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In this paper, a comparative study on MHD forced convective flow for heat transfer efficiency of different nanofluids with water (𝐻ଶ𝑂) 
as base fluid has been carried out. Here, in this study flow through vertical rectangular has been considered in presence of strong 
magnetic field. In this laminar flow we consider duct walls as electrically non-conducting where the transverse magnetic field acting 
normally on the duct walls. Joule heat and the viscous dissipation effects are included in the energy equation and furthermore the walls 
of the duct are kept at constant temperature. An explicit finite difference method has been adopted with fine grid in the control volume 
for solving the governing equations of this MHD nanofluid flow. Computational processes are carried out using MATLAB code. In 
this present work we have plotted the flow fields velocity, induced magnetic field, and temperature for various values of MHD flow 
parameters graphically by varing thermal Grashof number (𝐺௥), Hartmann number (𝐻𝑎), Reynold number (𝑅௘), Eckert number (𝐸𝑐), 
Prandtl number (𝑃௥), magnetic Reynold number (𝑅௠), and nanoparticle volume fraction (𝜙) respectively.  
Keywords: MHD forced convective flow; Nanofluids; Steady; Explicit finite difference method (EFDM); Vertical rectangular duct 
PACS: 95.30.Qd, 94.30.cq, 94.30 Kq 

1. INTRODUCTION
Inclusion of nanoparticles in the base fluid is an innovative way to enhance heat transfer. There are large variety of 

nanoparticles used in water based nanofluids and each of them exhibit performance in heat transfer process and possess 
different nanofluid flow characteristics. Nanofluids have better suspension stability, Newtonian behavior, healthier 
thermal conductivity, and huge chaotic movements of nanoparticles are believed to be liable for the increased of heat 
transfer characteristic. In natural convection, the base fluid has a low thermal conductivity, which limits the heat transfer 
performance. Use of nanofluid is an innovative technique in which the colloidal suspension of nanometer sized particles 
in a base fluid (nanofluid) was first introduced by Choi [1] at the Argonne National Laboratory, U.S.A.  

Latter, Lee et al. [2] analyze the thermal conductivity of nonidentical metal oxides and in this way, they have got 
the shape and size provide considerably to the more acceptable thermal conductivity of the nanofluid. Forced convection 
is the most important aspect investigation for applications in a rectangular duct. The applications are thermal power plants, 
solar collectors, chemical catalytic reactors and cooling systems. Thermal conductivity of TiOଶ/water nano-fluid up to 
7.5% nanoparticle concentration experimentally found by Xuan et al. [3]. Heat transfer efficiency with nano-fluid was 
examined by many researchers [4, 5].  

In another study Ellahi et al. [6] considered water base nanofluid with 𝐴𝑙ଶ𝑂ଷ as nanoparticles to study aggregation 
effect on such nanofluid having permeable wedge in the presence of mixed convection. An analytical solution of natural 
convection flow problem nanofluid over a linearly stretching sheet under magnetic field was attempted by Hamad [7]. 
Kodi et al. [8] investigated influence of MHD mixed convection flow for Maxwell nanofluid through a vertical cone with 
porous material in the existence of variable heat conductivity and diffusion. Ragulkumar et al. [9] studied dissipative 
MHD free convective nanofluid flow past a vertical cone under radiative chemical reaction with mass flux.  

Mixed convection of Casson nanofluid over a stretching sheet with convectively heated chemical reaction and heat 
source/sink observed by Hayat et al. [10]. The focus of this study is to learn about the effects of solid volume fraction on 
heat transfer quantity and on differential pressure. It was about in the such that increasing concentration of nanoparticle 
has no significant effect on heat transfer but pressure drop enhancement has affected on heat transfer process. 
Ferdows et al. [11] considered nanofluid inclusion with diverse types of nanoparticles for the incompressible, laminar, 
steady and convective viscous flow. They observed that heat transfer was constantly increased with increase value of 
nanoparticle volume fraction parameter. Numerical investigation of solar radiation on the effects on heat-mass transfer 
phenomena of nanofluids recently studied by [12, 13] Rao and Deka. In another study, very recently Das et al. [14] 
investigated in a vertical square duct numerical analysis on magnetohydrodynamics (MHD) mixed convection flow of 𝐴𝑙ଶ𝑂ଷ/water nanofluids. Many authors who had investigated heat transfer nanofluids boundary layer problem given 
in ref. [15, 16]. Paul et al. [17] studied Darchy-Forchheimer MHD radiative flow through a porous space incorporating 
viscous dissipation, heat source, and chemical reaction effect across an exponentially stretched surface. Arruna et al. [18] 
have been investigated effect of chemical reaction and radiation absorption on MHD Casson fluid over an exponentially 
stretching sheet with slip conditions: ethanol as solvent. On a non-Newtonian nanofluid flow and heat mass transfer in a 
two-dimensional steady laminar boundary layer caused by a horizontally stretching sheet investigated by 
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Alrihieli et al. [19]. The study includes heat generation/absorption near a stagnation point and on the radially stretching 
plate. In a vertical stretching surface Jawad [20] studied on magnetohydrodynamics (MHD) stagnation point flow of 
micropolar fluids with buoyancy and thermal radiation. Shoeibi et al. [21] have been observed about the utilize of hybrid 
nanofluids in solar system. In a vertical duct containing metallic/carbon nanofluids Beg et al. [22] have been studied with 
Dufour and Soret double cross repetition counting of thermo-solutal convection. Bhatti et al. [23] have been studied 
swimming of Gyrotactic microorganism in MHD Williamson nanofluid flow between rotating circular plates embedded 
in porous medium. Hussain et al. [24] have been investigated MHD instability of Hartmann flow of nanoparticles 𝐹𝑒ଶ𝑂ଷ 
in water. [25] Umavathi and Beg investigated double diffusive convection in a dissipative electrically conducting 
nanofluid under orthogonal electrical and magnetic fields. [26] Bhatti and Abdelsalam observed Bio-inspired peristaltic 
propulsion of hybrid nanofluid flow with Tantalum (Ta) and Gold (Au) nanoparticles under magnetic effects.  

