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Analytical expressions for the nonparaxial mode diffraction of a terahertz laser metal waveguide resonator are obtained. The study
assumes interaction between the modes and a spiral phase plate, considering different topological charges (n). Also, using numerical
modeling, the physical features of the emerging vortex beams as they propagate in free space are studied. The Rayleigh-Sommerfeld
vector theory is employed to investigate the propagation of vortex laser beams in the Fresnel zone, excited by the modes of a metal
waveguide quasi-optical resonator upon incidence on a spiral phase plate. In free space, the spiral phase plate for exciting TE11 mode
from the profile with the intensity maximum in the center (n = 0) forms an asymmetric ring one with two maxima (n = 1, 2). For the
exciting TEo1 mode, the initial ring (n = 0) structure of the field intensity is transformed into a structure with a maximum radiation
intensity in the center (n = 1), and later again into a ring (n = 2). The phase front of the beam for the £y, component of the linearly
polarized along the y axis TE11 mode changes from spherical to spiral with one on-axis singularity point. In the phase profile of the
transverse components of the azimuthally polarized TEo1 mode, a region with two and three off-axis phase singularity points appears.
Keywords: Terahertz laser; Metal waveguide resonator, Spiral phase plate; Vortex beams,; Polarization; Radiation propagation
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INTRODUCTION

In the past decade, there has been a notable surge in interest regarding the formation of terahertz laser beams [1].
Vortex beams within these wave fields hold a prominent position in research. Their uniqueness stems from the distinct
spiral structure of the wavefront, ensuring the presence of an orbital wave momentum with a considerable number of
states and, consequently, additional degrees of freedom [2 — 4]. Vortex laser beams demonstrate significant potential for
applications in high-speed multiplex terahertz communication systems, tomography, the exploration of linear and
nonlinear material responses, the acceleration and manipulation of electron bunches, and the detection of astrophysical
sources [5 — 9].

The study of THz vortex beam generation primarily focuses on two principles: wavefront modulation through
specialized external devices and direct excitation of vortex beams at the output of the resonator. The extracavity
wavefront modulation principle employs various tools such as spiral phase plates, g-plates, achromatic polarization
elements, diffractive optical elements, metasurfaces, liquid crystal branched polarization gratings, computer holograms,
and spatial modulators [10 — 17]. Techniques like optical rectification, difference-frequency generation, and laser-
plasma methods have been proposed for forming vortex beams at the laser resonator output [18 — 20]. However, the
majority of these studies utilize broadband radiation from subpicosecond pulse generators based on femtosecond lasers,
leading to the complex manufacturing of laser systems and interactions with matter that significantly deviate from
continuous radiation.

Optically pumped molecular lasers stand out as the sole compact source of continuous terahertz radiation, offering
discrete tunability across the entire terahertz range and boasting a narrow spectral linewidth. The current surge in
interest for these generators is attributed to the potential use of continuously tunable mid-IR quantum cascade lasers as
pump sources [21]. The utilization of metal waveguide quasi-optical resonators is common in most optically pumped
lasers, enabling the achievement of relatively high powers (up to 1 W) in a continuous regime with relatively compact
cavity sizes [22]. Among the modes of such resonators, TE;; and TE¢ modes with linear and azimuthal polarization
exhibit the lowest losses [23].

One of the most renowned optical elements for generating vortex beams is the spiral phase plate with azimuthally
varying thickness [3, 24]. This element enables the direct application of a spiral phase shift to the incident laser beam,
converting almost 100 % of the incoming radiation energy into a vortex beam.

This study aims to derive analytical expressions that describe the nonparaxial diffraction of modes a metal
waveguide resonator of a terahertz laser when interacting with a spiral phase plate. Additionally, through numerical
simulations, the research investigates the physical characteristics of the resulting vortex beams during their propagation
in free space.
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THEORETICAL RELATIONSHIPS
The well-known vectorial Rayleigh-Sommerfeld integrals in the Cartesian coordinate system will be employed to
describe the propagation of laser radiation in free space along the 0z axis [25 — 27]:
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where EX0 (7)) and E;) (7)) are the complex amplitudes of the x and y components of the input electric field, ¥, is the

area in which the input field is specified, k=27/A4 is the wave number, A is the wavelength,

Ty =X, Y€, . (xo’ )’0) are the Cartesian coordinates in the source plane, r=xé, +yé, +zé,, (x,y,z) are the

Cartesian coordinates in the observation plane, R = \/ (x—x, )2 +(y—»o )2 +z% . Using nonparaxial approximation (1),

let us expand R into a series, keeping its first and second terms in the form
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where r=+/x* +)* +2% .

