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Within the framework of a simple model of the sensitivity function, the Doppler spectra are considered for different ways of generating 
response signals using plane wave compounding. A Doppler spectrum is obtained for coherent compounding of signals received at 
different steering angles of waves during their period of changing. Compared to traditional diagnostic systems, the Doppler spectrum 
width is increased only by limiting the duration of the signals. There is no additional increase in the spectrum width if the compound 
signals are formed by adding with cyclic permutation, in which signals from each new wave angle are compounded. When a Doppler 
signal is formed directly from Doppler signals at different steering angles, the spectral width increases both in comparison with the 
traditional method of sensing with stationary focused ultrasound fields and with the case of coherent signal compouding. The obtained 
increase in the spectral width has an intrinsic physical meaning. The increase in width is connected with a dynamic change in the 
Doppler angle, which increases the interval of apparent projections of the velocities of motion of inhomogeneities along the direction 
of transmitting of a plane wave without inclination. 
Keywords: Ultrasound; Doppler spectrum; Plane wave compounding; Synthetic aperture method; Spectral dispersion; Projection of 
the inhomogeneity velocity 
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INTRODUCTION 
As it is known in traditional ultrasound medical diagnostic systems, focused waves have a focus on one strictly 

defined depth in the patient's body [1,2]. This approach has a number of disadvantages connected with resolution 
limitations outside the defined focal area and the inability to obtain sufficient data to accurately determine the flow of 
biological fluids and the structure of the body's subcutaneous biological structures, including tendons, muscles, blood 
vessels and internal organs. The image is acquired sequentially along one line, which imposes a strict limit on the frame 
rate, which is important in a real-time imaging system. A low frame rate means that fast-moving structures (e.g. heart 
valves) are difficult to image continuously in time. The general idea behind synthetic aperture in ultrasound diagnostics 
is that the ultrasound response is recorded by all elements of the ultrasound transducer for a sequence of different emitted 
wave fields. The response for each point in space is then identified as a complex value for the different fields, which is 
coherently summed, resulting in a high-resolution image (with focus) at each point in space [3].  

The synthetic aperture method requires a lot of calculations, and as a result, such equipment is expensive [4, 5]. 
There is a demand for methods that can be integrated directly into existing commercial ultrasound devices [6, 7]. 
Moreover, it is necessary to optimize the parameters that characterize the quality of images obtained using aperture 
synthesis technology [8-15]. The method has been significantly developed with the advent of ultrasound scanners that use 
parallel signal processing to generate images. Along with the use of multilinear data processing in ultrasound diagnostics, 
it became possible to visualize vital blood flows, which, in comparison with conventional Doppler methods, allowed for 
the development of methods to determine the velocity vector [16-18], simultaneously visualize blood flow and vessel 
wall motion in arteries, visualize low-velocity blood flow in small vessels, and perform three-dimensional imaging for all 
Doppler techniques (color Doppler, 3-D ultrafast energy Doppler, pulsed Doppler, etc.) [19-21, 8].The effect of the 
movement of ultrasonic scatterers on the correlation function of the Doppler signal and the ways to correct the effect of 
this impact were investigated in [22, 23]. Using the synthetic aperture method, it is possible to implement imaging 
methods that use plane waves with different propagation directions or wave fronts with different spatial configurations 
[24-26,9,12]. This made it possible to generate full-field tissue displacement images and Doppler images with high frame 
rate and high resolution for various medical applications in modern shear-wave elastography, Doppler ultrasound 
[27,20,11], etc. The development of methods for coherent compounding of ultrasound response signals has improved 
spectral estimates in spectral Doppler compared to traditional Doppler techniques. This makes it possible to estimate local 
pulse wave velocities, visualize contrast agents, etc. [28-30]. There are a number of experimental works on new techniques 
within the plane wave compounding method that allow to improve image quality in terms of lateral resolution and 
contrast-to-noise ratio for two-dimensional images [31,32] and for Doppler technique [33]. 

The width of the Doppler spectra plays an important role for the accuracy of all pulse Doppler methods. The reason 
for the increase in the spectrum width and its distortion can be: high gradients of the velocity of inhomogeneities, in 
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particular, red blood cells, inside the measuring volume, even in laminar blood flows; turbulence of the blood flow, in 
which the projection of the velocity can change not only the value but also its sign; fluid movement with acceleration, 
which increases the range of velocities; the influence of speckle noise. Earlier, the model of the effect of inhomogeneity 
velocity gradients was considered in [39]. Some models of the effect of blood flow turbulence, diffusion of 
inhomogeneities and dependence of spectral width on the correlation radius of inhomogeneities were proposed in [34], 
and the effect of accelerated motion of inhomogeneities was considered in [36]. The aim of this paper is to develop and 
analyze the Doppler spectra and its width using the synthetic aperture technology, namely, plane wave compounding with 
different methods of forming Doppler response signals. 

