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The primary objective of this study is to investigate the influence of thermal stratification on the magnetohydrodynamics
(MHD) flow of water-based nano, hybrid, and ternary hybrid nanofluids, as they pass a vertically stretching cylinder
within a porous media. The nanoparticles Cu,Al2O3, and T iO2 are suspended in a base fluid H2O, leading to the
formation of a ternary hybrid nanofluid (Cu + Al2O3 + T iO2/H2O). The use of a relevant similarity variable has
been utilized to simplify the boundary layer equations which control the flow and transform the coupled nonlinear
partial differential equations into a collection of nonlinear ordinary differential equations. The numerical results are
calculated with the 3-stage Lobatto IIIa approach, specifically implemented by Bvp4c in MATLAB. This study presents
a graphical and numerical analysis of the effects of various non-dimensional parameters, such as the Prandtl number,
radiation parameter, heat source/sink parameter, magnetic parameter, porosity parameter, curvature parameter, thermal
stratification parameter, and thermal buoyancy parameter, on the velocity, temperature, skin-friction coefficient, and
Nusselt number. The impacts of these parameters are visually depicted through graphs and quantitatively represented in
tables. The ternary hybrid nanofluid has a higher heat transfer rate than the hybrid nanofluid, and the hybrid nanofluid
has a higher heat transfer rate than ordinary nanofluids.

Keywords: Thermal Stratification; Stretching Vertical Cylinder; Ternary Hybrid Nanofluid; Porous Medium; Thermal
Radiation; MHD; bvp4c
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1. INTRODUCTION

Ternary hybrid nanofluids are a specific kind of fluid that is made up of three distinct kinds of nanoparticles
that are scattered throughout a base fluid. This article presents a study on the ternary hybrid nanofluid
composed of copper (Cu), aluminum oxide (Al2O3), and titanium dioxide (TiO2) nanoparticles, which are
evenly distributed inside a water-based fluid. This ternary hybrid nanofluid has unique qualities that make it
suitable for a variety of applications. The presence of copper (Cu) nanoparticles into the nanofluid has been
found to improve thermal conductivity, whilst the addition of aluminum oxide (Al2O3) and titanium dioxide
(TiO2) nanoparticles has been observed to enhance heat transfer efficiency and stability. The utilization of this
nanofluid is applicable in various applications such as heat exchangers, cooling systems, and electronic devices,
with the purpose of enhancing heat dissipation and improving thermal management. Copper nanoparticles are
known to possess antibacterial capabilities, whereas (TiO2) nanoparticles have photocatalytic activity against
bacteria and other bacteria. The application of the ternary hybrid nanofluid, comprising Cu− Al2O3 − TiO2,
presents a promising avenue for the development of antibacterial coatings on various surfaces, including medical
equipment, textiles, and food packaging. These coatings effectively impede bacterial growth and contribute to
the preservation of hygiene. Titanium dioxide (TiO2) nanoparticles have photocatalytic properties, rendering
them capable of facilitating the breakdown of organic contaminants and the disinfection of water. The use of
the Cu− Al2O3 − TiO2 ternary hybrid nanofluid has potential for application in water treatment procedures,
facilitating the elimination of pollutants and enhancing the overall quality of water resources.

The term ”nanofluid” refers to a type of artificial fluid that is characterized by the presence of very small
particles in a base fluid suspended and typically have a size of less than 100 nanometers. The concept of
nanofluid, first presented by [1], proposes that heat transfer fluids with floating metallic nanoparticles could
provide a revolutionary new type of heat transfer fluids. [2] and [3] investigated the natural convective flow of
nanofluids with radiation for moving vertical plate and vertical channel, respectively. In both research articles,
the authors explored water-based nanofluids that include titanium dioxide, aluminum oxide, and copper. In the
occurrence of heat production or absorption, [4] looks for a lie group solution to the problem of how the nanofluid
moves past a horizontal plate reacting chemically. [5] uses the HAM to analyze the entropy of a nanofluid
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consisting of water as the primary fluid and one of four distinct kinds of nanoparticles: TiO2, Al2O3, Cu, and
CuO flowing through a stretchable permeable surface permeable surface. A numerical investigation on the flow
of nanofluids in the boundary layer across a moving flat plate was performed by [6] to study the impacts of
thermal radiation, viscous dissipation and thermal diffusion. In the context of velocity slip and temperature leap,
[7] carried out an analytical investigation on the MHD nanofluid flow for a variety of water-based nanoparticles
as they passed a continually stretching/shrinking permeable sheet. [8] applied the Lattice Boltzmann method
for studying the MHD Cu-water nanofluid under the presence of Lorentz forces. Furthermore, [9] conducted a
research on MHD Cu-water nanofluid flow across a cone and a wedge influenced by nonlinear thermal radiation.
[10] and [11] researched the impacts of heat and mass transfer on nanofluid passing a moving or fixed vertical
plate in the presence of a heat source and a chemical reaction, respectively. Additionally, MHD boundary layer
nanofluid flow was studied by [12] as it passed over an exponentially accelerating vertical plate in presence of
thermal radiation.

