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In this paper, we have presented our investigation on the characteristic of nonlinear dust acoustic waves (DAWs) propagating in an 
inhomogeneous collisionless magnetized dusty plasma (MDP). In this problem, we have considered a collisionless plasma consisting 
of nonthermal ions, non-extensive electrons and negatively charged dust grains. Using the reductive perturbation theory (RPT) we 
have derived the modified Zakharov-Kuznetsov (m-ZK) equation. The solution of m-ZK equation indicates the nonlinear characteristics 
of the DASWs in plasma. Our investigation also predicts how the amplitudes of nonlinear DASWs are significantly modified due to the 
influence of magnetic field, non-extensive electrons and inhomogeneity parameters in plasma. The results obtained in this investigation 
may be useful for understanding the propagation characteristics and modification of structures of nonlinear waves in both laboratory 
and astrophysical plasmas.  
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I. INTRODUCTION
Solitary waves or solitons are nonlinear wave packets which maintain their shapes during their propagation at a 

particular speed. Solitons occur due to the mutual cancellation of the nonlinear effects and dispersive effects in the 
medium. Washimi and Taniuti [1] derived the Korteweg de-Vries (KdV) equation to describe the ion-acoustic 
solitons (IAS). Nishikawa and Kaw [2] discussed the propagation of ion-acoustic solitons in an inhomogeneous plasma. 
Theoretically, Kuehl [3] discussed the propagation and reflection of ion-acoustic solitons in an inhomogeneous plasma. 
He has observed the variations in the soliton amplitudes of incident and reflected solitons. Nejoh [4] investigated the 
effects of ion temperature on the characteristics of soliton propagation in a relativistic plasma. A few plasma physics 
researchers studied the properties and characteristics of solitary waves propagating in the presence of various physical 
situations such as negative ions [5,6] and dust grains [7] in the plasma and solitary wave excitation in nonequilibrium 
plasmas [30-33]. Kakad et al. [8] provided an experimental study on the validity of fluid theory and chain formation of 
nonlinear wave propagation in a collisional magnetized plasma. Later, using Kundu-nonlinear Schrödinger equation 
(Kundu-NLS) Shi et al. [9] discussed the dynamics of nonlinear nonlocal solitary wave solutions propagating in an 
inhomogeneous plasma. Rani and Yadav [10] studied the characteristics of electron acoustic-solitary waves (EASWs) 
propagating in a dense magnetized collisional plasma in the presence of degenerate quantum electrons. Recently, Dehingia 
and Deka [11] have discussed the variations of IAS structures propagating in an inhomogeneous plasma in the presence 
of hot isothermal electrons. They have observed that at a certain point the structure of IAS gets deformed due to the 
presence plasma inhomogeneity during their propagation through the system.  