 
THEORETICAL MODEL 

Within the framework of the continuum model of the biological medium, the low-frequency Doppler signal 𝑒ௗሺ𝑡ሻ 
under the pulsed mode of ultrasound wave emission [34,35] depends on the motion of the density inhomogeneities 𝜌ሺ𝑟, 𝑡ሻ 
and compressibility 𝛽ሺ𝑟, 𝑡ሻ. It also depends on the complex sensitivity function 𝐺௣ᇱ ሺ𝑟, 𝑡ሻ over the emission-receiving field. 
For the synthetic aperture technology, this value is time-dependent and is determined by the duration of the sensing pulses, 
the complex amplitude of the transmitted field 𝐺௧ᇱሺ𝑟, 𝑡ሻ, with its deviation from a plane wave without inclination and by 
the complex receiver sensitivity function 𝐺௥ᇱሺ𝑟ሻ: 
 𝐺௣ᇱ ሺ𝑟ሻ ൌ 𝐺௧ሺ𝑟, 𝑡ሻ𝐺௥ሺ𝑟ሻ𝑏 ቀ𝑇ଵ − ௫ᇲ௖బ − ௫ᇲ௖௢௦஍ሺ௧ሻ௖బ ቁ, (1) 

where 𝑥ᇱ is the distance along the transducer axis from its emitting surface to the origin of the 𝑥,𝑦, 𝑧 coordinate system 
with the beginning at the sensing depth 𝑙଴, as shown in Fig. 1, 𝑏ሺ𝑡ሻ is the envelope of the probing pulse,  𝑇ଵ is the delay 
in the strobing time relative to each moment of the pulse emission, which determines the probing depth, 𝑐଴ is the 
propagation velocity of the reflected wave beam front along the 𝑥′ axis, 𝑐଴ 𝑐𝑜𝑠Φሺ𝑡ሻ⁄  is the propagation velocity along the 𝑥ᇱ axis of the incident plane wave front with the deflection angle Φሺ𝑡ሻ of the wave vector. In the most general case of the 
synthetic aperture technology, the sensitivity function to scattered waves may also depend on time 𝑡. 

 
Figure 1. The position of the unshaded coordinate system connected with the measuring volume relative to the ultrasonic transducer 

and the angle of deflection of the wave vector 𝑘ሬ⃗ ሺ𝑡ሻ of the current wave from the wave vector 𝑘ሬ⃗  of the wave without inclination 

Taking into account the deflection of waves from a plane wave without inclination, the complex amplitude of 
incident plane waves is given by 𝐺௧ሺ𝑟, 𝑡ሻ ൌ 𝑒௜൛௞ሬ⃗ ሺ௧ሻି௞ሬ⃗ ൟ௥⃗𝑔ሺ𝑧ሻ, 
where 𝑔ሺ𝑧ሻ is the distribution of the ultrasonic transmitted field along the z-axis perpendicular to the ሺ𝑥,𝑦ሻ plane shown 
in Fig. 1. The time dependence is caused by small deviations of the wave vector from the wave vector of plane waves 
without inclination. Earlier [35], in this approximation, the Fourier image of the function 𝐺௧ሺ𝑟, 𝑡ሻ was found with a linear 
dependence on time of the wave vector deflection angle Φሺ𝑡ሻ ൌ Ω𝑡. 

Most conventional pulse systems use sequential emission of pulses characterized by the same spatial geometry and 
configuration of wavefronts. This means that in this case, the functions 𝐺௧ᇱሺ𝑟ሻ and 𝐺௥ᇱሺ𝑟ሻ are time-independent, and the 
Doppler spectrum has the form [34]: 

 𝑆൫𝜔௣൯ ൌ ௞రሺଶగሻయ ׬ 𝑑𝑞⃗𝐶൫𝑞⃗,𝜔௣൯ห𝐺൫𝑞⃗ ൅ 2𝑘ሬ⃗ ൯หଶ (2) 



478
EEJP. 1 (2024) Evgen A. Barannik, et al.

where 𝐶൫𝑞⃗,𝜔௣൯ is the space-time Fourier image of the function of the inhomogeneity fluctuation correlator 𝐶ሺ𝑟ଵ − 𝑟଴, 𝜏ሻ = 𝜈 ർ൫𝛽෨ − 𝜌෤൯ଶ඀ 𝛿൫𝑟ଵ − 𝑟଴ − 𝜏𝑉ሬ⃗ ൯, 𝜈 is a constant determined by the radius of correlation of the inhomogeneities and 𝑉ሬ⃗  is the velocity of the dimensionless 
inhomogeneities 𝛽෨ and 𝜌 ෥ . 