[13] and [14] examined the impacts of thermal and mass stratification over a vertical wavy truncated cone
and a wavy surface, respectively. Furthermore, [15] have investigated how both stratification effects affect
infinite vertical cylinders. [16] and [17] conducted a study to investigate the combined impact of thermal
stratification and chemical reaction on the flow past an infinite vertical plate and an accelerated vertical plate,
correspondingly. Similarly, [18] looks at how thermal stratification affects unsteady parabolic flow past an
infinite vertical plate. [19] investigates the thermal stratification effects of a hybrid nanofluid consisting of
Cu−Al2O2/H2O in a porous medium. Their study focuses on a vertically stretched cylinder and considers the
influence of heat sink/source. They found that the thermal conductivity of hybrid nanofluids was significantly
higher than that of nanofluids. Hence, the utilization of hybrid nanofluids exhibits a significant influence on
enhancing thermal advancements.

[20] aims to investigate the heat transfer characteristics of the magnetohydrodynamic Casson hybrid
nanofluid in the presence of a non-Fourier heat flux model and linear thermal radiation along a horizontal
porous stretched cylinder. With melting/non-melting heat transfer in mind, [21] is interested in the laminar,
stable electro magnetohydrodynamic flow and entropy formation of SWCNT-blood nanofluid. The study of
magneto Cu−Al2O3/water hybrid nanofluid flow in a non-Darcy porous square cavity was done by [22].

The study conducted by [23] focuses on investigating the phenomenon of natural convection within a
sinusoidal wavy cavity that is filled with a hybrid nanofluid consisting of TiO2−Cu particles suspended in water.
The analysis takes into account the influence of internal heat generation, an angled magnetic field, and thermal
radiation on the convection process. The investigation conducted by [24] focused on the nonlinear buoyancy-
driven flow of hybrid nanoliquid passing a spinning cylinder, taking into account the effects of quadratic thermal
radiation.

[25] conducted a study on the impact of non-linear Darcy-Forchheimer flow in the context of electromagnetic
hydrodynamics (EMHD) ternary hybrid nanofluid, namely composed of Cu−CNT −Ti and water. They found
that the ternary hybrid nanofluid had a greater impact on the temperature profile than either the nanofluid or the
hybrid nanofluid alone. [26] conducted a study on the heat transport characteristics of ternary hybrid nanofluid
flow in the presence of a magnetic dipole with nonlinear thermal radiation. [27] performed an investigation
on the computational valuation of Darcy ternary-hybrid nanofluid flow through an extending cylinder with
induction effects. In order to improve the heat transfer of a magnetized ternary hybrid nanofluid Cu−Al2O3−
MWCNT/water, [28] investigated the influence of nanoparticle shape.