Dusty plasma (DP) is a very important research field in plasma physics. DP consists of ions, electrons, and charged 
dust particles. When the dust particles are included in the plasma, the system indicates some complex behaviours in the 
system. Thus, DP is also termed as the multicomponent plasma or complex plasma. These DPs are observed in planetary 
magnetospheres, cometary environments, planetary ring, and nebulas etc. [12]. The study of dusty plasma helps us to 
understand the astrophysical phenomena, the geophysical theories, and importance of space missions etc. Goertz [13] 
worked on the fundamental properties of dusty plasma in an astrophysical environment. Many researchers studied the 
basic properties of dust ion-acoustic waves (DIAWs) [14] and dust-acoustic waves (DAWs) [15] propagating in an 
inhomogeneous plasma. Shukla and Mamun [16] introduced basic structures, properties and propagation of DAWs, 
DIAWs, dust-cyclotron waves (DCWs) and dust lattice waves (DLWs) etc. in inhomogeneous plasmas. Using the kinetic 
theory Baluku and Hellberg [17] provided a brief description on the propagation of DIAWs in the presence of 𝑘 − 
distributed electrons and negatively charged dust grains in the plasma. Alinejad, and Khorrami [18] studied on the 
structures of DAWs propagation in the presence of trapped ions and polarized Debye sheath in a strongly coupled 
inhomogeneous plasma. Atteya, Sultana, and Schlickeiser [19] investigated the effect of superthermal electrons, positive 
ions as well as negative ions in the propagation of DIAWs in an inhomogeneous magnetized plasma. Akhtar et al. [20] 
discussed the dynamics of DAWs and DCWs during their propagation in the magnetized plasma. Rehman, Mahmood, and 
Hussain [21] studied the behaviour of nonlinear magneto-acoustic waves (MAWs) in the presence of warm, collisionless 
pair-ion (PI) fullerene plasma. In their analysis, they concluded that due to the presence of ion inertial length in the plasma, 
the effects of wave dispersion are observed in PI plasma. In the study of plasma physics, linear theory is used to study the 
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small amplitude waves without considering the nonlinearities in the plasma. But in the case of large amplitude waves, 
nonlinearities cannot be ignored. In the plasma studies, nonlinearities play an important role in the nature, properties and 
characteristics of the dusty wave phenomena. In experimental and theoretical studies, we observe various nonlinear dusty 
wave structures such as shock waves, rouge waves, solitons, supersolitons etc. Atteya et al. [22] studied the propagation 
of nonlinear DAWs in an inhomogeneous quantum plasma in the presence of magnetic field. They have observed that the 
low-frequency longitudinal waves have the potential to trap electrons which obtained from the high-intensity magnetic 
fields during the modulation of plasma species. Using the Pseudopotential method Pakzad and Nobahar [23] discussed 
the important properties of DIASWs propagating in an inhomogeneous unmagnetized plasma in the presence of 
superthermal electrons, inertial ions, and stationary dust grain particles. They have also analysed the modification of 
nonlinear wave structures of DIAS propagating in an inhomogeneous plasma in the presence of the critical parametric 
values of superthermal electrons and electron-ion density ratio. Dehingia and Deka [24-27] studied the various properties 
of DAWs, modification in DASW structures, effect of dust particles in soliton propagation and propagation of nonlinear 
waves in the presence of negatively charged dust grains with charge fluctuations in inhomogeneous plasma. There are 
still many scopes to study on the propagation characteristics of nonlinear wave structures in inhomogeneous plasma 
depending on the various astrophysical conditions. In this problem, we consider a collisionless magnetized plasma 
consisting of cold ions, non-extensive electrons and negatively charged dust grains. In this investigation, we have 
discussed the characteristics of nonlinear DASWs propagating in an inhomogeneous collisionless magnetized plasma in 
the presence of nonthermal ions with non-extensive electrons and negatively charged dust grains.  
 

II. GOVERNING EQUATIONS 
In this article, we have studied the characteristics of nonlinear DASWs propagation in the presence of negatively 

charged mobile dust grains, 𝑞 − distributed non-extensive electrons of temperatures 𝑇௘ଵ and 𝑇௘ଶ, and nonthermal ions 
with finite temperature 𝑇௜, where 𝑇௜ ≪ 𝑇௘ଵ ≪ 𝑇௘ଶ in an inhomogeneous magnetized plasma. These temperatures are 
expressed in the units of energy. The set of governing equations for nonthermal ions, non-extensive electrons and 
negatively charged dust grains in a dusty plasma system are given by [25-29] 

 డ௡ሬ⃗ ೏డ௧ + ∇ሬሬ⃗ . ሺ𝑛ௗ𝑢ሬ⃗ ௗሻ = 0 (1) 

 డ௨ሬሬ⃗ ೏డ௧ + ൫𝑢ሬ⃗ ௗ .∇ሬሬ⃗ ൯𝑢ሬ⃗ ௗ + ∇ሬሬ⃗  ϕ + αሺ𝑢ሬ⃗ ௗ × 𝑧̂ሻ = 0 (2) 

 ∇ሬሬ⃗ ଶϕ = 𝑛ௗ + 𝜇ଵሾ1 + ሺ𝑞ଵ − 1ሻሿ ሺ೜భశభሻమሺ೜భషభሻ + 𝜇ଶ[1 + (𝑞ଶ − 1)] (೜మశభ)మ(೜మషభ) − 𝜇௜[1 + (𝛽𝜙 + 𝛽𝜙ଶ + ⋯ )𝑒ିథ] (೜మశభ)మ(೜మషభ) (3) 