Substituting (2) into the integrand, which includes rapidly oscillating exponents (1), and at other positions R=r,
and then transitioning to cylindrical coordinates, yields expressions for the field components in different diffraction
Zones:

E.(p.B. z)——Texp(zkr)Tzf Eo(ro)exp[zk &0 ]exp[ kapodpod(p, 3.1)
) Py . PPocos(p =)
E,(p,B,2) ——Texp(zkr)j | E (ro)exp(zk ]exp(—zkf]podpod(o, (3.2)

. 2T
E.(p.B.2)=—sexpikn)] [ [ ELG)(peos B py cos)+ Ey (psin f=pysin) |
00

(3.3)
2 —

X eXP(ZkZ_OJ exp(_lkwj po dpo d¢).
r r

Here (p,f,z) are cylindrical coordinates in the observation plane and (p,,¢) are the polar coordinates in the area

where the input field is specified, r =4/ p2 +22 .

Investigated metal waveguide resonator modes coincide with the modes of a circular metal waveguide. Hence, in
the initial plane, we characterize radiation through linearly and azimuthally polarized waveguide TE; and TE(; modes.
The normalized Cartesian components of electromagnetic fields for these modes take the following form in the source
plane (z = 0) [28]:
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J ;is the Bessel function of the 1st kind of order j; %, is the n-th root of the equation J, (x) =0.

where a is the waveguide radius, 4, =

are the normalizing factors,

We will explore the interaction between these modes and a spiral phase plate (SPP) with arbitrary topological
charge (n) [29]. The SPP is positioned at the output of a waveguide with an aperture of the same diameter, as illustrated
in Figure 1. The complex transmission function of an SPP with a radius a is expressed in polar coordinates as
follows [3]:

Po

T,(py,9) = circ (7j exp (ing), (6)

where circ (-) is the circular function.

metal resonator

spiral phase

Figure 1. Topology of the model.

For simplifying calculations, integration over the angle ¢ in equation (3) can be carried out using the established
relations for the integer m > 0, as described in [26]:
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Then from here we can obtain the following relation
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Using Euler’s formulas for the trigonometric functions and taking into account Eq. (7), we obtain the expressions
for the following integrals:
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Then, substituting into (3) the expression for the complex transmission function of the SPP (6) and using formulas
(7) and (8.1), we obtain expressions for the field components that describe the nonparaxial diffraction of the TE;; mode
by the SPP with topological charge # in free space:
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Also, using formulas (8.1) and (8.2), we obtain expressions for the field components that describe the nonparaxial
diffraction of the TE¢; mode on the SPP. They look as follows:
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where the following notation is introduced
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NUMERICAL RESULTS AND DISCUSSIONS
Using the obtained expressions, calculations of the longitudinal and transverse distributions of the total field

. . . 2 2 . . . 2.
intensity were carried out. (/ =|E | +|Ey| +|EZ|2 ), as well as transverse intensity distributions (/ =|E | ,i=x,y) and

phases (¢ =arctg(Im(E;)/Re(E;))) fields for individual x, y components of laser radiation beams excited in the Fresnel

zone by an asymmetrical linearly polarized along the y axis TE;; mode and a symmetrical azimuthally polarized TEg;
mode of a metal waveguide resonator of a terahertz laser during their interaction with the SPP. The transverse
distributions of the field intensity and phase for the longitudinal component are not given due to its insignificant
influence on the total radiation intensity. The radiation wavelength was chosen in the middle part of the terahertz range
A=0.4326 mm (the lasing line of optically excited formic acid molecule HCOOH [30]). The waveguide diameter is
chosen to be 2a = 35 mm. The SPP with an aperture of the same diameter was placed at the output of the waveguide. In
this case, the topological charge n changed from zero to two.



125

Evolution of Vector Vortex Beams Formed by a Terahertz Laser Metal Resonator EEJP. 2 (2024)

(al)30

Eed
™
»
™

o
N}

Fed
o
Intensity (abs. units)

600 1000

Z, mm

800 1000

x104
(b1)30 910

a0~
= N
Intensity (abs. units)

w
>
Intensity (abs. units)

Intensity (abs. units)

™

-30 -15 0 15 30
X, mm

-30 -15 0 15 30
X, mm

Figure 2. Calculated longitudinal (al—a3) and transverse (b1-b3) total field intensity distributions of the laser beams excited by the
TE11 mode in the Fresnel zone for different values of the topological charge. The first, second and third columns correspond to n =0,
n=1and n =2, respectively.