The primary objective of [29] research is to investigate the application of a water-based ternary hybrid
nanofluid in the context of advanced cooling for radiators. This nanofluid comprises three distinct types of
nanoparticles: spherical aluminum oxide(Al2O3) cylindrical carbon nanotubes(CNT ), and platelet-shaped par-
ticles(Graphene). [30] analyze the behavior of a ternary hybrid nanofluid (THNF) with tangent hyperbolic
(T-H) flow characteristics as it interacts with a rough-yawed cylinder. The motion of the cylinder is induced
using impulsive means, and the study focuses on the mixed convection mechanism in conjunction with periodic
magnetohydrodynamics. The impact of suction and heat source on MHD stagnation point flow of ternary hy-
brid nanofluid(Cu − Fe3O4 − SiO2/polymer) over convectively heated stretching/shrinking cylinder has been
researched by [31]. [32] conducted research on the similarity solutions of the governing equations that describe
the dynamics of a colloidal mixture consisting of water, spherical carbon nanotubes, cylindrical graphene, and
platelet alumina nanoparticles. The study considered various levels of partial slip and examined the cases of
forced convection, free convection, and mixed convection.

According to the literature review, as was mentioned in a previous research, no one has tried to show
the MHD ternary nanofluid past a Vertically Stretching Cylinder in a porous medium. The main objective of
the present study is to examine the heat transfer properties of a ternary hybrid nanofluid consisting of Cu −
Al2O3 − TiO2 particles dispersed in water. This investigation focuses on the heat transfer behavior around a
Vertically Stretching Cylinder, taking into account the effects of thermal stratification, thermal radiation, and
uniform heat sources and sinks. The governing equations of non-linear partial differential equations (PDEs) are
transformed into ordinary differential equations (ODEs) by employing suitable self-similarity variables within
the bvp4c solver of the MATLAB software. The Bvp4c technique utilized in this study to simulate the problem
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is widely recognized, as demonstrated by its discussion and application in MATLAB by Shampine et al., [33]
and Kierzenka et al., [34]. The graphical representation of the results is provided for several parameters such
as δ,M,K,R,Q, Pr and λ.

2. MATHEMATICAL ANALYSIS

Consider a two-dimensional steady in-compressible ternary hybrid nanofluid consisting of Cu − Al2O3 −
TiO2/H2O, which is immersed in a porous medium over a vertical stretchable cylinder of radius r0. The system
is subjected to the influence of a heat source/sink, thermal stratification and thermal radiation. The flow of
the ternary hybrid nanofluid is assumed to be in the axial x−direction, with the r coordinate representing the
direction normal to the x−axis, as depicted in Figure 1. In this context, the variables ”u” and ”v” represent
the velocity components of the ternary hybrid nanofluid along the r and x− axes, respectively. In this study, a
magnetic field with a magnitude of B0 is applied in a direction perpendicular to the propagation of the ternary
hybrid nanofluid. The flow issue takes into account the thermal buoyancy effect while disregarding the Joule’s
impact. The velocity that causes linear stretching of the vertical cylinder is denoted as u = axl , where

′a′ and
′l′ represent the velocity and characteristic length of the cylinder, respectively. Tw(x) = T0 + A

(
x
l

)
represents

the assumed temperature of the wall, while T∞(x) = T0 + B
(
x
l

)
represents the temperature of the ternary

hybrid nanofluid at the ambient condition, where A,B, and T0 are non-negative constants and the starting
temperature, correspondingly. The governing equations for continuity, momentum, and energy in the context
of a ternary hybrid nanofluid, as presented by [19], can be expressed as follows.
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The following are the boundary conditions:

u = a
x

l
, v = 0, T = Tw(x) when r = r0

u = 0, T → T∞(x) when r → ∞

The radiative heat flux q′r in Eqn. (2) is approximated by using the Rosseland approximation [35], as the
nanofluid is assumed to be an optically thick fluid. In light of the research conducted by [7], the equation (3)
can be rewritten as
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Figure 1. Physical Model and Coordinate system



A Numerical Study on the MHD Ternary Hybrid Nanofluid (Cu−Al2O3 − TiO2/H2O)...
235

EEJP.1(2024)

The similarity transformation (Ref. [19]) used in Equations (1)-(3) are as follows

η =
r2 − r20
2r0

√
a

νf l
, ψ =

√
aνf
l
xr0f(η), θ =

T − T∞(x)

Tw(x)− T0

and we provide non-dimensional quantities in the following:

M =
lσfB

2
0

aρf
, K =

lνf
ak

, γ =

√
lνf
ar20

, λ =
Gr

Re2x
, δ =

B

A
, Q =

Q0l

a(ρcp)f

R =
16σ∗T ′3

∞
3kfk

, Pr =
νf (µcp)f

kf

where, M is the magnetic parameter, K is the porosity parameter, γ is the curvature parameter, λ is the
thermal buoyancy parameter, δ is the thermal stratification parameter, Q is the heat source/sink parameter, R
is the radiation parameter, Pr is the Prandtl number.

