,

(65)

Θ1(y) =
1

129024

(
9c3My8λ+ 72c3My7λ+ 252c3My6λ+ 504c4My5λ+ 630c3My4λ

+ 504c3My3λ+ 252c3My2λ− 1080c3Myλ− 1143c3Mλ− 24c3y
7λ−

168c3y
6λ− 504c3y

5λ− 840c3y
4λ− 840c3y

3λ− 504c3y
2λ+ 1368c3yλ+

1512c3λ− 14c4y
9 − 126c4y

8 − 504c4y
7 − 1176c4y

6 − 1764c4y
5−

1764c4y
4 − 1176c4y

3 − 504c4y
2 + 3458c4y + 3570c4

)
.

(66)

According to OAFM Procedure.

u(y) = u0(y) + u1(y) (67)

Θ(y) = Θ0(y) + Θ1(y) (68)

u(y) =
1 + y

2
+

1

20160

(
− 21β2c1My5 − 105B2c1My4 + 70B2c1My3 + 630B2c1My2

− 49β2c1My − 525β2c1M − 1246c1R− 3c2y
7 − 14c1Ry

6 − 21c2y
6 − 84c1Ry

5

− 63c2y
5 − 210c1Ry

4 − 105c2y
4 + 280c1Ry

3 + 231c2y
3 + 1470c1Ry

2 + 945c2y
2

− 196c1Ry − 165c2y − 819c2
)
,

(69)

Θ(y) =
1 + y

2
+

1

129024

(
9c3My8λ+ 72c3My7λ+ 252c3My6λ+ 504c4My5λ+

630c3My4λ+ 504c3My3λ+ 252c3My2λ− 1080c3Myλ− 1143c3Mλ− 24c3y
7λ

− 168c3y
6λ− 504c3y

5λ− 840c3y
4λ− 840c3y

3λ− 504c3y
2λ+ 1368c3yλ+

1512c3λ− 14c4y
9 − 126c4y

8 − 504c4y
7 − 1176c4y

6 − 1764c4y
5−

1764c4y
4 − 1176c4y

3 − 504c4y
2 + 3458c4y + 3570c4

)
.

(70)
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Figure 2. Comparison of HPM and OAFM solutions for velocity pro�le against parameter R when λ = 4, β = 1 and
M = 2.
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Figure 3. Comparison of HPM and OAFM solutions for velocity pro�le against parameter β when λ = 4, R = 7 and
M = −5.
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Figure 6. Comparison of HPM and OAFM solutions for Temperature pro�le against parameter λ when R=2, M = −4
and β = 0.4.
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Figure 7. Shear stress on upper plate against parameter λ when R = 0.3 and M = 3.
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(a) Velocity pro�le against parameter
M using HPM solution.
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Figure 4. Comparison of HPM and OAFM solutions for velocity pro�le against parameter M when λ = 4, R = 8 and
β = 6.

-1.0 -0.5 0.0 0.5 1.0

0.0

0.2

0.4

0.6

0.8

1.0

y

Θ
(y
)

M=3

M=5

M=7

M=9

(a) Temperature pro�le against param-
eter M using HPM solution.

-1.0 -0.5 0.0 0.5 1.0

0.0

0.2

0.4

0.6

0.8

1.0

y

Θ
(y
)

M=3

M=5

M=7

M=9

(b) Temperature pro�le against param-
eter M using OAFM solution.

Figure 5. Comparison of HPM and OAFM solutions for temperature distribution against parameter M when R=2,
λ = 0.6 and β = 0.4.
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Figure 8. Shear stress on upper plate against parameter R when β = 2 and M = 3.
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Figure 9. Shear stress on lower plate against parameter λ when β = 2 and R = 0.3.
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Figure 10. Shear stress on lower plate against parameter R when β = 2 and M = 3.
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Figure 11. Flow rate against parameter R at β = 2 and M = 3.
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Figure 12. Flow rate against parameter M at β = 2 and M = 3.