Figure 2 (al), 2(b1) show the results of numerical simulation for the longitudinal intensity field distribution in the
Fresnel zone (z = 100 — 1000 mm) and the transverse intensity field distribution excited by the TE;; mode for z = 708
mm (where the Fresnel number is 1). The results were obtained under the assumption that there is no SPP at the
waveguide output. One can observe from the figures that the maximum in the distribution of longitudinal intensity is
observed at z = 500 mm. Notice that the effective beam diameter at a distance of 708 mm for the TE;; mode is
calculated according to the formula [31]

277 o0
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S

o 27 00
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and is equal to ds = 151.3 A The transverse field profile has a well-known Gaussian-like shape and a spherical phase
front. Installing a SPP at the output of a waveguide with a non-zero topological charge leads in the Fresnel zone to a
change in the beam intensity profile to an asymmetric annular one with two maxima (Figure 2 (a2, a3, b2, b3 )).
The beam diameter increases to do=164.6 Aatn=1and ds=192.0 Latn=2.
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Figure 3. Calculated field intensity distributions for Ey (al—a3) and E) (b1-b3) components of the laser beams excited by the TE1
mode in the Fresnel zone for different values of the topological charge. The first, second and third columns correspond
ton=0,n=1and n =2, respectively.

Figures 3—4 show the calculated distributions of field intensity and phase for individual transverse components
excited in the Fresnel zone by an asymmetric linearly polarized along the y axis TE;; mode of a metal waveguide
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resonator of a terahertz laser during its interaction with the SPP. These results clearly demonstrate the determining role
of the E, component of the laser beam in the formation of the total transverse intensity profile in Figure 2. Note the
observed focusing of the field intensity of the E\-component of the laser beam in the case of an increase in the value of
the topological charge.

As can be seen from Figure 4, the installation of the SPP at the output of the waveguide for the TE;; mode leads to
the transformation of the beam phase profile from spherical to vortex. In this case, with an increase in the value of the
topological charge, the formation of a pronounced helical structure of the wave front and a singularity point for the £,
component of the laser beam is observed.
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Figure 4. Calculated field phase distributions for Ex (al—a3) and E, (b1-b3) components of the laser beams excited by the TE11 mode
in the Fresnel zone for different values of the topological charge. The first, second and third columns correspond ton =0, n =1
and n = 2, respectively.

The installation of the SPP at the output of the waveguide for the TEy mode leads to the transformation of the
beam intensity profile from annular to Gaussian-like when the value of the topological charge changes from zero to one
(Figure 5). Further increase in the topological charge returns the beam profile to its original annular shape. Mention that
the beam diameter at a distance of 708 mm for the TE¢; mode increases from ds = 67.5 A at n = 0 (in the absence
of topological charge) to ds=89.1 Aatn=2.
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Figure 5. Calculated longitudinal (al—a3) and transverse (b1-b3) total field intensity distributions excited by the TEo1 mode in the
Fresnel zone for different values of the topological charge. The first, second and third columns correspond ton=0,n =1
and n = 2, respectively.

Figure 6 shows the calculated transverse field intensity distributions for individual transverse components of laser
radiation beams excited in the Fresnel zone by a symmetrical azimuthally polarized TE¢; mode of a metal waveguide
resonator of a terahertz laser during its interaction with the SPP. These results show the same contribution of the
transverse components of the laser beam to the formation of the total intensity profile in Figure 5. Possessing an initially
antisymmetric shape, these components, when added, form a symmetrical beam.
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Figure 6. Calculated field intensity distributions for Ex (al—a3) and E) (b1-b3) components of the laser beams excited by the TEo:
mode in the Fresnel zone for different values of the topological charge. The first, second and third columns correspond to n =0, n =1
and n = 2, respectively.

Figure 7 shows the phase distributions for the transverse components of the TEo; mode in the Fresnel zone when
the topological charge changes. Installing the SPP at the output of the waveguide, as for the TE;; mode, converts the
wavefront of laser beams from spherical to vortex. Note that for » = 1 the wavefront has two helical surfaces, and for
n =2 it has three.
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Figure 7. Calculated field phase distributions for Ex (al—a3) and E, (b1-b3) components of the laser beams excited by the TEo1 mode
in the Fresnel zone for different values of the topological charge. The first, second and third columns correspond
ton=0,n=1and n =2, respectively.

CONCLUSIONS

Analytical expressions have been obtained to describe the nonparaxial diffraction of modes of a metal waveguide
resonator of a terahertz laser during their interaction with a spiral phase plate with different topological charges (n). The
determining role of the E, component of the laser beam for the exciting linearly polarized along the y axis TE;; mode
and the equal contribution of the transverse components for the exciting azimuthally polarized TE¢; mode in the
formation of the total transverse field are shown.