The stream function ψ is introduced to satisfy continuity equation (1) in the manner that u = 1
r
∂ψ
∂r and

v = − 1
r
∂ψ
∂x . Hence, the non-dimensional forms of the transformed equations are given by

f ′2 − ff ′′ = a1 [2γf
′′ + (1 + 2γη)f ′′′] + a2λθ − (a3M + a1K)f ′ (4)

f ′(θ + δ)− fθ′ = a4 [2γθ
′ + (1 + 2γη)θ′′] + a5θ (5)

where,

x1 =
µmnf
µf

, x2 =
ρf
ρmnf
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(ρβT )mnf
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, x5 =

σmnf
σf
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kf
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Pr
, a5 = Qx4

Here, the symbols µmnf , ρmnf , (βT )mnf , (ρCp)mnf , σmnf , kmnf represent the ternary hybrid nanofluid’s
coefficient of viscosity, electrical conductivity, thermal expansion, heat capacity, density and thermal conduc-
tivity, respectively. Also, µf , ρf , (βT )f , (ρCp)f , σf , kf denote the base fluid’s coefficient of viscosity, electrical
conductivity, thermal expansion, heat capacity, density and thermal conductivity correspondingly.

The transformed boundary conditions are as follows :

f(η) = 0 f ′(η) = 1 θ(η) = 1− δ at η = 0

f ′(η) → 0 θ(η) → 0 as η → ∞ (6)

The thermo-physical properties of ternary hybrid nanofluid are as follows:

µmnf =
µf

(1− ϕ1)2.5(1− ϕ2)2.5(1− ϕ3)2.5

ρmnf = (1− ϕ3) [(1− ϕ2) {(1− ϕ1)ρf + ϕ1ρs1}+ ϕ2ρs2] + ϕ3ρs3
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(ρβT )mnf = (1− ϕ3) [(1− ϕ2) {(1− ϕ1)(ρβT )f + ϕ1(ρβT )s1}+ ϕ2(ρβT )s2] + ϕ3(ρβT )s3

knf =

[
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]
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[
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]
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[
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where ϕ1, ϕ2 and ϕ3 are volume fraction of Cu(Copper), Al2O3 (aluminium oxide) and TiO2(titanium
oxide) nanoparticles respectively. The suffixes mnf, hnf, nf, f, s1, s2, s3 denote ternary hybrid nanofluid, hybrid
nanofluid, nanofluid, base fluid, solid nanoparticles of copper (Cu), aluminum oxide (Al2O3), and titanium
dioxide (TiO2) correspondingly.

The skin friction coefficient and local Nusselt number are defined by

CfRe
1/2
x =

1

(1− ϕ1)2.5(1− ϕ2)2.5(1− ϕ3)2.5
f ′′(0) and NuxRe

−1/2
x = −kmnf

kf
θ′(0)

where, Rex is the local Reynolds Number.
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Table 1. Thermo-physical Properties of water and nanoparticles [2]

Physical Properties H2O(base fluid) Cu (s1) Al2O3 (s2) TiO2 (s3)
ρ (kg/m3) 997.1 8933 3970 4250
Cp (J/kgK) 4179 385 765 686.2
k (W/mK) 0.613 401 40 8.9538

βt × 105 (K−1) 21 1.67 0.85 0.9
σ (s/m) 5.5× 10−6 59.6× 106 35× 106 2.6× 106

3. METHOD OF SOLUTION

The bvp4c solver, built into the computational platform MATLAB, is used to numerically solve the system
of higher-order nonlinear ODEs given by Equations (4)-(5) and the boundary conditions (6). This technique
has been extensively utilized by professionals and researchers in order to solve fluid flow problems. The bvp4c
solver, created by Jacek Kierzenka and Lawrence F. Shampine of Southern Methodist University in Texas,
was introduced by Hale [36]. The bvp4c solver is a finite modification algorithm that uses the Lobatto IIIA
implicit Runge-Kutta method to produce numerical solutions with fourth-order accuracy. This method gives
the necessary accuracy when a guess is made for the initial mesh points and step-size changes. In the study
conducted by Waini et al. [37], it was found that the bvp4c solver yielded satisfactory results in comparison to
both the shooting technique and Keller box method. Here, we need to reduce the higher order derivatives with
respect to η. This can be done by introducing the following new variables:

f = y(1), f ′ = y(2), f ′′ = y(3), θ = y(4), θ′ = y(5)

d

dη


y(1)
y(2)
y(3)
y(4)
y(5)