NUMERICAL RESULTS AND DISCUSSION

In this paper, we utilized the homotopy perturbation method (HPM) and optimal auxiliary function method
(OAFM) to investigate the couette �ow of couple stress �uid under the in�uence of MHD. Di�erent graphs are
plotted to see the e�ect of various parameters on the velocity and temperature distribution. The e�ciency of
the proposed approaches are analyzed using di�erent tables having the comparison of residual error obtained by
OAFM and HPM. In Figure (2),the velocity pro�le of the �uid is plotted using both approaches and found the
MHD parameter R has inverse relation with the velocity pro�e. Figure (3) show the comparison of HPM and
OAFM for the velocity u(y) against parameter β. It reveals that β has directly relation with the velocity of �uid.
Figure (4) show the inverse relation between parameter M and velocity of the �uid u(y). Figure (5) show the
impact of parameter M on the temperature distributions. Figure (6) are plotted to see the e�ect of parameter λ
on temperature distribution Θ(y) using OAFM and HPM solutions. The non-dimensional parameter λ denotes
Brinkman number, which shows direct relation with the temperature distribution. Figure (7), (8) show the
behaviour of shear stress S on the upper plate against di�erent parameters by using HPM and OAFM solutions.
Figure (9), (10) show the behaviour of shear stress S on the lower plate against di�erent parameters by using
HPM and OAFM solutions. Figure (11), (12) demonstrates the e�ect of Parameters R and M on the �ow rate
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using HPM and OAFM solutions. Table (1) and (2) represent the comparison of OAFM and HPM solutions
and their residual error for the Velocity pro�le and temperature distribution. These tables compare the results
obtained by both approaches for the di�erent values of the independent variable y and parameters R, β, M,
and λ. Table (3)-(6) provides skin friction for di�erent parameter using OAFM and HPM solutions and their
absolute di�erences. The range of residual error obtained by OAFM is -4 to -8 while the range of residual error
obtained by HPM is -8 to -16. It is observed that the HPM solution is batter than OAFM solution.

Table 1. Comparison of OAFM and HPM solutions for the velocity pro�le keeping M=0.00015,
λ = 0.0001 and R = 0.00002

y uOAFM uHPM Residual uOAFM Residual uHPM

-1.0 -2.5×10−22 0 -1.6968×10−6 1.47742×10−16

-0.8 0.099999 0.099999 -1.3819×10−7 -1.2385×10−11

-0.6 0.199999 0.199999 6.2748×10−7 -2.3714×10−11

-0.4 0.299998 0.299998 7.4888×10−7 -3.2990×10−11

-0.2 0.399998 0.399998 4.1781×10−7 -3.9349×10−11

0.0 0.499998 0.499998 -1.0522×10−7 -4.2116×10−11

0.2 0.599998 0.599998 -4.9810×10−7 -4.0874×10−11

0.4 0.699998 0.699998 -4.5993×10−7 -3.5525×10−11

0.6 0.799999 0.799999 7.50698×10−8 -2.6355×10−11

0.8 0.899999 0.899999 5.25136×10−7 -1.4098×10−11

1.0 1.0000 1.0000 -1.0300×10−6 -1.44731×10−16

Table 2. Comparison of OAFM and HPM solutions for temperature distribution keeping
R=0.00002, M=0.00015, β = 0.0003 and λ = 0.0001

y ΘOAFM ΘHPM Residual ΘOAFM Residual ΘHPM

-1.0 -1.7×10−20 0.0000 2.5×10−5 -3.1111×10−10

-0.8 0.100011 0.100004 2.51×10−5 1.6381×10−9

-0.6 0.200023 0.200008 2.47×10−5 7.0229×10−9

-0.4 0.300034 0.30001 2.16×10−5 1.4525×10−8

-0.2 0.400045 0.400012 1.36×10−5 2.2185×10−8

0.0 0.500054 0.500012 3.37×10−6 2.7758×10−8

0.2 0.600061 0.600012 -1×10−6 2.9209×10−8

0.4 0.700061 0.70001 1.351×10−6 2.5357×10−8

0.6 0.800051 0.800008 -6.2×10−5 1.6653×10−8

0.8 0.900029 0.900004 6.4×10−5 6.1074×10−9

1.0 1.0000 1.0000 3.8×10−4 3.5550×10−10

Table 3. Comparison of ΘOAFM (1) and ΘHPM (1) and their absolute di�erence keeping
β = 0.00003, M = 0.000015 and R = 0.000002.