The aim of this present work is to numerically investigate the laminar steady forced convective flow of different 
nanofluids with water (𝐻ଶ𝑂) as base fluid in presence of strong magnetic field in a vertical rectangular duct. We have 
presented result of our investigation for different type of nanofluid flow and we have drawn conclusion heat transfer 
efficiency of different water based nanofluid. 
Table (i). Numerical values of water (𝐻ଶ𝑂) and nanoparticles titanium oxide (𝑇𝑖𝑂ଶ), aluminium oxide (𝐴𝑙ଶ𝑂ଷ), ferric oxide (𝐹𝑒ଶ𝑂ଷ), 
and silicon oxide (𝑆𝑖𝑂ଶ) 

 Density (𝜌) Specific heat capacity (𝐶௣) 
Thermal conductivity (𝑘) 

Electrical conductivity (𝜎) 𝐻ଶ𝑂 997.1 4179 0.613 5.5×10-6 𝑇𝑖𝑂ଶ 4250 686.2 8.9528 2.58×10-7 𝐴𝑙ଶ𝑂ଷ 3970 765 40 35×106 𝐹𝑒ଶ𝑂ଷ 5180 765 9.7 25×103 𝑆𝑖𝑂ଶ 2200 703 1.2 2.58×10-7 
 

2. MATHEMATICAL FORMULATION 

 
Figure 1. Physical configuration 

In this paper, we have considered a laminar steady flow of incompressible fluid through a duct which is vertically 
positioned, where cross section of the duct has length 𝑎 and breadth 𝑏. Both the parallel walls of the duct are kept at 𝑥 =0 𝑎𝑛𝑑 𝑥 = 𝑎, and the other parallel walls are kept at 𝑦 = 0 𝑎𝑛𝑑 𝑎𝑡 𝑦 = 𝑏. Here we consider that the duct has cross section 
on the 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 where the fluid velocity, induced magnetic field and temperature are in the 𝑧-direction. In this case 
applied uniform magnetic field 𝐵௢ of the fluid acts in a direction lying in the 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 but making an angle 𝜃 with the 𝑦-axis. The flow is handled in presence of a constant pressure gradient డ௣డ௭ and the MHD force. In this work, the physical 
parameters except pressure are independent of variable 𝑧, the fluid properties in the buoyancy term are considered as 
constant. Moreover, Joule heating and the effects of viscous dissipation are considered in the energy equation. Our fluid 
is viscous and incompressible and flow is laminar and steady. We have also assumed that there is no net flow of current 
in the z-direction. The velocity, induced magnetic field, and the temperature 𝑉ሬ⃗ , 𝐵ሬ⃗ , and 𝑇 as: 𝑉ሬ⃗ = ሼ0, 0,𝑉௭(𝑥,𝑦)ሽ,𝐵ሬ⃗ = ൛𝐵௢௫,𝐵௢௬,𝐵௭(𝑥,𝑦)ൟ,𝑇 = 𝑇(𝑥,𝑦) in where 𝐵௢௫ = 𝐵௢𝑠𝑖𝑛𝜃,𝐵௢௬ = 𝐵௢𝑐𝑜𝑠𝜃 
 

3. GOVERNING EQUATIONS 
Equation of continuity is  

 ∇ · 𝑉ሬ⃗ = 0. (1) 
The MHD momentum equation is 

 𝜌௡௙ ቂడ௏ሬሬ⃗డ௧ + ൫𝑉ሬ⃗ · ∇൯𝑉ሬ⃗ ቃ = −∇𝑝 + 𝜇௡௙∇ଶ𝑉ሬ⃗ + ൫𝐽 × 𝐵ሬ⃗ ൯ + 𝑋⃗, (2) 



252
EEJP. 1 (2024) Bishnu Ram Das, et al.

in where 𝑋⃗ = 𝑔(𝜌𝛽)௡௙(𝑇 − 𝑇௢) 
Maxwell’s equation is 
 ∇ · 𝐵ሬ⃗ = 0. (3) 
Ampere’s law 
 ∇ × 𝐵ሬ⃗ = (𝜇௘)௡௙𝐽. (4) 
Definition of Ohm’s law: 
 𝐽 = 𝜎௡௙൫𝐸ሬ⃗ + 𝑉ሬ⃗ × 𝐵ሬ⃗ ൯. (5) 
 Equation of magnetic induction is 
 డ஻ሬ⃗డ௧ = ∇ × ൫𝑉ሬ⃗ × 𝐵ሬ⃗ ൯  + 𝜆௡௙∇ଶ𝐵ሬ⃗ . (6) 

Now using equation (1) & equation (3) in equation (6) we get 

 డ஻ሬ⃗డ௧ + ൫𝑉ሬ⃗ · ∇൯𝐵ሬ⃗ = ൫𝐵ሬ⃗ · ∇൯𝑉ሬ⃗ + 𝜆௡௙∇ଶ𝐵ሬ⃗ . (7) 

The Energy equation is 
 ൫𝜌𝐶௣൯௡௙ ቂడ்డ௧ + ൫𝑉ሬ⃗ · ∇൯𝑇ቃ = 𝑘௡௙∇ଶ𝑇 + 𝜇௡௙𝜙 + ௃మఙ೙೑. (8) 

Again, we get  
 𝜈௡௙ = ఓ೙೑ఘ೙೑. (9) 

and 
 𝜆௡௙ = ଵఙ೙೑(ఓ೐)೙೑  (10) 

We know that the dynamic viscosity of nanofluid, effective density of nanofluid, magnetic permeability of nanofluid, 
electrical conductivity of nanofluid, heat capacity of nanofluid, thermal expansion coefficient of nanofluid, and thermal 
conductivity of nanofluid as: 
 𝜇௡௙ = 𝜇௙(1 − 𝜙)ିଶ.ହ, (11) 

 𝜌௡௙ = ൤1 − 𝜙 + 𝜙 ఘೞఘ೑൨ 𝜌௙, (12) 