 𝑛௜ = 𝑛௜଴ ൤1 + 𝛽 ቀ௘ம்೔ ቁ + 𝛽 ቀ௘ம்೔ ቁଶ൨ 𝑒ି൬೐ದ೅೔൰ (4) 

 𝑛௘ଵ = 𝑛௘ଵ଴ ቂ1 + (𝑞ଵ − 1) ቀ௘ம்೔ ቁቃ (೜భశభ)మ(೜భషభ) (5) 

 𝑛௘ଶ = 𝑛௘ଶ଴ ቂ1 + (𝑞ଶ − 1) ቀ௘ம்೔ ቁቃ (೜మశభ)మ(೜మషభ) (6) 

Now, for equilibrium condition, the charge neutrality equation is given by  𝑛௜଴ = 𝑛௘ଵ଴ + 𝑛௘ଶ଴ + 𝑍ௗ𝑛ௗ଴ where we 
consider 𝑛௘ଵ଴,  𝑛௘ଶ଴  and  𝑛௜଴ are taken as number densities of low temperature and high temperature electrons and ion 
number density respectively in the plasma. In the above equations,  𝑍ௗ is dust charge number, 𝑛ௗ is the density of dust 
grains, and 𝑞ଵ and 𝑞ଶ are the strengths of non-extensivity of two types electrons with temperatures 𝑇௘ଵ and 𝑇௘ଶ respectively 
in the plasma. In this mathematical model, 𝑢ሬ⃗ ௗ reparents the dust fluid velocity of the dust grain particles normalized by 𝐶ௗ = ට௓೏்೔௠೏ , 𝑚ௗ is the mass of dust grains, ϕሬሬ⃗  is the electrostatic potential which is normalized by ்೔௘ , time 𝑡 is also 

normalized by 𝜔௣ௗିଵ = ට ௠೏ସగ௡೏బ௓೏మ௘మ and the space variable 𝑥 is normalized by 𝜆஽௠ = ට ்೔ସగ௡೏బ௓೏௘మ. We have also considered 

the nonthermal parameters are β = ସఊ(ଵାଷఊ),  where 𝛾 is the parameter which determines the density population of 

nonthermal ions in the plasma. The values of the parameters β and 𝛾 are taken to be 0 ≤ β ≤ ସଷ  and 𝛾 ≥ 0. In the above 
equations, we have also considered some set of dimensionless quantities such as 𝜇௜ = ௡೔బ௓೏௡೏బ,  𝜇ଵ = ௡೐భబ௓೏௡೏బ,  𝜇ଶ = ௡೐మబ௓೏௡೏బ, 𝛼 = ఠ೎೏ఠ೛೏, 𝜎ଵ = ்೔೐்భ, and 𝜎ଶ = ்೔೐்మ etc.  

 
III.  DERIVATION OF MODIFIED ZK-EQUATION 

To study the propagation of nonlinear DASWs and their characteristics for small amplitude waves, we use the RPT 
to derive the m-ZK equation for the plasma system. The solutions of m-ZK equation show the propagation characteristics 
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of the nonlinear DASWs in the plasma. To use the RPT, we use a set of appropriate stretched coordinates [1, 24-27] for 
the weakly inhomogeneous plasma is as follows: 

 𝑋 = 𝜀భమ𝑥,𝑌 = 𝜀భమ𝑦,𝑍 = 𝜀భమ(𝑧 − 𝑉𝑡), 𝜏 = 𝜀యమ𝑡 (7) 

where the phase velocity 𝑉 is normalized by 𝐶ௗ, and the smallness parameter 𝜀 measures the strength of the dispersion. 
Here, all the axes 𝑋,𝑌, and 𝑍 are normalized by Debye length (𝜆௠), and 𝜏 is normalized by ion plasma period ൬ ଵఠ೛೏൰ 

respectively.  
To apply the RPT, we use expanded dependent variables  𝑢ௗ௫,𝑢ௗ௬,𝑢ௗ௭,𝑛ௗ and 𝜙 along with their perturbed values 

and in terms of 𝜀 is as follows [26]:      