λ ΘOAFM (1) ΘHPM (1) Abs.di�erence

0 0.500825 0.5 8.25×10−4

0.000015 0.500681 0.499996 6.8×10−4

0.00003 0.500537 0.499993 5.45×10−4

0.000045 0.500394 0.499989 4.05×10−4

0.00006 0.50025 0.499985 2.65×10−4

0.000075 0.500106 0.499981 1.25×10−4

0.00009 0.499962 0.499978 1.51×10−4

0.000105 0.499819 0.499974 1.55×10−4

0.00012 0.499675 0.49997 2.95×10−4

0.000135 0.499531 0.499966 4.35×10−4

0.00015 0.499387 0.499963 5.75×10−4
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Table 4. Comparison of ΘOAFM (−1) and ΘHPM (−1) and their absolute di�erence keeping
β = 0.00003, M = 0.000015 and R = 0.000002.

λ ΘOAFM (−1) ΘHPM (−1) Abs.di�erence

0.000 0.499897 0.5000 1.03×10−4

0.000015 0.499921 0.500004 8.29×10−5

0.00003 0.499945 0.500007 6.27×10−5

0.000045 0.499969 0.500011 4.25×10−5

0.00006 0.499993 0.500015 2.23×10−5

0.000075 0.500017 0.500019 2.07×10−6

0.00009 0.500041 0.500022 1.81×10−5

0.000105 0.500065 0.500026 3.83×10−5

0.00012 0.500089 0.50003 5.85×10−5

0.000135 0.500112 0.500034 7.87×10−5

0.00015 0.500136 0.500037 9.90×10−5

Table 5. Comparison of ΘOAFM (1) and ΘHPM (1) and their absolute di�erence keeping
β = 0.00003, λ = 0.000015 and R = 0.000002.

M ΘOAFM (1) ΘHPM (1) Abs.di�erence

0 0.500681 0.499996 6.85×10−4

0.000025 0.500681 0.499996 6.85×10−4

0.00005 0.500681 0.499996 6.85×10−4

0.000075 0.500681 0.499996 6.85×10−4

0.0001 0.500681 0.499996 6.85×10−4

0.000125 0.500681 0.499996 6.85×10−4

0.00015 0.500681 0.499996 6.85×10−4

0.000175 0.500681 0.499996 6.85×10−4

0.0002 0.500681 0.499996 6.85×10−4

0.000225 0.500681 0.499996 6.85×10−4

0.00025 0.500681 0.499996 6.85×10−4

Table 6. Comparison of ΘOAFM (−1) and ΘHPM (−1) and their absolute di�erence keeping
β = 0.00003, λ = 0.000015 and R = 0.000002.