 (𝜇௘)௡௙ = ൤1 − 𝜙 + 𝜙 (ఓ೐)ೞ(ఓ೐)೑൨ (𝜇௘)௙, (13) 

 𝜎௡௙ = ቂ1 + ଷ(ఙିଵ)థ(ఙାଶ)ି(ఙିଵ)థቃ 𝜎௙, (14) 

 ൫𝜌𝐶௣൯௡௙ = ቈ1 − 𝜙 + 𝜙 ൫ఘ஼೛൯ೞ൫ఘ஼೛൯೑቉. (15) 

 (𝜌𝛽)௡௙ = ൤1 − 𝜙 + 𝜙 (ఘఉ)ೞ(ఘఉ)೑൨ (𝜌𝛽)௙  (16) 

 𝑘௡௙ = ൤௞ೞାଶ௞೑ିଶథ൫௞೑ି௞ೞ൯௞ೞାଶ௞೑ାథ൫௞೑ି௞ೞ൯ ൨ 𝑘௙. (17) 

For the problem the corresponding the initial & boundary conditions are given by 𝑉௭ = 0,  𝐵௭ = 0,𝑇 = 𝑇௢,𝑤ℎ𝑒𝑛 𝑥 = 0 𝑉௭ = 0,  𝐵௭ = 0,𝑇 = 𝑇௢,𝑤ℎ𝑒𝑛 𝑥 = 𝑎, 𝑓𝑜𝑟 0 ≤ 𝑦 ≤ 𝑏 𝑉௭ = 0,  𝐵௭ = 0,𝑇 = 𝑇௢,𝑤ℎ𝑒𝑛 𝑦 = 0 𝑉௭ = 0,  𝐵௭ = 0,𝑇 = 𝑇௢,𝑤ℎ𝑒𝑛 𝑦 = 𝑏, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝑏. (18) 

The following dimensionless variables: 

 𝑉ത = ௏௏೚  ,𝐵ത = ஻஻೚  ,𝑇ത = ்ି ೚்∆்  , 𝑥̅ = ௫௔  ,𝑦ത = ௬஺௔, (19) 
where: 

𝐴 = 𝑏𝑎 ,  𝐵௢ = −𝑎ଶ(𝜇௘)௡௙ඨ 𝜎௡௙𝜌௡௙𝜈௡௙ 𝜕𝑝𝜕𝑧 ,  𝑉௢ = − 𝑎ଶ𝜌௡௙𝜈௡௙ 𝜕𝑝𝜕𝑧 ,𝑇 − 𝑇௢ = 𝑉௢ଶ൫𝐶௣൯௙ ,  
Now using above dimensionless parameters and after simplification we get, 
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డమ௏డ௫మ + ଵ஺మ డమ௏డ௬మ +  ஻೚మ௔మቂଵା య(഑షభ)ഝ(഑శమ)ష(഑షభ)ഝቃ഑೑ഋ೑ (ଵିథ)మ.ఱ
௏೚௔ቈଵିథାథ(ഋ೐)ೞ(ഋ೐)೑቉(ఓ೐)೑ቂଵା య(഑షభ)ഝ(഑శమ)ష(഑షభ)ഝቃఙ೑ 𝑠𝑖𝑛𝜃 డ஻డ௫  

+ ଵ஺  ஻೚మ௔మቂଵା య(഑షభ)ഝ(഑శమ)ష(഑షభ)ഝቃ഑೑ഋ೑ (ଵିథ)మ.ఱ
௏೚௔ቈଵିథାథ(ഋ೐)ೞ(ഋ೐)೑቉(ఓ೐)೑ቂଵା య(഑షభ)ഝ(഑శమ)ష(഑షభ)ഝቃఙ೑ 𝑐𝑜𝑠𝜃 డ஻డ௬  + ௚ఉ೑௔య(்ି ೚்)ఔ೑మ . ఔ೑௏೚௔  𝑇 + 1 = 0. (20) 

𝜕ଶ𝐵𝜕𝑥ଶ + 1𝐴ଶ 𝜕ଶ𝐵𝜕𝑦ଶ + 𝑉௢𝑎 ቈ1 − 𝜙 + 𝜙 (𝜇௘)௦(𝜇௘)௙቉ (𝜇௘)௙ ቈ1 + 3(𝜎 − 1)𝜙(𝜎 + 2) − (𝜎 − 1)𝜙቉𝜎௙𝑠𝑖𝑛𝜃 𝜕𝑉𝜕𝑥  

+ ଵ஺  𝑉௢𝑎 ൤1 − 𝜙 + 𝜙 (ఓ೐)ೞ(ఓ೐)೑൨ (𝜇௘)௙ ቂ1 + ଷ(ఙିଵ)థ(ఙାଶ)ି(ఙିଵ)థቃ 𝜎௙𝑐𝑜𝑠𝜃 డ௏డ௬  = 0. (21) 𝜕ଶ𝑇𝜕𝑥ଶ + 1𝐴ଶ 𝜕ଶ𝑇𝜕𝑦ଶ + 𝜇௙𝐶௣(1 − 𝜙)ଶ.ହ𝑘௙ ቈ𝑘௦ + 2𝑘௙ − 2𝜙൫𝑘௙ − 𝑘௦൯𝑘௦ + 2𝑘௙ + 𝜙൫𝑘௙ − 𝑘௦൯ ቉ . 𝑉௢ଶ𝐶௣∆𝑇 ቈ൬𝜕𝑉𝜕𝑥൰ଶ + 1𝐴ଶ ൬𝜕𝑉𝜕𝑦൰ଶ቉ 
+ 𝐵௢ଶ𝑎ଶ ൤1 + 3(𝜎 − 1)𝜙(𝜎 + 2) − (𝜎 − 1)𝜙൨ 𝜎௙𝜇௙ 
𝑉௢ଶ𝑎ଶ ൤1 − 𝜙 + 𝜙 (𝜇௘)௦(𝜇௘)௙൨ଶ ൤1 + 3(𝜎 − 1)𝜙(𝜎 + 2) − (𝜎 − 1)𝜙൨ଶ 𝜎௙ଶ(𝜇௘)௙ଶ  ቈ𝑘௦ + 2𝑘௙ − 2𝜙൫𝑘௙ − 𝑘௦൯𝑘௦ + 2𝑘௙ + 𝜙൫𝑘௙ − 𝑘௦൯ ቉  · ఓ೑஼೛௞೑ · ௏೚మ஼೛∆் ൤ቀడ஻డ௫ቁଶ + ଵ஺మ ቀడ஻డ௬ቁଶ൨ = 0. (22) 