 ⎣⎢⎢⎢
⎡ 𝑛ௗ𝑢ௗ௫𝑢ௗ௬𝑢ௗ௭𝜙 ⎦⎥⎥⎥

⎤ = ⎣⎢⎢⎢
⎡10000⎦⎥⎥
⎥⎤ + 𝜀 ⎣⎢⎢

⎢⎡ 𝑛ௗଵ00𝑢ௗ௭ଵ𝜙ଵ ⎦⎥⎥
⎥⎤ + 𝜀యమ ⎣⎢⎢

⎢⎡ 0𝑢ௗ௫ଵ𝑢ௗ௬ଵ00 ⎦⎥⎥
⎥⎤ + 𝜀ଶ ⎣⎢⎢⎢

⎡ 𝑛ௗଶ𝑢ௗ௫ଶ𝑢ௗ௬𝑢ௗ௭ଶ𝜙ଶ ⎦⎥⎥
⎥⎤ + ⋯ (8) 

Now, using Eqs. (7) and (8) into Eqs. (1) − (6), we obtain the 1st order quantities for 𝑧 − component of momentum and 
Poisson’s equations are as follows: 

 𝑛ௗଵ = −థభ௏మ  ,𝑢ௗ௭ଵ = −థభ௏ , (9) 

 𝑉 = ଵටఓ೔(ଵିఉ)ାഋభ഑భమ (௤భାଵ)ାഋమ഑మమ (௤మାଵ) , (10) 

The above Eq. (10) indicates the phase velocity of the DASWs under the influence of non-extensive electrons, nonthermal 
ions and negatively charged dust grains propagating in an inhomogeneous MDP. 

Similarly, we obtain 1st order 𝑥 and 𝑦 components for the momentum equation are as follows: 

 𝑢ௗ௫ଵ = − ଵఈ డథభడ௒ , (11) 

 𝑢ௗ௬ଵ = ଵఈ డథభడ௑ . (12) 

The above Eqs. (11) and (12) represents the velocities of DASWs in 𝑥 and 𝑦 components in the plasma. These two 
equations also satisfy the 2nd order continuity equation for DASWs in the plasma. Again, using Eqs. (7) and (8) in 
Eqs. (1) − (6) and eliminating the 1st order terms of 𝑥 and 𝑦 components in momentum and Poisson’s equation, we get 
the 2nd order terms are as follows:  

 𝑢ௗ௫ଶ = − ௏ఈమ డమథభడ௓డ௑, (13) 

 𝑢ௗ௬ଶ = − ௏ఈమ డమథభడ௓డ௒, (14) 

 డమథభడ௑మ + డమథభడ௒మ + డమథభడ௓మ = 𝜇ଵ𝑀 + 𝜇ଶ𝑁 − 𝜇௜𝑃 + 𝑛ௗଶ, (15) 
where,  

 𝑀 = (𝑞ଶ + 1) ቄఙమథమଶ + (ଷି௤మ)ఙమమథభమ଼ ቅ, (16) 

 𝑁 = (𝑞ଶ + 1) ቄఙమథమଶ + (ଷି௤మ)ఙమమథభమ ଶ ቅ, (17) 

 𝑃 = (𝛽 − 1)𝜙ଶ  + థభమ ଶ . (18) 

The above Eqs. (13) − (15) represents the 𝑥 and 𝑦 components of the dust polarization drift. Now, proceeding the same 
way we will obtain the higher order terms of continuity equation and 𝑧 − components from momentum equations.  Now, 
eliminating the higher order terms 𝑛ௗଶ, 𝑢ௗ௬ଶ, and 𝜙ଶ finally we obtain the equation is as follows:  

 డథభడఛ + 𝐸𝐹𝜙ଵ డథభడ௓ + ଵଶ 𝐸 డడ௓ ቂ డమడ௓మ + 𝐺 ቀ డమడ௑మ + డమడ௒మቁቃ𝜙ଵ = 0, (19) 

where,  

 𝐸 = 𝑉ଷ, (20) 
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 𝐹 = ଵଶ ൤𝜇௜ − ଵସ ൜ 𝜇ଵ𝜎ଵଶ(𝑞ଵ + 1)(3 − 𝑞ଵ)         +𝜇ଶ𝜎ଶଶ(𝑞ଶ + 1)(3 − 𝑞ଶ)ൠ − ଷ௏ర൨, (21) 

 𝐺 = 1 + ଵఈమ . (22) 

The above equation (19) represents the 𝑚 − 𝑍𝐾 equation which describes the oblique propagation of DASWs in the 
presence of non-extensive electrons having two distinct temperatures in the MDP. 