 =


y(2)
y(3)

y(2)2−y(1)y(3)−a2λy(4)+(a3M+a1K)y(2)−2a1γy(3)
(1+2γη)a1

y(5)
y(2)(y(4)+δ)−y(1)y(5)−2a4γy(5)−a5y(4)

(1+2γη)a4


and boundary condition are expressed as

ya(1), ya(2)− 1, ya(4)− 1 + δ, yb(2), yb(4)

where ya is the condition at η = 0 and yb is the condition at η = ∞

4. RESULT AND DISCUSSIONS

The numerical calculations were performed in bvp4c solver of MATLAB, and the outcomes are displayed
in Figures (2)-(13) and Tables 3,5. Table 2 presents the absolute Skin friction Coefficient and local Nusselt
Number values obtained from the current investigation, which are compared to the findings reported by Ashish
et al. [19]. This comparison specifically excludes nanoparticle volume fractions of TiO2 with R = 0. This study
reveals that the bvp4c algorithm is capable of generating numerical results that are accurate and in agreement
with the results obtained from alternative methods.

The following values are used in the study: δ = 0.2, γ = 0.1,M = 1.5,K = 2, R = 1, Q = 0.2, λ =
1.2, P r = 6.2, ϕ1 = 0.05, ϕ2 = 0.15 and ϕ3 = 0.2. The Fig. 2 displays the impact of thermal stratification(δ)
parameters on the velocity f ′(η). The velocity decreases as thermal stratification(δ) increase. If the thermal
stratification(δ) parameter rises, the efficient convective potential between the hot wall and the surrounding
fluid drops. The buoyancy force is reduced as a result of this this, which reduces the flow velocity. As shown

Table 2. Comparison of Skin friction Coefficient and local Nusselt Number when ϕ3 = R = 0

Pr M δ Ashish et al. Present Study Ashish et al. Present Study

−CfRe1/2x −CfRe1/2x NuxRe
−1/2
x NuxRe

−1/2
x

0.7 1.2 0.1 2.7886 2.7850 0.7266 0.7283
6.2 2.9398 2.9297 2.7885 2.7889

0.6 2.7076 2.6969 2.8622 2.8633
1.2 0.3 3.0135 3.0090 2.6012 2.6044
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Figure 2. Effects of δ on Velocity Profile Figure 3. Effects of M on Velocity Profile

Figure 4. Effects of K on Velocity Profile Figure 5. Effects of R on Velocity Profile

in Fig. 3, the fluid velocity f ′(η) decreases as the value of M is increased. As magnetic parameter(M) grows
higher, the thickness of the momentum boundary layer shrinks. This pattern emerges because the Lorentz force
produced by the horizontal magnetic field slows down the velocity of the ternary hybrid nanofluid. The impact
of the porosity parameter(K) on velocity f ′(η) of the nanofluid is shown in Fig. 4. The velocity decreases as
the porosity parameter value increases. The relationship between K and the diameter of the porous medium is
inverse, implying that as K grows, the diameter of the porous medium decreases progressively. This reduction
in diameter hinders the fluid’s ability to flow through the porous medium. As a result of this obstruction, which
was induced by porosity parameter(K), the velocity of the fluid dropped.

As shown in Fig. 5, as the value of R goes up, the velocity f ′(η) of the fluid goes up. With a higher value
of R, the thermal conduction contribution becomes more important while the thermal radiative contribution
increases. Since the radiative flux increases with increasing R, the velocity of the boundary layer of fluids
increases. The effects of λ on the velocity of the fluid, is represented by Fig. 6. It is observed that the velocity
will increase as the values of λ is increased. When λ is raised, the thermal buoyancy forces is made stronger.
This indicates that the buoyancy forces tend to increase the velocity of the fluid.