Let 𝐸ଵ = ଵ(ଵିథ)మ.ఱ , 𝐸ଶ = ൤1 − 𝜙 + 𝜙 ఘೞఘ೑൨ , 𝐸ଷ = ൤1 − 𝜙 + 𝜙 (ఓ೐)ೞ(ఓ೐)೑൨ , 𝐸ସ = ቂ1 + ଷ(ఙିଵ)థ(ఙାଶ)ି(ఙିଵ)థቃ , 𝐸ହ = ቈ1 − 𝜙 + 𝜙 ൫ఘ஼೛൯ೞ൫ఘ஼೛൯೑቉ , 𝐸଺ = ൤1 − 𝜙 + 𝜙 (ఘఉ)ೞ(ఘఉ)೑൨ , 𝐸଻ = ൤௞ೞାଶ௞೑ିଶథ൫௞೑ି௞ೞ൯௞ೞାଶ௞೑ାథ൫௞೑ି௞ೞ൯ ൨ 
Therefore, the equations (20), (21), (22) in terms 𝐸ଵ,𝐸ଶ,𝐸ଷ,𝐸ସ,𝐸ହ,𝐸଺,𝐸଻ are 

 డమ௏డ௫మ + ଵ஺మ డమ௏డ௬మ + ு௔మோ೘ 𝑠𝑖𝑛𝜃 ாరாభாయாర డ஻డ௫ + ଵ஺  ு௔మோ೘ 𝑐𝑜𝑠𝜃 ாరாభாయாర డ஻డ௬ + ீೝோ೐ 𝑇 + 1 = 0. (23) 

 డమ஻డ௫మ + ଵ஺మ డమ஻డ௬మ +  𝑅௠𝑠𝑖𝑛𝜃𝐸ଷ𝐸ସ డ௏డ௫ + ଵ஺  𝑅௠𝑐𝑜𝑠𝜃𝐸ଷ𝐸ସ డ௏డ௬  = 0. (24) 

 డమ்డ௫మ + ଵ஺మ డమ்డ௬మ + ாభாళ 𝑃௥𝐸𝑐 ൤ቀడ௏డ௫ቁଶ + ଵ஺మ  ቀడ௏డ௬ቁଶ൨ + ு௔మ௉ೝா௖ோ೘మ  ாరாయమாరమாళ  ൤ቀడ஻డ௫ቁଶ + ଵ஺మ ቀడ஻డ௬ቁଶ൨ = 0. (25) 

Where: 𝐻𝑎 = 𝐵௢𝑎 ටఙ೑ఓ೑, is the Hartmann number, 𝐺௥ = ௚ఘ೑ఉ೑ (்ି ೚்)௔యఓ೑మ , is the thermal Grashof number, 𝑃௥ = ఓ೑(஼௣)೑௞೑ , is the Prandtl number, 𝐸𝑐 = ௏೚మ(஼௣)೑∆், is the Eckert number, 𝑅௘ = ௏೚௔ఓ೑ , is the Reynolds number, 

and 𝑅௠ = 𝑉௢𝑎(𝜇௘)௙𝜎௙, is the magnetic Reynolds number 
The corresponding boundary conditions (21) gives 𝑉 = 0,𝐵 = 0,𝑇 = 0,𝑤ℎ𝑒𝑛 𝑥 = 0 𝑉 = 0,𝐵 = 0,𝑇 = 0,𝑤ℎ𝑒𝑛 𝑥 = 1, 𝑓𝑜𝑟 0 ≤ 𝑦 ≤ 𝐴 𝑉 = 0,𝐵 = 0,𝑇 = 0,𝑤ℎ𝑒𝑛 𝑦 = 0 V = 0, B = 0, T = 0, when y = A, for 0 ≤ x ≤ 1. (26) 
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4. NUMERICAL TECHNIQUE AND GRID INDEPENDENCE STUDY 
With the boundary conditions given in equation (26), the dimensionless governing equations (23), equation (24) and 

equation (25) were discretized using explicit finite difference method. We know that the finite difference second order డమ௏డ௫మ 
and the first order డ௏డ௫, were discretized as డమ௏డ௫మ = ௏೔శభ,ೕିଶ௏೔,ೕା௏೔షభ,ೕ∆௫మ + 𝑂(∆𝑥ଶ) and డ௏డ௫ = ௏೔శభ,ೕି௏೔షభ,ೕଶ∆௫ + 𝑂(∆𝑥ଶ), respectively. 
Therefore, after simplification the equations (23), (24), and (25) we get 𝑉௜ ,௝ = 𝐴ଽ൫𝑉௜ାଵ,௝+ 𝑉௜ିଵ,௝ ൯+ 𝐴ଵ଴ ቀ𝑉௜ ,௝ାଵ+ 𝑉௜ ,௝ିଵ ቁ + 𝐴ଵଵ ቀ𝐵௜శభ,௝ − 𝐵௜షభ ,௝ቁ +𝐴ଵଶ ቀ𝐵௜ ,௝శభ− 𝐵௜ ,௝ିଵ ቁ + 𝐴ଵଷ൫𝑇௜ ,௝ ൯ + 𝐴ଵସ, (27) 𝐵௜ ,௝ = 𝐴ଽ൫𝐵௜ାଵ,௝+ 𝐵௜ିଵ,௝ ൯+ 𝐴ଵ଴ ቀ𝐵௜ ,௝ାଵ+ 𝐵௜ ,௝ିଵ ቁ + 𝐴ଵହ ൬𝑉௜శభ,ೕ − 𝑉௜ିଵ,௝൰  + 𝐴ଵ଺ ቀ𝑉௜ ,௝ାଵ− 𝑉௜ ,௝ିଵ ቁ, (28) 

