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This research study employs a Lie algebraic framework to investigate the second and third overtone vibrational frequencies and their
combination bands in cyclobutane-d8 (C4Ds). The application of this framework ensures the preservation of the point symmetry group
Dad, characterized by the symmetry species Ai, Az, B, Bz, and E. The analysis encompasses 23 normal vibrational modes within the
molecular structure of cyclobutane-d8. Our study extensively explores the vibrational spectra, elucidating the intricate interactions
among these vibrational modes. Preserving molecular symmetry allows for a deeper understanding of vibrational interactions, offering
valuable insights into spectroscopy. The research enhances the comprehension of molecular structure and its applications in various
fields, providing a detailed view of higher energy levels and complex vibrational transitions in cyclobutane-dS.
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1. INTRODUCTION

The vibrational frequencies of molecules represent the specific frequencies at which atoms within a molecule vibrate,
with atoms connected by chemical bonds acting like springs, allowing oscillation. Each vibrational mode corresponds to
a unique oscillation frequency, offering valuable insights into molecular structure, bonding, and dynamic behavior.
Experimental techniques such as infrared and Raman spectroscopy are commonly utilized to determine these frequencies
associated with bond stretching and bending, influenced by factors like bond strength, atomic mass, and molecular
symmetry. Understanding vibrational frequencies is pivotal in diverse scientific fields, including chemistry, physics, and
biology, contributing to molecular spectroscopy, quantum chemistry, and molecular dynamics investigations. Various
theoretical approaches are employed to determine vibrational frequencies, each with distinct principles. The harmonic
oscillator model, as the simplest, assumes molecular vibrations as harmonic oscillators, approximating the potential
energy surface near equilibrium and calculating frequencies as multiples of the harmonic oscillator frequency.
Anharmonic methods extend beyond this model, considering deviations and utilizing quantum chemistry methods like
vibrational configuration interaction and vibrational coupled cluster to include anharmonic effects [1-4]. Density
functional theory approximates electronic structure based on electron density [5-7]. Ab initio methods, including Hartree-
Fock theory and post-Hartree-Fock methods, offer accurate electronic structure information but demand computational
intensity. Semi-empirical methods balance accuracy and computational efficiency, and force field methods use empirical
potential energy functions parameterized for molecular dynamics simulations. Coupled mode approaches consider
vibrational excitations as coupled modes, while group theory and symmetry considerations exploit molecular
symmetry [8-13]. Each method involves trade-offs between computational efficiency and accuracy, emphasizing
consideration of the specific molecule under study. Combining methods and validating against experimental data
enhances overall reliability.

Introducing the symmetry-adapted Lie algebraic method for polyatomic molecules seeks to improve outcomes and
address limitations found in traditional theoretical approaches [14, 15]. This innovative method strives to overcome
constraints by modifying and integrating existing theoretical frameworks with the foundational principles of Lie algebras.
Built upon Lie algebra principles, this method emerges as a potent theoretical approach within quantum chemistry.
Particularly effective for symmetric molecules, it streamlines the analysis of vibrational motion by systematically
simplifying vibrational degrees of freedom [16-20]. Its utility extends to both quantum chemistry and spectroscopy,
offering valuable insights into vibrational modes and significantly contributing to interpreting experimental spectra.
This research study emphasizes the analysis of second and third overtone vibrational frequencies and their combination
bands in cyclobutane-d8 of point group D, with the symmetry species Ai, A, Bi, By, E. The investigation uses the
symmetry-adapted Lie algebraic method and is motivated by various factors with potential implications for practical uses.
Studying these higher energy levels yields an intricate understanding of molecular oscillations, particularly in response
to changes in molecular environments. The practical significance of this research spans various fields, such as
spectroscopy, material and chemical engineering, environmental monitoring, and isotopic studies. It not only contributes
to theoretical knowledge but also leads to practical advancements in these areas.
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2. SYMMETRY-ADAPTED LIE ALGEBRAIC METHOD