In the case of the synthetic aperture technology, it is possible to generate an ultrasonic Doppler response signal 
directly from discrete signal values from different sequential angles of revolution of the wave vector. For a given range 
of angles Φ, the ultrasonic Doppler response signals are registered for a limited period of time, after which the registration 
procedure is repeated periodically. Then the power spectrum of the Doppler signal is equal to [36, 37] 

 𝑆൫𝜔௣൯ = ௞రሺଶగሻయ ∑ 𝑑𝑞⃗𝐶൫𝑞⃗,𝜔௣׬ − 𝜔௝൯ห𝐺൫𝑞⃗ + 2𝑘ሬ⃗ ,𝜔௝൯หଶஶ௝ୀିஶ . (3) 

where 𝜔௣ = 2𝜋𝑝 𝑇⁄  is the Fourier expansion variable, and 𝑇 is the period of repeating a given set of deflection angles. 
There is another way to generate an ultrasonic Doppler signal. Discrete values are obtained by coherent 

compounding of complex signal values at different angles of rotation for the entire period of angle change 𝑇. Then the 
spectrum can be written as follows [37]: 

 𝑆൫𝜔௣൯ = 𝑇ଶ ௞రሺଶగሻయ ׬ 𝑑𝑞⃗𝐶൫𝑞⃗,𝜔௣൯ห𝐺൫𝑞⃗ + 2𝑘ሬ⃗ , 0൯หଶ (4) 

𝐺൫𝑞⃗ + 2𝑘ሬ⃗ , 0൯ = 1𝑇 න𝐺൫𝑞⃗ + 2𝑘ሬ⃗ , 𝑡 + 𝑡′൯𝑑𝑡ᇱ.೅మ
ି೅మ

 

Within the framework of the model described in [35-37], it follows from (4) that in this case the sensitivity function 
is independent of frequency similar to (2). 
 

RESULTS 
To reduce the effect of the rectangular window spectrum (which for periodic functions is formed by limiting the 

integration to ±𝑇 2⁄  limits) on the calculated spectra weight windows are used. In particular, the Gaussian weighting 
window, which has the following form. 

 𝑊ሺ𝜏ሻ = expሺ− 𝜏ଶ 𝑇ௐଶ⁄ ሻ, (5) 

where 2𝑇ௐ ≅ 𝑇 is the length of the window along the 𝑒ିଵ level. Taking into account the weighting window (5), the 
integrals over time τ converge well at 𝜏 → ±∞. This makes it possible to extend the integration limits to ±∞ when 
calculating the spectra. In this approximation, the spectrum of the correlation function of inhomogeneity fluctuations 
takes the form: 

 𝐶൫𝑞⃗,𝜔௣൯ = 𝜈 ർ൫𝛽෨ − 𝜌෤൯ଶ඀ඥ𝜋𝑇ௐଶ𝑒ି ೅ೈమ ൫೜ሬሬ⃗ ೇሬሬ⃗ షഘ೛൯మర . (6) 

Using (5), it is possible to obtain a sensitivity function with completely suppressed side lobes, unlike in [35]: 

 𝐺௧൫𝑟,𝜔௝൯ = 𝑇ିଵ𝑔ሺ𝑧ሻඥ𝜋𝑇ௐଶ𝑒ି೅ೈమ ቀೖಈ೤ᇲశഘೕቁమర . (7) 

The resulting expressions (6) and (7) allow us to write the spectrum (3) in the form: 

 𝑆൫𝜔௣൯ = 𝜈 ർ൫𝛽෨ − 𝜌෤൯ଶ඀ 𝑇ିଵඥ𝜋𝑇ௐଶ ௞రሺଶగሻయ ∑ 𝑑𝑞⃗𝑒ି೅ೈమ׬ ቀ೜ೣೇషഘ೛శഘೕቁమర ห𝐺൫𝑞௫ + 2𝑘𝑐𝑜𝑠𝜗, 𝑞௬ − 2𝑘𝑠𝑖𝑛𝜗, 𝑞௭,𝜔௝൯หଶஶ௝ୀିஶ . (8) 

In expression (8), only the sensitivity function depends on the variables 𝑞௬ and  𝑞௭. Therefore, the inverse Fourier 
transform can be used to change the function variables to the 𝑦, 𝑧 and simplify the expression. The expression for the 
contribution of the individual flow lines of the medium to the spectrum can then be written as 