𝑇௜ ,௝ = 𝐴ଽ൫𝑇௜ାଵ,௝+ 𝑇௜ିଵ,௝ ൯ + 𝐴ଵ଴ ቀ𝑇௜ ,௝ାଵ+ 𝑇௜ ,௝ିଵ ቁ + 𝐴ଵ଻൫𝑉௜ାଵ,௝− 𝑉௜ିଵ,௝ ൯ଶ + 𝐴ଵ଼ ቀ𝑉௜ ,௝ାଵ− 𝑉௜ ,௝ିଵ ቁଶ +𝐴ଵଽ൫𝐵௜ାଵ,௝− 𝐵௜ିଵ,௝ ൯ଶ + 𝐴ଶ଴ ቀ𝐵௜ ,௝ାଵ− 𝐵௜ ,௝ିଵ ቁଶ, (29) 

Where 𝐴ଵ = ଵ஺మ ,𝐴ଶ =  (ு௔)మ(ோ೘)  𝑠𝑖𝑛𝜃 ாరாభாయாర 𝜃 ,𝐴ଷ = ଵ஺  (ு௔)మ(ோ೘)  𝑐𝑜𝑠𝜃 ாరாభாయாర ,𝐴ସ = (ீೝ)(ோ೐) ,𝐴ହ = ௞మଶ(஺భ௛మା௞మ), 𝐴଺ = ஺భ௛మଶ(஺భ௛మା௞మ), 𝐴଻ =஺మ௛௞మଶ(஺భ௛మା௞మ), 𝐴଼ = ஺య௛మ௞ଶ(஺భ௛మା௞మ), 𝐴ଽ = ஺ర௛మ௞మ஺భ௛మା௞మ, 𝐴ଵ଴ = ௛మ௞మ஺భ௛మା௞మ, 𝐴ଵଵ = 𝑅௠𝑠𝑖𝑛𝜃𝐸ଷ𝐸ସ , 
𝐴ଵଶ = ଵ஺ 𝑅௠𝑐𝑜𝑠𝜃𝐸ଷ𝐸ସ , 𝐴ଵଷ = ஺భభ௛௞మଶ(஺భ௛మା௞మ) , 𝐴ଵସ = ஺భమ௛మ௞ଶ(஺భ௛మା௞మ), 𝐴ଵହ = ாభாల 𝑃௥𝐸𝑐, 𝐴ଵ଺ = (ு௔)మ(ா௖)(௉ೝ)(ோ೘)మ ாరாయమாరమாల, 𝐴ଵ଻ = ஺భఱ௞మସ(஺భ௛మା௞మ), 𝐴ଵ଼ = ஺భ஺భఱ௛మସ(஺భ௛మା௞మ), 𝐴ଵଽ = ஺భల௞మସ(஺భ௛మା௞మ), 𝐴ଶ଴ = ஺భ஺భల௛మସ(஺భ௛మା௞మ), 
are constants and in where ∆𝑥 = ℎ = 0.001 𝑎𝑛𝑑 ∆𝑦 = 𝑘 = 0.001. 
Discretized boundary conditions are given by 𝑉௜ ,ଵ = 0,  𝐵௜ ,ଵ = 0,𝑇௜ ,ଵ = 0,𝑤ℎ𝑒𝑛 𝑗 = 1 𝑉௜ ,௡ାଵ = 0,𝐵௜ ,௡ାଵ = 0,  𝑇௜ ,௡ାଵ = 0,𝑤ℎ𝑒𝑛 𝑗 = 𝑛 + 1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚 + 1 𝑉ଵ,௝ = 0,  𝐵ଵ,௝ = 0,𝑇ଵ,௝ = 0,𝑤ℎ𝑒𝑛 𝑖 = 1 𝑉௠ାଵ,௝ = 0,𝐵௠ାଵ,௝ = 0,𝑇௠ାଵ,௝ = 0,𝑤ℎ𝑒𝑛 𝑖 = 𝑚 + 1 
 𝑓𝑜𝑟 1 ≤ 𝑗 ≤ 𝑛 + 1, (30) 

 
5. RESULTS AND DISCUSSION 

The outcome of parameters like, thermal Grashof number (𝐺௥), Hartmann number (𝐻𝑎), Reynold number (𝑅௘), Prandtl 
number (𝑃௥), Eckert number (𝐸𝑐), magnetic Reynold number (𝑅௠), and the nanoparticle volume fraction (𝜙) on the velocity, 
induced magnetic field, and temperature distributions are exhibits in graphical presentation. We have taken 𝐻𝑎 =2,𝐴 = 2.5,𝑃௥ = 6.93,𝑅௠ = 1,𝐸𝑐 = 0.001,ℎ = 𝑘 = 0.001,𝑚 = 𝑛 = 200,𝜙 = 0.02, 𝑘௙ = 0.613,𝑘௦ = 429,𝜃 = 𝜋/2. 