The Fig. 7 displays that the temperature of the fluid goes down as the thermal stratification(δ) goes
up. The temperature gradient between the heated wall and the surrounding fluid will decrease when the
thermal stratification(δ) is present. Hence, the thermal boundary layer thickens and the temperature falls. The
temperature of the fluid increases with increasing values of R in Fig. 8. This is because of the fact that higher
R values indicate a higher thermal radiative flux, which ultimately results in higher temperatures. This can be
seen as a manifestation of the fact that temperatures have increased.

The impact of a heat source parameter(Q) on temperature profile is seen in Fig. 9. Since the values of
heat source parameter (Q) raises, the fluid temperature also increase. This characteristic matches how the fluid
behaves physically in general. Fig. 10 illustrates the influence of Pr on the temperature profile of the fluid. As
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Figure 6. Effects of λ on Velocity Profile Figure 7. Effects of δ on Temperature Profile

Figure 8. Effects of R on Temperature Profile Figure 9. Effects of Q on Temperature Profile

Figure 10. Effects of Pr on Temperature Profile Figure 11. Effects of ϕ1 on Temperature Profile

the Pr goes up, the temperature of the fluid goes down. It’s clear that a fluid with a high Prandtl number has
a low thermal conductivity. This means that heat doesn’t move as easily through the fluid, so the transfer rate
goes down and the thermal boundary layer gets thinner. Hence, the temperature of the fluid drops.

As the solid volume fraction of Cu nanoparticles increases, while the volume fractions of Al2O3 and TiO2

remain constant, the temperature profile increases, as seen in Fig. 11. Furthermore, it can be observed from
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Figure 12. Effects of ϕ2 on Temperature Profile Figure 13. Effects of ϕ3 on Temperature Profile

Fig. 12 that the temperature is increased with the increasing volume fraction of Al2O3, while the volume fraction
of Cu and TiO2 remains constant. Similarly, ϕ3 also increases the temperature profile as seen in Fig. 13.

Tables 3 present the effects on skin friction and local Nusselt number for different flow parameters. As
the value of thermal stratification (δ) increases, there is a decrease in both skin friction and the local Nusselt
number. An decrease in the magnitude of skin friction and Nusselt number is observed when the values of
magnetic parameter(M) and porosity parameter(K) increase. The skin friction and Nusselt number exhibit
an increase as the value of λ increases. For Pr, there is a decrease in skin friction while there is a rise in the
Nusselt number. A decrease in the rate of heat transfer is observed as the radiation parameter (R) increases,
while the opposite tendency is observed for the skin friction with an increase in R. Similarly, it can be noticed
that an increase in the heat source (Q) leads to a decrease in the rate of heat transfer, although an increase in
Q results in an opposite trend for the skin friction. The skin friction decreases as the curvature parameter (γ)
grows, but the Nusselt number increases with an increase in the value of γ.

Table 3. Skin friction Coefficient and Local Nusselt number for different values of δ,M,K, λ, Pr,R,Q, γ

δ M K λ Pr R Q γ Skin-friction Coefficient Local Nusselt Number
0 -6.0075 2.0495
0.1 1.5 2 1.2 6.2 1 0.2 0.1 -6.0465 2.0140
0.3 -6.1272 1.9747

0 -4.8297 2.4280
0.2 0.5 2 1.2 6.2 1 0.2 0.1 -5.2804 2.2742

1.2 -5.8562 2.0760
0 -4.4138 2.5682

0.2 1.5 1 1.2 6.2 1 0.2 0.1 -5.3132 2.2630
2 -6.0870 1.9962

0 -6.3426 1.7157
0.2 1.5 2 1.5 6.2 1 0.2 0.1 -6.0270 2.0411

3 -5.7398 2.2105
0.6 -6.0352 0.6625

0.2 1.5 2 1.2 3 1 0.2 0.1 -6.0567 1.2203
6.2 -6.0870 1.9962

0 -6.1139 2.6133
0.2 1.5 2 1.2 6.2 0.5 0.2 0.1 -6.0960 2.2254

2 -6.0750 1.6861
-0.2 -6.1368 3.0531

0.2 1.5 2 1.2 6.2 1 0 0.1 -6.1209 2.6547
0.2 -6.0870 1.9962

0 -5.9506 1.9767
0.2 1.5 2 1.2 6.2 1 0.2 0.1 -6.0870 1.9962

0.2 -6.2286 2.1174
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The absolute skin friction (−CfRe1/2x ) and local nusselt number(NuxRe
−1/2
x ) of nanofluid, hybrid