 𝑆൫𝜔௣,𝑦, 𝑧൯ = 𝜈 ർ൫𝛽෨ − 𝜌෤൯ଶ඀ 𝑘ସ𝑇ିଵඥ𝜋𝑇ௐଶ ∑ ׬ ௗ௤ೣଶగஶ௝ୀିஶ ห𝐺൫𝑞௫ + 2𝑘𝑐𝑜𝑠𝜗,𝑦, 𝑧,𝜔௝൯หଶ𝑒ି೅ೈమ ቀ೜ೣೇషഘ೛శഘೕቁమర . (9) 

The flow lines differ in the y and z coordinates and in sum give the full Doppler spectrum. This makes it possible to 
separate the integration over coordinates from the integration over the wave vector component and summation over 
frequency. 
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For further comparison of the spectra, we first obtain an estimate of the spectral distribution for the traditional 
method of pulsed Doppler sensing. To do this, we will choose the sensitivity function (1) in its simplest form: 

 𝐺ሺ𝑟ሻ = 𝑒𝑥𝑝 ൜−2 ௬ᇲమା௭మା൫௫ᇲି௟బ൯మ௔మ ൠ = 𝑒𝑥𝑝 ቄ−2 ௥⃗మ௔మቅ. (10) 

In Equation (10), it is assumed that the waves are plane. That is, we neglect the curvature of the wave fronts, which 
always occurs due to the focusing and diffraction of ultrasonic waves. In addition, the duration of the probing pulses is 
chosen such that the measured volume acquires a spherical shape. This approximation is often used to estimate the 
ultrasonic Doppler response spectra [38,34]. 

Analogously to (9), using (10), we obtain the spectrum of the Doppler response signal of the flow line in the form 

𝑆൫𝜔௣,𝑦, 𝑧൯ = 𝜈 ർ൫𝛽෨ − 𝜌෤൯ଶ඀ 𝑇ିଵ𝑘ସට𝜋𝑇ௐଶ 𝜋𝑎ଶ2 𝑒𝑥𝑝 ቊ−4𝑦ଶ + 𝑧ଶ𝑎ଶ ቋ × 

× න𝑑𝑞௫2𝜋 𝑒𝑥𝑝 ൝− (𝑞௫ + 2𝑘𝑐𝑜𝑠𝜗)ଶ𝑎ଶ4 − 𝑇ௐଶ ൫𝑞௫𝑉 − 𝜔௣൯ଶ4 ൡ 
Then the full spectrum of the Doppler signal is obtained after integration over the coordinates of the flow lines: 

𝑆൫𝜔௣൯ = 𝜈 ർ൫𝛽෨ − 𝜌෤൯ଶ඀ 𝑇ିଵ𝑘ସඥ𝜋𝑇ௐଶ గమ௔ర଼ ׬ ௗ௤ೣଶగ 𝑒𝑥𝑝 ൜− (௤ೣାଶ௞௖௢௦ణ)మ௔మସ − ೈ்మ ൫௤ೣ௏ିఠ೛൯మସ ൠ. 
Finally, after integration over 𝑞௫, we obtain the final formula for the Doppler spectrum: 

 𝑆൫𝜔௣൯ = 𝜈 ർ൫𝛽෨ − 𝜌෤൯ଶ඀ 𝑇ିଵ𝑘ସ గయ௔యସ ට ೈ்మ ௔మ௔మା ೈ்మ ௏మ 𝑒𝑥𝑝 ൜− ೈ்మ ௔మ௔మା ೈ்మ ௏మ ൫ఠ೛ିఠ೏൯మସ ൠ, (11) 

 𝜎ଶ = 2 ௔మା ೈ்మ ௏మೈ்మ ௔మ = 2 ൬ ଵ்ೈమ + ௏మ௔మ൰,  (12) 

where 𝜔ௗ = −2𝑘𝑉𝑐𝑜𝑠𝜗 is the Doppler shift frequency, 𝜎ଶ is the dispersion of the Doppler frequency spectrum. 
In the case of coherent accumulation of signals obtained at different sensing angles, it follows from expressions (4) 

and (7) that the Doppler spectrum is determined by the amplitude of the incident plane waves. So, it can be written in the 
following form. 𝐺௧൫𝑟,𝜔௝ = 0൯ = 𝑇ିଵට𝜋𝑇ௐଶ𝑒ିభర ೈ்మ ௞మஐమ௬ᇲమି೥మೌమ .  