The graphs are plotted by utilizing numerical out come through an explicit finite difference method in MATLAB 
operating system. The velocity distribution of titanium oxide/water nanofluid for various values of Hartmann number (𝐻𝑎) is depicted in Figure 2. We have observed from Figure. 2 that the fluid velocity distribution decreases due to 
increase in value of Hartmann number (𝐻𝑎). We know that in the middle of the rectangular duct, the fluid has 
maximum value of velocity, so in this step the electromagnetic force resists the fluid’s motion and this electromagnetic 
force slow down conviction a flatten velocity distribution. Similar nature of induced magnetic field is observed and 
seen in Figure 3. Further, in Figure 4. It is observed that temperature (𝑇) is increased with increased value of Hartmann 
number (𝐻𝑎) in boundary layer region. The magnetic field introduced to the electrically conducting nanofluid and 
acting normal to boundary is responsibility for resistive pressure force in the duct which is part of Lorentz force. In 
the cooling sector magnetic field’s effect on nanofluid has many industrial accomplishments too. The velocity 
distribution of titanium oxide/water nanofluid for various values of thermal Grashof number (𝐺௥) is depicted in Fig. 
5. We have seen in Figure 5 that the velocity distribution enhanced owing to enhancement of parametric values of the 
thermal Grashof number (𝐺௥). An enlarge in the value of thermal Grashof number has the tendency to induce much 
flow in the boundary layer due to the effect of thermal buoyancy. Similar nature we have observed in induced magnetic 
field in Figure 6. But it is observed in Figure 7, that the temperature profile decreases owing to increase in parametric 
value of thermal Grashof number (𝐺௥). This means that buoyancy force decreases the temperature field. The velocity 
distribution of titanium oxide/water nanofluid for different values of Reynold number (𝑅௘) is depicted in Figure 8. 
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It is observed from Figure 8, that the velocity profile enhanced owing to enhancement of parametric values of Reynold 
number (𝑅௘). Due to enhancement in values of (𝑅௘), in the thermal boundary layer, frictional heating increases. 

 
Figure 2. Variation in (𝑉) with 𝐻𝑎 Figure 3. Variation in (𝐵) with 𝐻𝑎 Figure 4. Variation in (𝑇) with 𝐻𝑎 

Figure 5. Variation n (𝑉) with 𝐺𝑟 Figure 6. Variation in (𝐵) with 𝐺𝑟 Figure 7. Variation in (𝑇) with 𝐺𝑟 

This in results reflect in enhancement of kinetic energy of the fluid particles in the middle layers as a consequence 
we have the flow rate accelerates and, in this way, increases the velocity. Similar effect we have observed in induced 
magnetic field in Figure 9. The temperature distribution of titanium oxide/water nanofluid for different values of 
Reynold number (𝑅௘) is depicted in Figure 10. But we have seen in Figure 10, that the temperature profile decreases 
due to increase in value of Reynold number (𝑅௘). The increase in values of Reynold number (𝑅௘) enhanced the strength 
of the discharge velocity on the plate which minimizes the growth of thermal boundary layer. This diminishes the 
temperature near to the plate surface. The velocity distribution of titanium oxide/water nanofluid for distinct values 
of Prandtl number (𝑃௥) is represented in graph given in Figure 11. We have seen in Figure 11, that the velocity profile 
is enhanced owing to enhancement in the value of Prandtl number (𝑃௥). Due to impact of additional nanoparticles 
periodic motion of nanoparticle is observed an increase of Prandtl number (𝑃௥). So, the kinetic energy is transform 
into heat energy, and so the velocity increases. 

   
Figure 8. Variation in (𝑉) with 𝑅𝑒 Figure 9. Variation in (𝐵) with 𝑅𝑒 Figure 10. Variation in (𝑇) with 𝑅𝑒 

Similar effect we have observed in induced magnetic field in Figure 12. The temperature distribution of titanium oxide/water nanofluid for those distinct values of Prandtl number (𝑃௥) is depicted in Figure 13. But it is 
observed from Figure 13, that the fluid temperature distribution decreases due to increase in value of Prandtl number (𝑃௥). With the large value of (𝑃௥), the momentum diffuses additional rapidly than the heat, indicating that fluids with 
a large Prandtl number have low thermal conductivity and an exquisite thermal boundary layer. The velocity 
distribution of titanium oxide/water nanofluid for different values of Eckert number (𝐸𝑐) is observed in Figure 14. 
We have seen in Figure 14, that the fluid velocity distribution decreases due to increase in value of Eckert number (𝐸𝑐). Again, owing to increase in values of Eckert number (𝐸𝑐), the plate decants velocity increases. This in turn again 
decreases the flow rate within the boundary layer and thus diminishes the velocity. Similar pattern is observed in 
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Figure 15. The temperature distribution of titanium oxide/water nanofluid for different values of Eckert number (𝐸𝑐) 
is depicted in Figure 16. We have seen in Figure 16, that the fluid temperature profile enhanced owing to enhancement 
in parametric values of Eckert number (𝐸𝑐). Owing to enhanced in values of (𝐸𝑐), the fluid occurence frictional heating 
in the middle layers, furthermore, there is the thickening of thermal boundary layer and consequently increases the 
temperature within the boundary layer significantly. 

Figure 11. Variation in (𝑉) with 𝑃𝑟 Figure 12. Variation in (𝐵) with 𝑃𝑟 Figure 13. Variation in (𝑇) with 𝑃𝑟 

  
Figure 14. Variation in (𝑉) with 𝐸𝑐 Figure 15. Variation in (𝐵) with 𝐸𝑐 Figure 16. Variation in (𝑇) with 𝐸𝑐 

The velocity distribution of titanium oxide/water nanofluid for distinct values of magnetic Reynold number (𝑅௠) is illustrate in Figure 17. We have seen in Figure 17, that the fluid velocity distribution increases due to increase 
in parametric value of magnetic Reynold number (𝑅௠). The magnetic Reynolds number is the magnetic correspondent 
of the Reynold number, a fundamental dimensionless classification that take place in magnetohydrodynamics (MHD). 
It gives an estimate of the respective effects of convective of a magnetic field by the movement of a conducting 
medium, frequently a fluid, to magnetic diffusion. Similar nature we have observed in Figure 18. The temperature 
distribution of titanium oxide/water nanofluid for different values of magnetic Reynolds number (𝑅௠) is depicted in 
Figure 19. But we have seen in Figure 19, that the temperature profile decreases owing to enhancement in parametric 
values of magnetic Reynold number (𝑅௠). The enhanced in values of (𝑅௠) enhanced the strength of the decant velocity 
on the plate and this decant velocity minimizes the growth of thermal boundary layer. Thus, as a consequence 
diminishes the temperature near to the plate surface. 