 
IV. SOLUTION OF m-ZK EQUATION 

To study the characteristics of nonlinear DASWs propagating in an inhomogeneous plasma, we have considered the 
plasma with an effect of magnetic field at an angle 𝛿 with Z-axis. Considering the Y-axis fixed, the coordinate axes are 
assumed to be rotated at an angle 𝛿 which is significantly modified under the influence of magnetic field, non-extensive 
electrons and inhomogeneity parameters in the plasmas. Thus, we use a set of transformation equations for the 
independent variables is as follows:  

 𝜌 = 𝑋𝑐𝑜𝑠𝛿 − 𝑍𝑠𝑖𝑛𝛿,     𝜏 = 𝑡,𝜉 = 𝑋𝑠𝑖𝑛𝛿 + 𝑍𝑐𝑜𝑠𝛿,     𝜂 = 𝑌,   ൠ. (23) 

Using the above transformation equations [1], [26], [27], we rewrite the above 𝑚 − 𝑍𝐾 Eq. (19) is as follows: 

 డథభడఛ + 𝛿ଵ𝜙ଵ డథభడక + 𝛿ଶ డయథభడకయ + 𝛿ଷ𝜙ଵ డథభడఘ + 𝛿ସ డయథభడఘయ + 𝛿ହ డయథభడకమడఘ + 𝛿଺ డయథభడఘమడక + 𝛿଻ డయథభడకడఎమ + 𝛿଼ డయథభడఘడఎమ = 0, (24) 

where 

 

𝛿ଵ = 𝐸𝐹𝑐𝑜𝑠𝛿                                                                        𝛿ଶ = ଵଶ 𝐸(𝑐𝑜𝑠ଷ𝛿 + 𝐺𝑠𝑖𝑛ଶ𝛿𝑐𝑜𝑠𝛿)                                     𝛿ଷ = −𝐸𝐹𝑠𝑖𝑛𝛿                                                                     𝛿ସ = −ଵଶ𝐸(𝑠𝑖𝑛ଷ𝛿 + 𝐺𝑠𝑖𝑛𝛿𝑐𝑜𝑠ଶ𝛿)                                  𝛿ହ = 𝐸 ቄ𝐺 ቀ𝑠𝑖𝑛𝛿𝑐𝑜𝑠ଶ𝛿 − ଵଶ 𝑠𝑖𝑛ଷ𝛿ቁ − ଷଶ 𝑠𝑖𝑛𝛿𝑐𝑜𝑠ଶ𝛿ቅ   𝛿଺ = −𝐸 ቄ𝐺 ቀ𝑠𝑖𝑛ଶ𝛿𝑐𝑜𝑠𝛿 − ଵଶ 𝑐𝑜𝑠ଷ𝛿ቁ − ଷଶ 𝑠𝑖𝑛ଶ𝛿𝑐𝑜𝑠𝛿ቅ𝛿଻ = ଵଶ 𝐸𝐺𝑐𝑜𝑠𝛿                                                                     𝛿଼ = −ଵଶ𝐸𝐺𝑠𝑖𝑛𝛿                                                                 
 
⎭⎪⎪
⎪⎪⎬
⎪⎪⎪
⎪⎫

, (25) 

Now, using the transformation equation [27], the steady state solution for 𝑚− 𝑍𝐾 equation is given by    

 𝜙ଵ = 𝜙଴(𝐻), (26) 

where 𝐻 = 𝜉 − 𝑉଴𝑡 and 𝑉଴ represents the constant speed normalized by 𝐶ௗ. Using the above transformation equation, the 
above 𝑚− 𝑍𝐾 equation can be rewritten in steady state form is as follows:  

 −𝑉଴ ௗథబௗு + 𝛿ଵ𝜙଴ ௗథబௗு + 𝛿ଶ ௗయథబௗுయ = 0. (27) 

Now, using appropriate boundary conditions, i.e., 𝜙ଵ → 0, ௗథభௗு → 0, ௗమథభௗுమ → 0 as 𝐻 → ±∞. Then solitary wave solution 
of Eq. (27) is given by  

 𝜙଴(𝐻) = 𝜙௠𝑠𝑒𝑐ℎଶ(𝑊𝐻), (28) 

where 𝜙௠ = ଷ௏బఋభ   and 𝑊 = ට ௏బସఋభ represents the amplitude and inverse width of the solitary wave solutions respectively. 