In physical terms, synthetic aperture technologies are designed to improve resolution. Therefore, it is expediently to 
choose a value of the maximum angle 𝑇ௐΩ of the wave vector deviation at which ଵସ 𝑇ௐଶΩଶ𝑘ଶ = ଵସΦ௠௔௫ଶ 𝑘ଶ = 𝑎ିଶ. In this 
case, the resolution is not worse than resolution of traditional Doppler systems. In addition, it is possible to get transmit 
focusing at all points of the biological object at all depths. As a result, the full model sensitivity function can be represented 
in a form similar to (10) 𝐺൫𝑟,𝜔௝ = 0൯ = 𝐺௧൫𝑟,𝜔௝ = 0൯𝐺௥(𝑟)𝑏 ቆ𝑇ଵ − 2𝑥ᇱ𝑐଴ ቇ = 𝑇ିଵට𝜋𝑇ௐଶ expቆ−2 𝑟ଶ𝑎ଶቇ ,  

and the expression for the Doppler spectrum is obtained in a similar way to (11) and has the form 

 𝑆൫𝜔௣൯ = 𝜈 ർ൫𝛽෨ − 𝜌෤൯ଶ඀ 𝑇ିଵ𝑇ௐଶ 𝑘ସ గర௔యସ ට ೈ்మ ௔మ௔మା ೈ்మ ௏మ 𝑒𝑥𝑝 ൜− ൫ఠ೛ିఠ೏൯మଶఙమ ൠ. (13) 

This spectrum differs only in the higher amplitude of the spectrum due to the increased power of the Doppler response 
due to the coherent accumulation of signals. 

For the ultrasonic Doppler response, when the signal is formed directly from the Doppler signals received at different 
steering angles, the full sensitivity function can be written as: 

𝐺൫𝑥,𝑦, 𝑧,𝜔௝൯ = 𝑇ିଵට𝜋𝑇ௐଶ𝑒ି೅ೈమ ቀೖಈ೤ᇲశഘೕቁమర 𝑒ିೣమశ೤మశమ೥మశ൫ೣᇲష೗బ൯మೌమ .  

As with the finding of the spectrum (13), we assume that the equality ଵସΦ௠௔௫ଶ 𝑘ଶ = 𝑎ିଶ holds. As a result, we obtain 
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ห𝐺൫𝑞௫ + 2𝑘𝑐𝑜𝑠𝜗,𝑦, 𝑧,𝜔௝൯ห = 𝑇ିଵට𝜋𝑇ௐଶ𝑒𝑥𝑝ඨ𝜋𝑎ଶ2 ൬−14𝑇ௐଶ𝜔௝ଶ൰ × 

× 𝑒𝑥𝑝 ൜− ଶ௬మା்ೈఠೕ௔௖௢௦ణ௬ାଶ௭మ௔మ ൠ × 𝑒𝑥𝑝 ൜− (௤ೣାଶ௞௖௢௦ణ)మ௔మି(்ೈఠೕ௦௜௡ణ)మ଼ ൠ. 
Using expression (9), we can now find the full spectrum and write it in the form. Let's take out of the integral over 

the coordinate all the factors that do not depend on 𝑦, 𝑧: 𝑆൫𝜔௣൯ = 𝜈 ർ൫𝛽෨ − 𝜌෤൯ଶ඀ 𝑘ସ𝑇ିଷ𝜋𝑇ௐଶට𝜋𝑇ௐଶ 𝜋𝑎ଶ2 ෍ 𝑒𝑥𝑝 ቊ𝑠𝑖𝑛𝜗ଶ𝑇ௐଶ𝜔௝ଶ4 ቋஶ
௝ୀିஶ × 

× 𝑒𝑥𝑝 ቊ−𝑇ௐଶ𝜔௝ଶ2 ቋඵ𝑑𝑦𝑑𝑧 𝑒𝑥𝑝 ቊ−2 2𝑦ଶ + 𝑇ௐ𝜔௝𝑎𝑐𝑜𝑠𝜗𝑦 + 2𝑧ଶ𝑎ଶ ቋ × 

× න𝑑𝑞௫2𝜋 𝑒𝑥𝑝 ൝−𝑇ௐଶ ൫𝑞௫𝑉 − 𝜔௣ + 𝜔௝൯ଶ4 ൡ 𝑒𝑥𝑝 ቊ− (𝑞௫ + 2𝑘𝑐𝑜𝑠𝜗)ଶ𝑎ଶ4 ቋ. 
Finally, after integration over 𝑦 and 𝑧, we obtain the full Doppler spectrum for the case under consideration, which 

can be presented in a form similar to (11) and (13): 