In free space, the spiral phase plate for TE;; mode from the profile with the intensity maximum in the center
(n =0) forms an asymmetric ring one with two maxima (n = 1, 2). For the TEo; mode, the initial ring (n = 0) structure of
the field intensity is transformed into a structure with a maximum radiation intensity in the center (n = 1), and later
again into a ring (n = 2).

The phase front of the beam for the £, component of the TE;; mode changes from spherical to spiral with one on-
axis singularity point. Conversely, in the phase profile of the transverse components of the azimuthally polarized TEO1
mode, a region with two and three off-axis phase singularity points appears.
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EBOJIIONISI BEKTOPHUX BUXPOBUX ITPOMEHIB, COOPMOBAHUX TEPATEPIIOBUM JIABEPHUM
METAJIEBUM PE3OHATOPOM
Amnppiii B. lerrapbroB, Mukosaa M. [1y6inin, Bauecia O. MacyioB, Koctsautun I. Mynrtsin, Oser O. CBUCTYHOB
Xaprxiecokuil nayionanvruil yrieepcumem imeni B.H. Kapaszina, maiioan Ceoboou, 4, Xapkis, Ykpaina, 61022

OTpuMaHO aHANITHYHI BUpa3W ISl HemapakcianbHOI MOI0BOI AM(pakmii MeTaleBOr0 XBMIIEBIIHOTO PE30HATOpPA TEParepIoBOTO
nmazepa. JlocmimkeHHs mependadae B3a€MOJII0 MDK MOJAMH Ta CIIpaJibHOIO (Da30BOIO INUIACTHHOIO 3 YpaxyBaHHSIM pPi3HHX
TOIOJIOTIYHKX 3apsiB (7). Takoxk 3a TOMOMOIOI0 YHCENIFHOTO MOJCIIOBAHHS JOCTIIKEHO (i3HM4HI 0COONMBOCTI BUXPOBHUX IYYKiB,
110 BUHMKAIOTh, KOJIM BOHH HOIIUPIOIOTHCS Y BUIBHOMY HpocTopi. BekTopHa Teopis Pernes-3omMepdenbia BUKOPUCTOBY€ETHCS [UIS
JOCIIZKEHHS IOIIMPEHHS BUXPOBHX JIa3ePHMX INPOMEHIB y 30HI @DpeHens, 30yIKEHMX MOJAaMHM METAJIeBOIO XBHJIEBIJHOIO
KBa3iONTHYHOTO PE30HATOpa IpH MadiHHI Ha cripaibHy (a30By IUIACTUHY. Y BUIBHOMY MPOCTOPI CripanbHa (a3oBa MiacTUHA IS
30ymxytodoi moan TEi1 3 mpodimo 3 MakCHMyMOM iHTEHCHBHOCTI B meHTpi (n = () yTBOpIOE acHMETpHYHE KiJble 3 ABOMA
MakcumyMmamu (n = 1, 2). Jns 36ymxytodoi TEor Moam modaTkoBa mormepedHa Kimbnesa (n = 0) cTpyKTypa iHTEHCHBHOCTI ITOJIS
TpaHC(HOPMYETECS B CTPYKTYPY 3 MAKCHMAIILHOIO IHTEHCHBHICTIO BUIIPOMIHIOBAHHS B IEHTPi (7 = 1), a MOTIM 3HOBY B KUIBIIEBY (1 =
2). ®a3oBuii GppoHT IpoMeHIo s £y KOMITOHEHTH JIHIHHO HOJIIpU30BaHoi B310BX oci y Moau TE11 3MiHIOETCA 31 chepuuHOro Ha
CHipaJbHUH 3 OIHIEI0 OCEBOI0 TOYKOK CHHIYJISIPHOCTI, TOAI SK y (a3oBoMy Hpo¢ii MONEPeYHUX KOMIOHEHTIB a3UMyTalbHO
nossipuzoBanoi Moau TEo1 criocTepiraeTsest o6s1acTh 3 ABOMA Ta Ta TPhOMa I103a0CHOBUMHU TOYKAMH CHHTYJISIPHOCTI (hasu.
KuarouoBi ciioBa: mepacepyosuii nazep;, memanesuii XeuiegiOHull pe3oHamop, CRIpatbHa azoea nAACMuHAa; GUXPOGi NYUKU,
RONAPUIAYIA; NOWUPEHHS BUNPOMIHIOBAHHS