Since 𝑉଴ > 0, so it is clear from the Eqs. (19), (21) and (24) that based on the sign of 𝐹, the solitary waves or solitons 
will only be associated with negative potential (𝜙௠ < 0) of the wave propagation in the plasma.  

In the above derivations, we have observed that the Eq. (27) is the one-dimensional steady state form of 𝑚 −𝐾𝑑𝑉 
equation. The steady state solution of 𝑚− 𝑍𝐾 Eq. (27) and standard 𝑚 −𝐾𝑑𝑉 equation both gives the same results in 
one-dimensional steady state cases. To obtain the localized solitary wave solution, we use appropriate boundary 
conditions and transformation equations [27] to solve the Eq. (27). In this problem, we have considered the steady state 
solution of  𝑚 − 𝑍𝐾 Eq. (19) in one-dimensional cases where all 𝛿′s → 0 provided 𝛿ଵ and 𝛿ଶ. Thus, 𝛿ଵ and 𝛿ଶ will occur 
in our wave solutions obtained in our above derivations. 
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V. RESULTS AND DISCUSSIONS 
Using the above results and derivations, we have plotted some figures to describe the propagation and characteristics 

of nonlinear DASWs propagating in an inhomogeneous MDP consisting of nonthermal ions, non-extensive electron with 
different temperatures and negatively charged massive dust grains. In Fig. 1 and Fig. 2, we have plotted the graphs to 
show the variations of amplitudes of DASWs w.r.t. 𝜎ଵ and 𝜎ଶ depending on the various parametric values of non-extensive 
parameters 𝑞ଵ and 𝑞ଶ respectively. Fig. 3 shows the variations of width (𝑊) of DASWs w.r.t. number density of relative 
electrons (𝜇ଵ) depending on the various parametric values of nonthermal parameter (𝛽). Depending on the various values 
of the magnetic parameter 𝛼, the variations of width (𝑊) of DASWs w.r.t. oblique parameter 𝛿 are also shown in Fig. 4. 
Finally, Fig. 5 describes the variations of phase velocities of DASWs w.r.t. the nonthermal parameter (𝛽) propagating in 
an inhomogeneous magnetized dusty plasma. In this problem, we have also investigated the effect of magnetic field on 
the propagation of MDP under the above considered plasma situations.  

 

  
Figure 1. Variation of soliton amplitude (𝜙௠) of DASWs with 𝜎ଵ for various values of 𝑞ଵ = 0.3,−0.3,−0.8 with 𝛿 = 35°, 𝑞ଶ = 1.5, 𝜎ଶ = 0.05, 𝜇ଵ = 0.3, 𝜇ଶ = 0.2,𝑈 = 0.2 and 𝛽 = 0.1 

Figure 2. Variation of soliton amplitude (𝜙௠) of DASWs with 𝜎ଵ for various values of 𝑞ଶ = 0.4,0.6, −0.8 with 𝑞ଵ =−0.8,𝜎ଵ = 0.3, 𝜎ଶ = 0.2,𝑈 = 0.2, 𝛽 = 0.1. 
To study the effects of magnetic field and propagation characteristics of DASWs propagating in an inhomogeneous 

plasma in the nonthermal ions, non-extensive electron with different temperatures and negatively charged massive dust 
grains, we have used RPT to derive and solve the 𝑚− 𝑍𝐾 equation for small amplitude waves by using the various 
dependent variables of perturbed number densities of ions, electrons and dust grains with dust velocities and electrostatic 
potentials in the plasma. From the above investigations, Fig. 1 indicate that the magnitudes of amplitudes of DASWs 
increases gradually with the increase in the temperature ratios (𝜎ଵ) and non-extensive parameter (𝑞ଵ).  