   
Figure 17. Variation in (𝑉) with 𝑅𝑚 Figure 18. Variation in (𝐵) with 𝑅𝑚 Figure 19. Variation in (𝑇) with 𝑅𝑚 

The velocity distribution of titanium oxide/water nanofluid for different values of nanoparticle volume fraction (𝜙) is illustrate graphically in Figure 20. We have seen in Figure 20, that the fluid velocity distribution decreases due 
to increase in value of nanoparticle volume fraction (𝜙). Similar pattern is in Figure 21, where induced magnetic field 
variation is shown against volume fraction. The temperature distribution of titanium oxide/water nanofluid for 
different values of nanoparticle volume fraction (𝜙) is depicted in Figure 22. But it is observed from Figure 22, that 
the temperature profile enhanced owing to enhancement in parametric value of nanoparticle volume fraction (𝜙).  
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We have plotted (Figure 23) values of rate of rise leading velocity for different nanofluids against value of 
corresponding Reynold number (𝑅𝑒) in the duct under same configuration. We have plotted the graphs for the following 
nanofluid: titanium oxide (𝑇𝑖𝑂ଶ), aluminium oxide (𝐴𝑙ଶ𝑂ଷ), ferric oxide (𝐹𝑒ଶ𝑂ଷ) and silicon oxide (𝑆𝑖𝑂ଶ). These 
plottings provides us a comparative mass transfer advantages of different nano fluids at a certain temperature. From the 
plottings of (Figure 23), we have seen that with increasing Reynold number (𝑅𝑒) difference of flow rate for different 
nano fluids is reducing. For low value of Reynold number (𝑅𝑒), ferric oxide (𝐹𝑒ଶ𝑂ଷ) gives high flow rate and silicon 
oxide (𝑆𝑖𝑂ଶ) gives low flow rate. For high Reynold number 𝑅𝑒 all the nanofluid consider shows no significance different 
in volumetric flow rate. 

   
Figure 20. Variation in (𝑉) with 𝜙 Figure 21. Variation in (𝐵) with 𝜙 Figure 22. Variation (𝑇) with 𝜙 

 
Figure 23. Rate of increase of Reynolds number for (𝑇𝑖𝑂ଶ), (𝐴𝑙ଶ𝑂ଷ), (𝐹𝑒ଶ𝑂ଷ) and (𝑆𝑖𝑂ଶ) nanoparticles 

We have plotted in Figure 24 mesh (𝑥,𝑦,𝑉) for (𝐻𝑎 = 0), in Figure 25 contour (𝑥,𝑦,𝑉) for (𝐻𝑎 = 10), in 
Figure 26 mesh (𝑥,𝑦,𝐵) for (𝐻𝑎 = 0), in Figure 27 contour (𝑥,𝑦,𝐵) for (𝐻𝑎 = 10), in Figure 28 mesh (𝑥,𝑦,𝑇) for (𝐻𝑎 = 0), in Figure 29 contour (𝑥,𝑦,𝑇) for (𝐻𝑎 = 10) i.e. in the absence of magnetic field for velocity and nanoparticle 
volume fraction (𝜙 = 0.02). i.e when (𝐻𝑎 = 0), the velocity of the 𝑇𝑖𝑂ଶ − 𝑤𝑎𝑡𝑒𝑟 nanofluid decreases with increase in 
nanoparticles volume fraction 𝜙. In this case 100 × 100 grid has been used at 𝑥(1) = −1 𝑎𝑛𝑑 𝑦(1) = −1. And another 
study, in Figure 30 mesh (𝑥,𝑦,𝑉) for (𝐻𝑎 = 10), in Figure 31 contour (𝑥,𝑦,𝑉) for (𝐻𝑎 = 10), in Figure 32 mesh (𝑥,𝑦,𝐵) for (𝐻𝑎 = 10), in Figure 33 contour (𝑥,𝑦,𝐵) for (𝐻𝑎 = 10), in Figure 34 mesh (𝑥,𝑦,𝑇) for (𝐻𝑎 = 10), in 
Figure 35 contour (𝑥,𝑦,𝑇) for (𝐻𝑎 = 10) i.e. in the presence of large magnetic field and nanoparticle volume fraction (𝜙 = 0.02) for titanium oxide nanoparticle. i.e when (𝐻𝑎 = 10) the reverse effect of the nanoparticle volume fraction 𝜙. 
Similarly, we can show for other nanoparticles. 

3D graph for TiO2 – water nanofluid 

  
Figure 24. Velocity mesh in (𝑥, 𝑦,𝑉) Figure 25. Velocity contour in (𝑥, 𝑦,𝑉) 

with 𝐻𝑎 = 0,𝜙 = 0.02,  𝐻𝑎 = 10,𝜙 = 0.02 
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Figure 26. Velocity mesh in (𝑥, 𝑦,𝐵) Figure 27. Velocity contour in (𝑥, 𝑦,𝐵) 

with 𝐻𝑎 = 0,𝜙 = 0.02  𝐻𝑎 = 10,𝜙 = 0.02 

  
Figure 28. Velocity mesh in (𝑥, 𝑦,𝑇) Figure 29. Velocity contour in (𝑥, 𝑦,𝑇) 

with 𝐻𝑎 = 0,𝜙 = 0.02  𝐻𝑎 = 10,𝜙 = 0.02 

  
Figure 30. Velocity mesh in (𝑥, 𝑦,𝑉) Figure 31. Velocity contour in (𝑥, 𝑦,𝑉) 

with 𝐻𝑎 = 10,𝜙 = 0.02  𝐻𝑎 = 10,𝜙 = 0.02 

  
Figure 32. Velocity mesh in (𝑥, 𝑦,𝐵) Figure 33. Velocity contour in (𝑥, 𝑦,𝐵) 

with 𝐻𝑎 = 10,𝜙 = 0.02 𝐻𝑎 = 10,𝜙 = 0.02 
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Figure 34. Velocity mesh in (𝑥, 𝑦,𝑇) Figure 35. Velocity contour in (𝑥, 𝑦,𝑇) 

with 𝐻𝑎 = 10,𝜙 = 0.02 𝐻𝑎 = 10,𝜙 = 0.02 
 

6. CONCLUSIONS 
In this paper, a comparative study on MHD forced convective flow for heat transfer efficiency of different nanofluids 