nanofluid, and ternary hybrid nanofluid are compared in tables 4 and 5. The absolute value of skin fric-
tion of the (Cu−Al2O3−TiO3/H2O) ternary hybrid nanofluid shows a significant improvement of up to 174%
in comparison to the (Cu/H2O) nanofluid. Additionally, it has been found that the difference between ternary

hybrid nanofluid and common nanofluid reduces with thermal stratification(δ) for −CfRe1/2x . The Nusselt
Number of the ternary hybrid nanofluid displays a significant enhancement of up to 32% when compared to the
conventional nanofluid. In addition, it has been discovered that thermal stratification(δ) increases the difference

between ternary hybrid nanofluid and regular nanofluid for NuxRe
−1/2
x .

Table 4. Comparison of −CfRe1/2x

δ Cu Cu−Al2O3 Cu−Al2O3 − TiO3 Change in %
Nanofluid Hybrid Nanofluid Ternary Hybrid Nanofluid

0 2.1858 3.4001 6.0075 174.8
0.1 2.2290 3.4416 6.0465 171.2
0.2 2.2747 3.4800 6.0870 167.6
0.3 2.3186 3.5245 6.1272 164.3

Table 5. Comparison of Local Nusselt Number

δ Cu Cu−Al2O3 Cu−Al2O3 − TiO3 Change in %
Nanofluid Hybrid Nanofluid Ternary Hybrid Nanofluid

0 1.6333 1.9355 2.0495 25.8
0.1 1.5823 1.8842 2.0140 27.3
0.2 1.5419 1.8095 1.9962 29.5
0.3 1.4926 1.7798 1.9747 32.3

5. CONCLUSION

The impact of thermal stratification on the flow of a ternary hybrid nanofluid(Cu−Al2O3 − TiO3/H2O)
with magnetohydrodynamics (MHD) properties along a vertical stretchable cylinder has been studied. This
investigation takes into consideration the presence of a thermal bouncy effect, thermal radiation, and heat
source/sink inside a porous medium. In addition, the analysis takes into account the flow characteristics and
their impact on the velocity and temperature profiles, skin friction, and local Nusselt number. The velocity
profile reveals a declining tendency when the parameters δ,M and K are increased, whereas it exhibits an
ascending trend with higher values of R and λ. The temperature exhibits a decrease as the magnitudes of δ and
Pr increase, while it exhibits an increase with the increase of R and Q. The skin friction exhibits an increase with
respect to the parameters λ,R, and Q, but it experiences a decrease in relation to the factors δ,M,K, Pr and
γ. An upward trend in the local Nusselt number is noted as the values of λ, Pr, and γ grow, whereas it exhibits
a downward trend with increasing values of δ,M,K,R and Q. The ternary hybrid nanofluid exhibits a higher

magnitude of absolute skin friction(−CfRe1/2x ) in comparison to the hybrid nanofluid. Similarly, the absolute
skin friction of hybrid nanofluids exhibits a higher value when compared to that of conventional nanofluids.
The ternary hybrid nanofluid demonstrates a superior heat transfer rate in contrast to the hybrid nanofluid,
whereas the hybrid nanofluid displays a higher heat transfer rate in comparison to conventional nanofluids.
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×ÈÑÅËÜÍÅ ÄÎÑËIÄÆÅÍÍß ÏÎÒÐIÉÍÎ� ÃIÁÐÈÄÍÎ� ÌÃÄ ÍÀÍÎÐIÄÈÍÈ
(Cu−Al2O3 − TiO2/H2O) ÇÀ ÍÀßÂÍÎÑÒI ÒÅÏËÎÂÎ� ÑÒÐÀÒÈÔIÊÀÖI� ÒÀ