𝑆൫𝜔௣൯ = 𝜈 ർ൫𝛽෨ − 𝜌෤൯ଶ඀ 𝑘ସ𝑇ିଷ𝑇ௐଶ 𝜋ଷ𝑎ଷ8 ඨ 𝑇ௐଶ𝑎ଶ𝑎ଶ + 𝑇ௐଶ𝑉ଶ ෍ 𝑒𝑥𝑝 ൜−14𝑇ௐଶ𝜔௝ଶൠஶ
௝ୀିஶ 𝑒𝑥𝑝 ൝− 𝑇ௐଶ 𝑎ଶ𝑎ଶ + 𝑇ௐଶ𝑉ଶ ൫𝜔௣ − 𝜔ௗ − 𝜔௝൯ଶ4 ൡ  

It is easy to see that for the component of the sum with 𝑗 = 0 and, accordingly, with 𝜔௝ = 0, this expression 
transforms to the spectrum of (11) and (13) with an accuracy of a numerical factor. 

An estimate of the full spectrum of the Doppler response signal can now be obtained by summing over j. If the 
measurement period T is sufficiently long, then the frequency step 2𝜋 𝑇⁄  in the Fourier transform is small. This means 
that the sum over 𝑗 can be replaced by a frequency integral according to the rule ∑ …ஶ௝ୀିஶ → ଶ்గ ׬ …𝑑𝜔ஶିஶ , 

As a result, after some simple but cumbersome calculations, we come to the final expression for the ultrasonic 
Doppler response spectrum: 

 𝑆൫𝜔௣൯ = ർ൫𝛽෨ − 𝜌෤൯ଶ඀ 𝑘ସ𝑇ିଶ𝑇ௐଶ గమ௔ర଼ ට గଶ௔మା ೈ்మ ௏మ 𝑒𝑥𝑝 ൜− ೈ்మ ௔మ൫ఠ೛ିఠ೏൯మସ൫ଶ௔మା ೈ்మ ௏మ൯ ൠ. (14) 

The dispersion of this Doppler spectrum 

𝜎ଶ = 2 ଶ௔మା ೈ்మ ௏మೈ்మ ௔మ = 2 ൬ ଶ்ೈమ + ௏మ௔మ൰, 

is greater than the dispersion (12) of the spectra (11) and (13) by ∆𝜎ଶ = 2 𝑇ௐଶ⁄ . 
 

DISCUSSION 
The considered simple physical model for the sensitivity function demonstrates that, in general, the contribution to 

the spectral width of the Doppler signal is made not only by the parameters of the incident and reflected ultrasonic fields, 
which form the sensitivity function, but also by the signal duration. The spectral characteristics of the inhomogeneity 
fluctuation correlator depend on the signal duration. If the width of the weighting window is large, then in the limiting 
case 𝑇ௐ → ∞, the spatial spectrum of the fluctuation correlator (6) is described by the 𝛿-function 𝐶(𝑞⃗,𝜔) = 2𝜋𝜈 ർ൫𝛽෨ − 𝜌෤൯ଶ඀ 𝛿൫𝑞⃗𝑉ሬ⃗ − 𝜔௣൯, 
which, when integrated over 𝑞௫, equates its value to 𝑞௫ = 𝜔௣ 𝑉⁄ . In this case, the largest contribution to the width of the 
spectra (11), (13), and (14) will be made by the component 2𝑉ଶ 𝑎ଶ⁄ , which is related to the value √2𝑎, which, according 
to (10), determines the diameter of the measuring volume at the level of 𝑒ିଵ. 



481
Spectra of Ultrasound Doppler Response Using Plane-Wave Compounding Technique EEJP. 1 (2024)

On the contrary, as the measuring volume increases (𝑎 → ∞), the dispersion of the spectra (11) and (13) tends to 2 𝑇ௐଶ⁄ , and dispersion of the spectrum (14) to 4 𝑇ௐଶ⁄ , i.e., it is determined by the duration of the weighting window, which 
effectively limits the length of the Doppler signal. In this case, the spectrum of the sensitivity function becomes 𝛿-shaped, 
which equals 𝑞௫ = −2𝑘𝑐𝑜𝑠𝜗. However, in both cases, the maximum of the Doppler spectra (11), (13) and (14) is always 
at the classical Doppler shift frequency 𝜔ௗ. In traditional pulsed ultrasound diagnostic systems, sequential pulses with a 
constantspatial geometry and configuration of wavefronts are used. In this case, Doppler signals are practically unlimited 
in time and therefore the spectral width is the smallest possible and does not depend on 𝑇௪. 