  
Figure 3. Variation of soliton width (𝑊) of DASWs with 𝜇ଵ 

for various values of 𝛽 = 0.2, 0.4,0.6 with 𝛿 = 35°, 𝑞ଵ =−0.8, 𝜇ଶ = 1.5, 𝜎ଵ = 0.3,𝑈 = 0.2 and magnetic field 
parameter 𝛼 = 0.1. 

Figure 4. Variation of soliton width (𝑊) of DASWs with 𝛿 for 
various values of 𝛼 = 0.2, 0.3, 0.4 with 𝑞ଵ = −0.8,𝜎ଶ =0.01, 𝛿 = 35°, 𝑈 = 0.2,𝜎ଵ = 0.3,𝑞ଶ = 1.5, 𝜇ଵ = 0.3, 𝜇ଶ =0.2,𝑈 = 0.2,𝛽 = 0.1. 

On the other hand, Fig.2 shows that the magnitudes of widths of DASWs decreases gradually with the increase in 
the temperature ratios (𝜎ଶ) and non-extensive parameter (𝑞ଶ). However, in Fig. 3, we have observed that the width of 
DASWs vary adversely with the increasing or decreasing values of number density of relative electrons (𝜇ଵ) depending 
on the various parametric values of nonthermal parameter (𝛽). The above figures also indicate that with the increase in 
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the number density of relative electrons (𝜇ଵ) and the values of nonthermal parameter (𝛽) for ions, increases the width of 
DASWs during their propagation through the plasma. This shows the importance of nonthermal ions which play an 
important role on stabilizing, forming and the propagation of DASWs in an inhomogeneous plasma with various physical 
situations e.g., nonthermal ions and non-extensive electrons present in the laboratory and astrophysical plasmas such as 
protostellar disk, circumstellar and interstellar clouds, cometary tails, Saturn’s rings, earth’s magnetospheres, solar winds 
and in asteroid zones etc. In Fig. 4, we have seen that the variations in the oblique parameter 𝛿 effects the width (𝑊) of 
DASWs which increases due to the presence of 𝛿 with lower angles in between 0°and 45°. On the other hand, the width (𝑊) of DASWs which decreases with higher angles of 𝛿 in between 45° and 90°. Also, when 𝛿 → 90°, the amplitude and 
width of the soliton tends to ∞ and 0 respectively. This concludes that the waves will not be considered as electrostatic 
anymore. In this investigation, we have considered the magnetic field parameter as 𝛼 = ఠ೎೏ఠ೛೏, where 𝜔௖ௗ and 𝜔௣ௗ are dust 

cyclotron frequency and dust plasma frequency respectively.  Fig. 4 also shows that while dust cyclotron frequency i.e., 𝛼 increases, the width (𝑊) of the soliton decreases in the plasma. 

Figure 5. Variation of phase velocity (𝑉) of DASWs with 𝛽 for various values of 𝑞ଵ = 𝑞ଶ = −0.9, 0.5, 1.5 with 𝛿 = 35°,  𝜇ଵ = 0.3, 𝜇ଶ = 0.2, 𝜎ଵ = 0.3,𝜎ଶ = 0.05. 

In the above derivations, we have also derived the dispersion relation and phase velocity in Eq. (10). However, in 
Fig. 4, it is also observed with the increase in the values of 𝛼, the amplitudes of the solitary wave structures become 
relatively spiky and so that the system become destabilized. On the other hand, the width (𝑊) of DASWs decreases with 
the increase in the value of external magnetic field parameter 𝛼. In Fig. 5, we have shown the effects of nonthermal ions 
and non-extensive electrons and the phase velocity of the DASWs propagating in an inhomogeneous MDP. In Fig. 5, we 
have also shown the increase of phase velocity of the DASWs slowly and steadily but later it increases rapidly with the 
increasing values of nonthermal parameter (𝛽) for ions in the plasma. When the parameters other than 𝛽 are considered 
to be constant, the phase velocity of the DASWs increases rapidly with the increase in critical value of 𝛽. The critical 
value of nonthermality parameter (𝛽) depends on the relatively non-extensive electrons present in the plasma. Also, when 
the electron non-extensivity increases, the nonthermality of ions increases in the modelled plasma which are shown in 
Fig. 5. From the above discussions, it is clear that the phase velocity of DASWs especially much depend on the 
nonthermality of ions. However, the phase velocity of DASWs less dependent on the non-extensivity of electrons present 
in the system. 