ÂÈÏÐÎÌIÍÞÂÀÍÍß ×ÅÐÅÇ ÂÅÐÒÈÊÀËÜÍÎ ÐÎÇÒßÃÍÓÒÈÉ ÖÈËIÍÄÐ Ó
ÏÎÐÈÑÒÎÌÓ ÑÅÐÅÄÎÂÈÙI

Ðóïàì Øàíêàð Íàò, Ðóäðà Êàíòà Äåêà
Ôàêóëüòåò ìàòåìàòèêè, Óíiâåðñèòåò Ãàóõàòi, Ãóâàõàòi-781014, Àññàì

Îñíîâíîþ ìåòîþ öüîãî äîñëiäæåííÿ ¹ äîñëiäæåííÿ âïëèâó òåðìi÷íî¨ ñòðàòèôiêàöi¨ íà ìàãíiòîãiäðîäèíàìi÷íèé
(ÌÃÄ) ïîòiê íàíî-, ãiáðèäíèõ i ïîòðiéíèõ ãiáðèäíèõ íàíîôëþ¨äiâ íà âîäíié îñíîâi, êîëè âîíè ïðîõîäÿòü ïîâç âåð-
òèêàëüíî ðîçòÿãíóòèé öèëiíäð ó ïîðèñòîìó ñåðåäîâèùi. Íàíî÷àñòèíêè Cu,Al2O3 i T iO2 ñóñïåíäîâàíi â áàçîâié
ðiäèíi H2O, ùî ïðèçâîäèòü äî óòâîðåííÿ ïîòðiéíî¨ ãiáðèäíî¨ íàíîðiäèíè (Cu + Al2O3 + T iO2/H2O). Âèêîðè-
ñòàííÿ âiäïîâiäíî¨ çìiííî¨ ïîäiáíîñòi áóëî âèêîðèñòàíî äëÿ ñïðîùåííÿ ðiâíÿíü ãðàíè÷íîãî øàðó, ÿêi êåðóþòü
ïîòîêîì i ïåðåòâîðþþòü ïîâ'ÿçàíi íåëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ â ÷àñòèííèõ ïîõiäíèõ ó íàáið íåëiíiéíèõ
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. ×èñëîâi ðåçóëüòàòè îá÷èñëþþòüñÿ çà äîïîìîãîþ 3-åòàïíîãî ïiäõîäó Lobatto
IIIa, ñïåöiàëüíî ðåàëiçîâàíîãî Bvp4c ó MATLAB. Ó öüîìó äîñëiäæåííi ïðåäñòàâëåíî ãðàôi÷íèé i ÷èñëîâèé àíàëiç
âïëèâó ðiçíèõ áåçðîçìiðíèõ ïàðàìåòðiâ, òàêèõ ÿê ÷èñëî Ïðàíäòëÿ, ïàðàìåòð âèïðîìiíþâàííÿ, ïàðàìåòð äæåðåëà
òåïëà/ñòîêó, ìàãíiòíèé ïàðàìåòð, ïàðàìåòð ïîðèñòîñòi, ïàðàìåòð êðèâèçíè, ïàðàìåòð òåðìi÷íî¨ ñòðàòèôiêàöi¨ òà
ïàðàìåòð òåïëîâî¨ ïëàâó÷îñòi. , âiä øâèäêîñòi, òåìïåðàòóðè, êîåôiöi¹íòà ïîâåðõíåâîãî òåðòÿ òà ÷èñëà Íóññåëüòà.
Âïëèâ öèõ ïàðàìåòðiâ âiçóàëüíî çîáðàæåíî íà ãðàôiêàõ i êiëüêiñíî ïðåäñòàâëåíî â òàáëèöÿõ. Ïîòðiéíà ãiáðè-
äíà íàíîôëþ¨ä ìà¹ âèùó øâèäêiñòü òåïëîïåðåäà÷i, íiæ ãiáðèäíà íàíîôëþ¨ä, à ãiáðèäíà íàíîôëþ¨ä ìà¹ âèùó
øâèäêiñòü òåïëîïåðåäà÷i, íiæ çâè÷àéíi íàíîôëþ¨äè.
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