The reason for the increase in the width of the Doppler spectrum when forming a signal from Doppler signal counts 
obtained at different steering angles is the change in the projection of the motion velocity onto the direction of the current 
wave vector due to a change in the Doppler angle, as shown in Fig. 2. This situation can be interpreted as a movement 
with acceleration: 𝑉௫ᇲ = 𝑉𝑐𝑜𝑠𝜗(𝑡) = 𝑉𝑐𝑜𝑠(𝜗 ∓ Φ) = 𝑉(𝑐𝑜𝑠𝜗𝑐𝑜𝑠Φ ± 𝑠𝑖𝑛𝜗𝑠𝑖𝑛Φ) ≅ 𝑉ሼ𝑐𝑜𝑠𝜗 ± 𝑠𝑖𝑛𝜗Ω𝑡ሽ,  

where the upper sign describes a situation equivalent to a uniformly accelerated motion, and the lower sign corresponds 
to a uniformly decelerated motion. 

 

Figure 2. Model dependence of the wave vector deflection angle on time 

In practice, the width of the weight window satisfies the ratio 𝑇௪ ≅ 𝑇 2⁄ . And the rate of change of the angle of view 
can be represented as Ω= 2Φ௠௔௫ 𝑇⁄ . Then the projection of the velocity on the 𝑥′ axis is equal: 𝑉௫ᇲ = 𝑉𝑐𝑜𝑠𝜗 ± 𝑉𝑠𝑖𝑛𝜗Φ௠௔௫𝑇௪ 𝑡 .  

Thus, the notional acceleration is inversely proportional to the time 𝑇௪. It is clear that both during acceleration and 
deceleration, the range of velocities during time 𝑇 for a given range of angles is the same, so the width of the spectrum cannot 
depend on the sign of the acceleration. Because of this, in (14), compared to (13), there is a quadratic acceleration term in 
the form of 2 𝑇ௐଶ⁄ . From Fig. 2, it is easy to see that the larger 𝑇 and, accordingly, 𝑇௪, the smaller the acceleration at a given 
range of angles Φ௠௔௫, the smaller the range of velocities and, accordingly, the additional dispersion of the Doppler frequency 
spectrum. Obviously, such terms can be neglected when the strong inequality 1 𝑇ௐଶ⁄ ≪ 𝑉ଶ 𝑎ଶ⁄  is satisfied. 

Fig. 3 schematically shows the dependence of the complex ultrasonic Doppler response signal on time when the 
inclination of 𝑁 = 3 transmitted plane waves is periodically repeated. If the velocity V୶ᇲ apparently increases due to a 
decrease in the angle 𝜗(𝑡), then for each subsequent time interval Δ𝑇 = 𝑇 𝑁⁄ = 𝑡௡ − 𝑡௡ିଵ between probings, the phase 
difference of the complex Doppler signals will also increase: Δφ୬ = 2kΔ𝑥ᇱ௡ = 2kV୶ᇲΔ𝑇. It is this apparent increase in 
the range of differential phases Δφ୬ that leads to an increase in the spectral width (14). In accordance with (4) a compound 
signal can be written as follows: 

 𝑒с(𝑡௡) = ∑ 𝑒ௗ(𝑡௡ା௠)(୒ିଵ) ଶ⁄୫ୀି(୒ିଵ) ଶ⁄ , (15) 

and Fig. 3 shows that the phase difference for two consecutive compound signals 𝑒с remains unchanged. This means that, 
unlike (14), there is no additional increase in the spectral width if the compound signals 𝑒с are formed by cyclic 
permutation taking into account the signal at every new angle. This important circumstance means that accurate 
measurements of the velocity are possible not only using the compound signals of the form  𝑒с(ni) = 𝑒ௗ(ni− (𝐍 − 𝟏) 𝟐⁄ ) + 𝑒ௗ(ni− (𝐍 − 𝟑) 𝟐⁄ )  +…+ 𝑒ௗ(ni) +… + 𝑒ௗ(ni+ (𝐍 − 𝟑) 𝟐⁄ ) + 𝑒ௗ(ni+ (𝐍 − 𝟏) 𝟐⁄ ), 
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but also, those obtained by cyclic permutation (15). This means that no time is lost in obtaining the entire set of response 
signals for waves with different inclinations. 

Note that the results presented here are based on a linear approximation of the time dependence of the deviation of 
the wave vector ∆𝑘ሬ⃗ (𝑡) = 𝑘ሬ⃗ (𝑡) − 𝑘ሬ⃗ . This means that only the projection of the vector ∆𝑘ሬ⃗ (𝑡) onto the 𝑦ᇱ-axis was taken 
into account [35], which is small due to the small values of the angles Φ(𝑡). At the same time, this vector also has a 
projection on the 𝑥ᇱ axis, which depends on the square of time.  