 
VI. CONCLUSION 

In this paper, we have studied the fundamental properties of DASWs propagating obliquely in an MDP consisting of 
nonthermal ions, non-extensive with distinct two temperature electrons and negatively charged dust grains. In this 
problem, we have also discussed the fundamental characteristics of the DASWs propagating in an inhomogeneous plasma 
under the above considered physical situations. We have observed that with the increase in dust cyclotron frequency, 
there is an increase in the spikes of amplitudes of DASWs structures in the plasma. The above results also indicate that 
with the increasing values of 𝜇ଵ and 𝛽, the width of DA solitons increases during their propagation through the 
inhomogeneous collisionless magnetized plasma. We have also observed that the oblique parameter 𝛿 effects the 
variations in the width (𝑊) of DASWs which increases due to the presence of 𝛿 with lower angles in between 0°and 45°. 
However, the width (𝑊) of DA soliton decreases with the increasing angles of 𝛿 in between 45° and 90°. In this 
investigation, the above results also imply that slowly and steadily the phase velocity of the DA soliton will increase but 
later, it will increase rapidly with the increasing values of 𝛽 in the plasma. When the parameters are supposed to be 
constant except 𝛽, the phase velocity of the DA soliton rapidly increases with the rapid increase of critical value of 𝛽. The 
above results also indicate that with the increase in the magnitude of external magnetic field in DASWs, the width of the 
soliton decreases adversely. The results obtained in this problem may be useful for understanding the propagation of 



510
EEJP. 1 (2024) Hirak Jyoti Dehingia, et al.

localized electrostatic waves in both laboratory plasmas such as earthquake dynamics, dating of geological and 
archaeological minerals, dissipative optical lattices, double plasma machines, hot turbulent thermonuclear plasmas, radio 
frequency discharged plasmas etc. and astrophysical plasmas such as cosmology, galaxy clusters, self-gravitation 
polytopic systems, solar winds, Auroral regions, noctilucent clouds in Earth’s atmosphere. Our results may also be useful 
for further study of the dynamics of the various nonlinear wave propagation in an inhomogeneous plasma under the 
various physical astrophysical situations.  
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ХАРАКТЕРИСТИКИ НЕЛІНІЙНИХ ПИЛОВИХ АКУСТИЧНИХ ХВИЛЬ (DAWS), ЩО ПОШИРЮЮТЬСЯ 

В НЕОДНОРІДНІЙ НАМАГНІЧЕНІЙ ПИЛОВІЙ ПЛАЗМІ БЕЗ ЗІТКНЕНЬ 
Хірак Джйоті Дехінгія, Парамананда Дека 

Факультет математики, Університет Дібругарх, Ассам, Індія 
У цій статті ми представили наше дослідження характеристик нелінійних пилових акустичних хвиль (DAWS), що 
поширюються в неоднорідній намагніченій пиловій плазмі (MDP) без зіткнень. У цій задачі ми розглядали плазму без 
зіткнень, що складається з нетеплових іонів, непротяжних електронів і негативно заряджених частинок пилу. 
Використовуючи відновну теорію збурень (RPT), ми вивели модифіковане рівняння Захарова-Кузнєцова (m-ZK). Рішення 
рівняння m-ZK вказує на нелінійні характеристики DASW у плазмі. Наше дослідження також передбачає, як амплітуди 
нелінійних DASW значно модифікуються через вплив магнітного поля, непротяжних електронів і параметрів неоднорідності 
в плазмі. Результати, отримані в цьому дослідженні, можуть бути корисними для розуміння характеристик розповсюдження 
та модифікації структур нелінійних хвиль як у лабораторній, так і в астрофізичній плазмі. 
Ключові слова: запилена плазма; RPT; рівняння m-ZK; неоднорідна плазма; неекстенсивні електрони 