with water (𝐻ଶ𝑂) as base fluid has been carried out. Here, in this study flow through vertical rectangular has been considered 
in presence of strong magnetic field. An explicit finite difference method has been adopted with fine grid in the control 
volume for solving the governing equation of this MHD nanofluid flow. Computational process is carried out using 
MATLAB code. In this paper we have plotted the flow fields velocity, induced magnetic field and temperature for various 
values of MHD flow parameters graphically. The remarkable results of the examination are as follows: 
1. From the plottings of (Fig. 23), we have seen that with increasing Reynold number (𝑅𝑒) difference of flow rate for 

different nano fluids is reducing. For low value of Reynold number (𝑅𝑒) ferric oxide (𝐹𝑒ଶ𝑂ଷ) gives high flow rate 
and silicon oxide (𝑆𝑖𝑂ଶ) gives low flow rate. For high Reynold number (𝑅𝑒) all the nanofluid consider shows no 
significance different in volumetric flow rate. 

2. The fluid velocity decreases due to increase in Hartmann number (𝐻𝑎), Eckert number (𝐸𝑐) and nanoparticle 
volume fraction (𝜙). 

3. The fluid velocity increases due to increase in Reynold number (𝑅௘), thermal Grashof number (𝐺௥), Prandtl number (𝑃௥) and magnetic Reynolds number (𝑅௠). 
4. The induced magnetic field decreases due to increase in Hartmann number (𝐻𝑎), nanoparticle volume fraction (𝜙), 

and Eckert number (𝐸𝑐).  
5. The induced magnetic field increases due to increase in Reynold number (𝑅௘), thermal Grashof number (𝐺௥), Prandtl 

number (𝑃௥) and magnetic Reynold number (𝑅௠). 
6. The fluid temperature of decreases due to increase in Reynold number (𝑅௘), thermal Grashof number (𝐺௥), Prandtl 

number (𝑃௥) and magnetic Reynold number (𝑅௠). 
7. An increase in values of Hartmann number (𝐻𝑎), Eckert number (𝐸𝑐), and nanoparticle volume fraction (𝜙) 

increases the fluid temperature.  
 

Nomenclature 𝑉ሬ⃗  velocity vector 𝑝 fluid pressure, ሾPaሿ 𝜎 electrical conductivity, ሾ𝑆𝑚ିଵሿ 𝐽 current density 𝜃 oblique angle 𝜌𝐶௣ effective heat capacity of the 
nanoparticle, ሾ𝐽𝑚ିଷ𝐾ିଵሿ 𝐵௢ magnetic field 𝑇 temperature of the fluid, ሾ𝐾ሿ 𝜙 volume fraction, ሾ−ሿ 𝐶௣ specific heat at constant pressure, ሾ𝐽𝑘𝑔ିଵ𝐾ିଵሿ 𝜌௡௙ nanofluid density 𝜆 magnetic diffusivity 𝐸ሬ⃗  electric field 𝜎௡௙ nanofluid electrical conductivity 𝜇 dynamic viscosity 𝐻𝑎 Hartmann number 𝜇௡௙ nanofluid dynamic viscosity Subscripts 𝐺௥ thermal Grashof number 𝑘௡௙ nanofluid thermal conductivity 𝑛𝑓 nanofluids 𝑅௘ Reynold number (𝜇௘)௡௙ nanofluid magnetic 

permeability 
𝑓 base fluid 𝑃௥ Prandtl number 𝜈௡௙ nanofluid kinematic viscosity 𝑠 solid particles of nanofluid 𝐸𝑐 Eckert number Greek Letters  𝑅௠ magnetic Reynolds number 𝜌 density, ሾ𝑘𝑔𝑚ିଷሿ  𝑘 thermal conductivity of nanofluid, ሾ𝑊𝑚ିଵ𝐾ିଵሿ 𝜈 kinematic viscosity, ሾ𝑚ଶ𝑠ିଵሿ  
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ПОРІВНЯЛЬНЕ ДОСЛІДЖЕННЯ МГД ПРИМУШЕНОГО КОНВЕКТИВНОГО ПОТОКУ РІЗНИХ НАНОРІДИН З 
ВОДОЮ (H2O) ЯК ОСНОВНОЮ РІДИНОЮ У ВЕРТИКАЛЬНОМУ ПРЯМОКУТНОМУ КАНАЛІ 

Бішну Рам Дас, П.Н. Дека 
Факультет математики, Університет Дібругарх, Дібругарх-786004, Ассам, Індія 

У цій статті було проведено порівняльне дослідження МГД вимушеної конвективної течії для ефективності теплопередачі 
різних нанофлюїдів з водою (H2O) як базовою рідиною. У цьому дослідженні потік через вертикальний прямокутний канал 
розглядався в присутності сильного магнітного поля. У цьому ламінарному потоці ми розглядаємо стінки каналу як 
електрично непровідні, де поперечне магнітне поле діє нормально на стінки каналу. Джоулева теплота та ефекти розсіювання 
в’язкої рідини враховуються в енергетичному рівнянні, і, крім того, стінки каналу зберігаються при постійній температурі. 
Було прийнято явний кінцево-різницевий метод із дрібною сіткою в контрольному об’ємі для розв’язання керівних рівнянь 
цього МГД-потоку нанорідини. Обчислювальні процеси здійснюються за допомогою коду MATLAB. У цій роботі ми 
графічно побудували графіки швидкості полів потоку, індукованого магнітного поля та температури для різних значень МГД 
параметрів потоку шляхом зміни теплового числа Грасгофа (Gr), числа Гартмана (Ha), числа Рейнольдса (Re), числа Екерта 
(Ec), число Прандтля (Pr), магнітне число Рейнольдса (Rm) і об’ємну частку наночастинок (ϕ) відповідно. 
Ключові слова: вимушена конвективна МГД течія; нанофлюїди; стійкий; явний метод кінцевих різниць (EFDM); 
вертикальний прямокутний канал 