M ΘOAFM (−1) ΘHPM (−1) Abs.di�erence

0 0.499921 0.500004 8.29×10−5

0.000015 0.499921 0.500004 8.29×10−5

0.00003 0.499921 0.500004 8.29×10−5

0.000045 0.499921 0.500004 8.29×10−5

0.00006 0.499921 0.500004 8.29×10−5

0.000075 0.499921 0.500004 8.29×10−5

0.00009 0.499921 0.500004 8.29×10−5

0.000105 0.499921 0.500004 8.29×10−5

0.00012 0.499921 0.500004 8.29×10−5

0.000135 0.499921 0.500004 8.29×10−5

0.00015 0.499921 0.500004 8.29×10−5

CONCLUSIONS

In this paper, plane couette �ow of a couple stress �uid under the in�uence of magnetohydrodynamics
(MHD) using Reynolds model of viscosity has been explored by employing two reliable techniques. The governing
equation of the couple stress �uid under the in�uence of MHD are solved using Homotpoy Perturbation method
(HPM) and Optimal Auxiliary Function Method (OAFM). The HPM is an analytical method that employs a
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series solution with a parameter to approximate the solution of the problem. On the other hand, the OAFM
is a numerical technique that involves introducing an auxiliary function to simplify the equations, leading to
an easier solution procedure and gives an e�cient solution after two steps. Furthermore the e�ect of non-
dimensional parameters on velocity pro�le, temperature distribution, shear stresses and �ow rate are analysed.
The HPM solution and OAFM solution are compared to each other using di�erent graphs and tables involving
residual error. It reveals that the HPM solution is more e�cient and accurate than OAFM solution. Finally we
conclude that both approaches have the capability to solve highly non linear di�erential equations and physical
models.
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Öå äîñëiäæåííÿ ìà¹ íà ìåòi âèêîíàòè ïîðiâíÿëüíèé àíàëiç ïëîñêîãî ïîòîêó Êóåòòà ïàðíî¨ íàïðóæåíî¨ ðiäèíè ïiä
âïëèâîì ìàãíiòîãiäðîäèíàìiêè (ÌÃÄ) çà äîïîìîãîþ äâîõ ðiçíèõ ìåòîäiâ: ìåòîäó îïòèìàëüíî¨ äîïîìiæíî¨ ôóí-
êöi¨ (OAFM) i ìåòîäó ãîìîòîïi÷íèõ çáóðåíü (HPM). Ðiäèíà ïàðíèõ íàïðóæåíü âiäîìà ñâî¹þ íåíüþòîíiâñüêîþ
ïîâåäiíêîþ, äå ðåàêöiÿ ðiäèíè íà çñóâ çàëåæèòü âiä íàÿâíîñòi âíóòðiøíüî¨ ìiêðîñòðóêòóðè. OAFM i HPM âè-
êîðèñòîâóþòüñÿ äëÿ ðîçâ'ÿçàííÿ êåðiâíèõ ðiâíÿíü òå÷i¨ ðiäèíè ïàðíèõ íàïðóã ïiä ÌÃÄ. OAFM � öå ÷èñåëüíèé
ìåòîä, ÿêèé ïåðåäáà÷à¹ ââåäåííÿ äîïîìiæíî¨ ôóíêöi¨ äëÿ ñïðîùåííÿ ðiâíÿíü, ùî ñïðîùó¹ ïðîöåäóðó ðîçâ'ÿçàííÿ.
Ç iíøîãî áîêó, HPM � öå àíàëiòè÷íèé ìåòîä, ÿêèé âèêîðèñòîâó¹ ïîñëiäîâíå ðiøåííÿ. Ïîðiâíÿëüíèé àíàëiç çîñå-
ðåäæó¹òüñÿ íà âèâ÷åííi òî÷íîñòi, åôåêòèâíîñòi òà ïîâåäiíêè çáiæíîñòi äâîõ ìåòîäiâ. Äëÿ äîñëiäæåííÿ ¨õ âïëèâó
íà ïîâåäiíêó ïîòîêó ðîçãëÿäàþòüñÿ ðiçíi ïàðàìåòðè ïîòîêó, òàêi ÿê ïàðàìåòð íàïðóãè ïàðè, ìàãíiòíèé ïàðàìåòð
i ñïiââiäíîøåííÿ øâèäêîñòåé. Êðiì òîãî, ðiøåííÿ HPM ïîðiâíþâàëè ç ðiøåííÿì OAFM çà äîïîìîãîþ ðiçíèõ
ãðàôiêiâ i òàáëèöü. Öå âèÿâèëî, ùî ðiøåííÿ, îòðèìàíå HPM, ¹ êðàùèì, íiæ ðiøåííÿ OAFM.
Êëþ÷îâi ñëîâà: ïàðíî íàïðóæåíà ðiäèíà; ìåòîä îïòèìàëüíî¨ äîïîìiæíî¨ ôóíêöi¨ (OAFM); ìåòîä ãîìîòîïi-
÷íèõ çáóðåíü (HPM); ìàãíiòîãiäðîäèíàìiêà (MHD)
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