The vibrational Hamiltonian (H), formulated within the framework of the Lie algebraic method, is expressed in
terms of Casimir and Majorana operators, establishing a systematic foundation for analysing vibrational modes [15].
In this framework, the construction of the Hamiltonian is centred around operators that commute with it, forming a Lie
algebra and ensuring compatibility with molecular symmetry, thereby systematically addressing vibrational degrees
of freedom. Casimir operators, acting as invariants within the Lie algebra, are pivotal in identifying constants of motion
within the vibrational system. These operators play a crucial role in systematically simplifying the vibrational
Hamiltonian, significantly enhancing computational efficiency, particularly in studying symmetric molecules. Majorana
operators, intricately connected to coupling schemes involving Lie algebras of interacting one-dimensional Morse
oscillators, are instrumental in the diagonalization process of the vibrational Hamiltonian [16, 18]. The relationships
between Majorana operators and the Lie algebraic framework aid in simplifying and diagonalizing the Hamiltonian,
facilitating a more accessible analysis of vibrational modes. Expressed in terms of Casimir and Majorana operators, the
vibrational Hamiltonian ensures a systematic treatment of vibrational degrees of freedom. It provides valuable insights
into the symmetries and dynamics governing molecular vibrations. This approach contributes to a profound understanding
of molecular structure and enhances the interpretability of experimental spectra, such as those obtained through techniques
like infrared and Raman spectroscopy. Incorporating Casimir and Majorana operators in the vibrational Hamiltonian
associated with the Lie algebraic method represents a powerful and efficient approach to studying molecular vibrations
within the quantum mechanical framework [14, 17].

The vibrational Hamiltonians governing the C-D and C-C stretching vibrations in Cyclobutene-d8, used to calculate
the vibrational frequencies, are represented as follows [21]:

HE™P = B + SPSP AL G+ TIER AL Gy + i (Kl + kY + K + k) 2iMy; )
HEC = Ey" + XI5 AY €+ XI5 A Cy + X5 + 1) A My, )

with symmetry adapted neighbor couplings coefficients as

Kl = {1. i,)) = (1,2),(2,3),(3,4), (4,5),(5,6),(6,7),(7,8),(1,8)
Y 0, otherwise

K2 = {1, @) = (1,3),(24),(3,5), (4,6),(5,7),(6,8),(1,7),(2,8)
Y 0, otherwise

P {1. @@, = (1,4),(2,5),(3,6),(4,7),(5,8),(1,6),(2,7),(3,8)
Y 0, otherwise

k4- — {1; (l’]) = (1l5)l (216)1 (3,6), (3r7)’ (4I8)
Y 0, otherwise

ll — {1: (llj) = (112)r (213)1 (3!4)! (1!4)
Y 0, otherwise

H 0, otherwise

In this context, A;,4;;,4;; denote the algebraic parameters, while C; and C;; represent the Casimir (invariant)
operators associated with the respective Lie algebras. Majorana (invariant) operators M;; are intricately connected
to coupling schemes incorporating Lie algebras of n interacting one-dimensional Morse oscillators. Utilizing
spectroscopic data facilitates the determination of algebraic parameters, and the following expressions are applied
to compute the algebraic operators:

(C;) = —4(Nw; — vf) 3)
(N,:,Ui; IV]', vj|Cij|Ni’ %N 1\]]',17]') = 4(U,: + Uj)(vi + Vj - Ni - IV]) (4)
(Ni' vi;lvj'vj|Mij|Ni'vi; 1Vj,17j> = 171'1\[]' + VjNi - 2171:17]'
<Nit Vi + 1;1\’]',1]]' - 1|MU|N1' Ui;IV]',‘Vj) = —[vj(vi + 1)(Nl - 'Ul')(IVj - ‘l]j + 1]1/2 (5)
<Nl"vi - 1,1\]],17] + 1|Ml]|Nl' Ui;IVj,V]') = —[Vl'(Vj + 1)(1\[] - U])(Nl —V; + 1]1/2

The following relationship provides the dimensionless vibronic number ¥, corresponding to the maximum bound
states for each vibrating bond species within the Morse potential. The equation is expressed as follows:
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N = Tore 1. 6)

Here, w, and w, ), represent the spectroscopic constants for the specific bonds and these constants are determined based
on experimental data from diatomic molecules [22, 23]. The vibrational quantum numbers are denoted by v; and v; of the
different bonds i and j respectively.