 
Figure 3. Non-linear time growth of the phase difference Δφ୬ for the complex Doppler signal and the phase difference for the 
compound signals when the number of different inclination angles is 𝑁 = 3: ni - Doppler response signal 𝑒ௗ at the n-th inclination 
angle at the i-th probing period; 11+21+31, 21+31+12, 31+12+22, 12+22+32… - compound signals 𝑒с obtained by cyclic permutation 
taking into account the signal from each new angle, as described by expression (15). 

The importance of taking into account such quadratic terms is due to the fact that not only the spectrum of the 
ultrasonic Doppler response signal, but also the resolution of the system formed by the plane wave compounding 
technology may depend on them. 

 
CONCLUSIONS 

The technology of plane wave compounding uses a periodic repetition of the sequence of waves with different 
inclinations. Therefore, a periodic extension of all time-dependent physical parameters naturally occurs, which leads to a 
limitation of the duration of ultrasonic Doppler response signals. The influence of limiting the duration of the response 
signals and its anodization by weight windows on the spectral properties of the correlator of inhomogeneity motion and 
the spectrum of the sensitivity function of the ultrasonic system is determined. In contrast to the spectrum of the correlation 
function, the width of the sensitivity function spectrum depends on both the size of the measuring volume and the duration 
of the signals. 

Within the framework of a simple model of the sensitivity function, the Doppler spectra are considered for different 
ways of forming response signals using plane wave compounding. A Doppler spectrum is obtained by coherent 
compounding of signals received at different angles of inclination of waves during their repetition period. Compared to 
traditional diagnostic systems, the Doppler spectrum width is increased only by limiting the duration of the signals. There 
is no additional increase in the spectrum width if the compound signals are formed by accumulation with cyclic 
permutation, in which signals from each new wave angle are added. 

When forming a Doppler signal directly from Doppler signals at different inclination angles, the spectral width 
increases both in comparison with the traditional method of sensing with stationary focused ultrasonic fields and with the 
case of coherent signal accumulation. In terms of the internal physical meaning, the invented increase in the spectral width 
is connected with a dynamic change in the Doppler angle, which increases the interval of apparent projections of the 
velocities of motion of inhomogeneities along the direction of transmitting of a plane wave without inclination. The 
influence of nonlinear terms depending on the time of deviation of the wave vector from the wave vector without 
inclination requires additional study. 
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СПЕКТРИ СИГНАЛІВ УЛЬТРАЗВУКОВОГО ДОППЛЕРІВСЬКОГО ВІДГУКУ ПРИ ВИКОРИСТАННІ 
ТЕХНОЛОГІЇ КОМПАУНДИНГА ПЛАСКИХ ХВИЛЬ 

Євген О. Баранник, Михайло О. Гриценко 
Кафедра Медичної Фізики та Біомедичних Нанотехнологій, Харківський Національний університет ім. В.Н. Каразіна, 

61022, Україна, м. Харків, м. Свободи, 4 
В межах простої моделі функції чутливості розглянуті допплерівські спектри при різних способах формування сигналів 
відгуку з використанням компаундингу пласких хвиль. Винайдений допплерівський спектр при когерентному компаундингу 
сигналів, отриманих при різних кутах нахилу хвиль на протязі періоду їх повторення. У порівнянні з традиційними 
діагностичними системами збільшення ширини допплерівського спектру відбувається тільки за рахунок обмеження 
тривалості сигналів. Додаткове збільшення ширини спектру відсутнє, якщо компаундні сигнали формуються шляхом 
накопичення з циклічною перестановкою, при якій додаються сигнали від кожного нового кута нахилу хвиль. При формуванні 
допплерівського сигналу безпосередньо з допплерівських сигналів при різних кутах нахилу відбувається збільшення ширини 
спектру як у порівнянні з традиційним методом зондування стаціонарними сфокусованими ультразвуковими полями, так і з 
випадком когерентного накопичення сигналів. За внутрішнім фізичним змістом винайдене збільшення ширини спектру 
пов’язане з динамічною зміною допплерівського кута, яке збільшує інтервал позірних проекцій швидкостей руху 
неоднорідностей вздовж напрямку випромінювання пласкої хвилі без нахилу. 
Ключові слова: ультразвук; допплерівський спектр; метод синтезованої апертури; компаудинг пласких хвиль; дисперсія 
спектру; швидкість руху неоднорідностей 