The initial estimates for A; are derived from the energy expression for the single-oscillator fundamental mode:

E(v=1)=—44;(N - 1). @)
Similarly, the initial approximations for A;; are determined through the following relations:
o _ |Es=Eas| i _ |Es'-Eds
Aij == Ay = ®

Here, E and E/,; represent the symmetric and asymmetric energies for the C-D stretching vibrations, while E§" and E[
denote the corresponding energies for the C-C stretching vibrations. The optimization of parameter values is achieved
through a least-square regression fitting process, commencing with the initial estimates provided by equations (7) and (8).
In this iterative procedure, the initial guesses for 4;; are set to zero.

3. RESULTS AND DISCUSSIONS
Within the Lie algebraic framework, Table 1 shows the optimized values for the algebraic parameters and vibron numbers
that are part of the vibrational Hamiltonian. According to the reference [21], these specific parameters were used.

Table 1. Optimized parameters

Parameters Value

N'(C-D stretching), N''(C-C stretching) 60, 136

A;'(C-D stretching), A;"'(C-C stretching) -9.2076, -1.2807
Ayj' (C-D stretching), A;"' (C-C stretching) 1.0112, 0.1542
Aij'(C-D stretching), A;;"' (C-C stretching) 0.3277, 0.8848
N (bending) 36

Ai (bending) -6.4142

Ajj (bending) 0.4952

Aij (bending) 1.3449

The presented table (Table 2) showcases the calculated second and third overtone vibrational frequencies, along
with their combination bands, for various vibrational modes of C4Ds (cyclobutane-d8) in wave numbers (cm™), utilizing
the Lie algebraic method. A thorough study of the molecular vibrations and their interactions in cyclobutane-d8 provides
significant insights into its vibrational spectroscopy. By identifying vibrational modes according to their symmetry
species (A1, Az, Bi, By, and E), one can identify essential modes such as symmetric stretching (s-str), asymmetric
stretching (a-str), scissoring (scis), rocking (rock), wagging (wag), twisting (twist), and ring deformation (ring deform).
The vibrational modes vi7 (CD; a-str), vis5 (CD> a-str) and v, (CD; a-str) indicate higher frequencies, indicating strong
molecular vibrations. Including combination bands, such as v4 + vi7 and vis + vy, introduces higher frequencies that play
a crucial role in the complex vibrational transitions of the molecule. The derived frequencies, which are essential for
interpreting experimental spectra acquired via infrared and Raman spectroscopy, highlight the practical utility of this
research. The identified combination bands significantly contribute to interpreting experimental spectra, enhancing our
comprehension of the molecule's vibrational characteristics. Including second and third harmonic frequencies yields
valuable information about higher energy levels, enabling a thorough comprehension of the vibrational structure of
cyclobutane-d8.

Table 2. Vibrational frequencies of C4Ds (cm™")

Vibrational mode Symmetry species 11 overtone I1I overtone
v1 (CDz s-str) Al 5835 8087
v2 (CD:z scis) Al 2967 4132
v3 (CDz scis) Al 2188 3304
v4 (CD2 a-str) Al 6014 8328
vs (CDz rock) Al 1532 2360
vs (ring puck) Al 420 512
v7 (CD2 wag) Az 2791 3625
vs (CD2 twist) Az 2497 3230
vo (CD2 wag) B1 2910 4121
vio (Ring deform) Bi1 1865 2647
v11 (CDz twist) B 2205 3346
v12 (CDz s-str) B2 5879 8223
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Vibrational mode Symmetry species I1 overtone I1I overtone
v13 (CDz scis) B2 2724 3867
vi4 (Ring deform) B2 2597 3529
v15 (CDy a-str) B2 6315 8614
vi6 (CD2 rock) B2 1215 1786
v17 (CD; a-str) E 6533 8540
vis (CDz twist) E 2671 3644
v19 (CDz rock) E 1415 2120
v20 (CD2 s-str) E 5845 8106
va1 (CDz scis) E 3063 4184
v22 (CD2 wag) E 2750 3798
v23(Ring deform) E 1789 2513
Vit vi2 11716 16312
Vit V20 11682 16195
vizt vao 11726 16331
V4t Vis 12331 16744
vat vi7 12549 16870
vist vi7 12850 17156

4. CONCLUSION

The second and third overtone vibrational frequencies and combination bands in cyclobutane-d§8 have been
investigated using the symmetry-adapted Lie algebraic method in this study. Our study has highlighted the complex
interactions among 23 normal vibrational modes while preserving the D»q point symmetry group. Utilizing Casimir and
Majorana operators, the Lie algebraic framework has accelerated computations while fostering a profound understanding
of the dynamics of molecular vibrations. A thorough comprehension of the molecular structure of Cyclobutene-d8 has
been attained by evaluating the vibrational Hamiltonians for C-D and C-C stretching vibrations with Casimir and
Majorana operators. Our representation was enhanced, and our understanding of molecular dynamics was improved by
including symmetry-adapted neighbor coupling coefficients. The presentation of calculated second and third overtone
vibrational frequencies and significant combination bands simplifies understanding of experimental spectra from various
fields. The research holds practical implications, as evidenced by our results. The robust theoretical approach known as
the symmetry-adapted Lie algebraic method excels in studying symmetric molecules by systematically simplifying
vibrational degrees of freedom. Its value extends beyond improving computational efficiency and provides invaluable
information about how molecular structures function.
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JOCJIKEHHS BUIIUX OBEPTOHIB KOJIMBAJIBHUX YACTOT HUKJIIOBYTAHY-D8
3 BUKOPUCTAHHSM AJITEBPU JII
A. I'ananari Pao?, K. Jlaanba®®, Jlx. Bixxkaiiscexap®
4/lenapmamenm ghynoamenmanvrux ma cymanimapnux nayx, Texnonoziunuil incmumym GMR, Paoocam, Inois
b Darynomem mamemamuxu scinouozo xonedaucy Ce. @panyucka, bezymnem, Iaiidapabad, Inodis
¢ llenapmamenm mamemamuxu, GITAM (ssascacmuvca ynigepcumemon), Xavioapabao, Inois

VY 1poMy DOCIITHHAIIEKOMY JOCIIKEHHI BUKOPUCTOBY€EThCS anredpaiuna cTpykrypa JIi Iuist ToCiikeHHsI 9acTOT KOJIUBAaHb APYToro
Ta TPETHOT0 0OEPTOHIB Ta IXHIX KOMOIHOBaHUX cMyYT y IuKI00yTani-d8 (C4Ds). 3acTocyBaHHS LFOTO KapKacy 3a0e3reuye 30epeKeHHS
TOYKOBOI IPyIH cUMETPii Da2d, 1110 XapaKTepU3yEThCs BUAaMU cCUMETpil A1, A2, B1, B2Ta E. AHani3 oxoruttoe 23 HOpMalibHI KOJTHBaJIbHI
MOJI B MOJICKYJISIpHi# CTpykTypi 1ukioOytany-d8. Hame mocmimkeHHsS MIMPOKO AOCIIMIKYE BiOpaiiiiHi CHEKTPH, 3’SICOBYIOUYH
CKJIQIHY B3a€EMO/II0 MiXK IIMMH BiOpauitHuMK MoJaMu. 30epe)KeHHsI MOJICKYIIIPHOT CUMETPii 103BOJIsIE TIHOLIIE 3p03yMiTH BiOpaliiiHi
B3a€MO/Ii1, IPONOHYIOYH HiHHY iH(GOPMALi0 PO CIEKTPOCKOMito. J{oCiHKeHHs MOKPAILy€e PO3yMiHHs MOJICKYJSIPHOT CTPYKTYPH Ta
11 3aCTOCYBaHHS B Pi3HUX 00JIACTSIX, 3a0€3MEeUyI0UX JeTANbHE YSBICHH PO BHILI €HEPreTHYHI PiBHI Ta CKJIJHI KOJIMBAIBHI IEPEXOAH
B muKiIo0yTani-ds.

Kurouosi cnoBa: onepamop I'aminomona; aneebpa Jli; korusanvui cnexmpu; ocyunsmop Mop3ze; yuxrobyman-d§



