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Wormhole solutions in General Relativity (GR) require exotic matter sources that violate the null energy condition
(NEC), and it is well-known that higher-order modi�cations of GR and some alternative matter sources can support
wormholes. In this study, we explore the possibility of formulating traversable wormholes in f(R) modi�ed gravity,
which is perhaps the most widely discussed modi�cation of GR, with two approaches. First, to investigate the e�ects
of geometrical constraints on the global characteristics, we gauge the rr�component of the metric tensor and employ
Padè approximation to check whether a well�constrained shape function can be formulated in this manner. We then
derive the �eld equations with a background of string cloud and numerically analyse the energy conditions, stability,
and amount of exotic matter in this space-time. Next, as an alternative source in a simple f(R) gravity model, we
use the background cloud of strings to estimate the wormhole shape function and analyse the relevant properties of
the space-time. These results are then compared with those of wormholes threaded by normal matter in the simple
f(R) gravity model considered. The results demonstrate that string cloud is a viable source for wormholes with NEC
violations; however, the wormhole space-times in the simple f(R) gravity model considered in this study are unstable.
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1. INTRODUCTION

The governing equation of the theory of General Relativity (GR) is the Einstein �eld equation (EFE),
and solutions to this set of coupled di�erential equations have been remarkably successful in accounting for
phenomena ranging from black holes [1] to the evolution of the universe. Spherical symmetry is an important
physically relevant constraint in solving the EFEs, and wormholes are an intriguing prospect among spherically
symmetric solutions, explored since the early days of GR [2, 3]. Ellis [6] and Bronnikov [7] independently
reported the �rst traversable Lorentzian wormhole solution, and the geometric requirements were established
in detail by Morris & Thorne in 1988 [8]. Wormholes are exact solutions to the EFEs and can be interpreted
as bridges connecting two di�erent asymptotically �at regions of space-time via a throat. The topology of the
wormhole interior is non-trivial, while the topology at the boundaries remains simple [9]. While theoretical as of
now, wormholes are of crucial importance in fundamental physics, especially considering quantum entanglement
[10] and quantum gravity. Moreover, it has recently been shown that wormholes may mimic astrophysical black
holes in some observations [63, 5]. A fundamental problem in such spacetimes is that for the throat to remain
open for signal propagation, the behavior of the matter sources supporting such a space-time is exotic in that
the null energy condition (NEC) is violated [8]. Speci�cally, this implies that observers in an inertial frame
measure negative energy densities at the throat, which is unphysical. Such behavior can be avoided in modi�ed
gravity theories.

Despite its success, GR fails to explain cosmological phenomena such as late�time accelerated cosmic
expansion [11, 13] and the so-called `in�ationary epoch' [14]. Modi�ed theories of gravity address these short-
comings [15, 16, 17, 28, 29], and the extra degrees of freedom in modi�ed gravity theories also enables one to
evade NEC violations in wormhole space-times. Moreover, wormhole solutions are an inherent feature of most
modi�cations of GR. One of the simplest modi�cations to GR is f(R) modi�ed gravity, where the Ricci scalar R
in the Einstein�Hilbert action is replaced by some arbitrary function of it [18]. This simple modi�cation to GR
can lead to a host of models that can independently meet both cosmological and solar system tests [19]. It has
been shown that the extra degrees of freedom in f(R) gravity arising from higher order curvature terms may
lead to scenarios where the matter content satis�es the NEC in wormhole spacetimes [20, 21]. Wormholes in the
framework of f(R) gravity have been studied extensively in di�erent iterations of f(R) gravity (for instance, in
Refs. [22, 12, 23, 24, 25, 26, 27, 30, 31, 64, 32, 33]).

Another inherent limitation of GR is that it provides only a classical description of gravity, and the theory is
non�renormalizable at high energy (small length) scales. String theory [34] is perhaps the strongest contender to
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a uni�ed paradigm of gravity with the other fundamental forces, and it posits that the fundamental constituent
of matter and energy are extended objects, instead of point-like ones. Precisely, the extended objects are
considered as one�dimensional relativistic strings, and the interactions of strings on a classical level provide
better models of several fundamental interactions [35, 36, 37]. To this end, string clouds as a gravitational
source have been studied extensively in literature. A general solution to the EFEs for a spherically symmetric
cloud of strings was �rst reported in [38], with an emphasis on the energy conditions. Properties of compact
objects such as black holes in the background of a string cloud have been reported previously [39, 40, 41, 42].
Traversable wormholes in the background of a string cloud have been reported [43], with an emphasis on the
amount of exotic matter and stability of the wormhole con�guration against radial perturbations. Recently, a
detailed study of the properties of traversable wormholes surrounded by a string cloud in the framework of f(R)
gravity has been reported with analysis of the quasi-normal modes (QNMs) of the wormhole solutions [44].

In this study, we investigate traversable wormholes in f(R) gravity with two motivations: First, to inves-
tigate the e�ects of geometrical constraints, we gauge the rr�component of the metric tensor and employ Padé
approximation to check whether a well�constrained shape function can be formulated in this manner. We then
derive the �eld equations with the background of a string cloud and numerically analyse the energy conditions,
stability, and amount of exotic matter in this space-time. Next, we use a background of string cloud to estimate
the wormhole shape function in a simple f(R) gravity model, with f(R) = αRm − βRn [45], and analyse the
relevant properties of the space-time as in the previous case. These results are then compared with those of
wormholes threaded by normal matter in the same modi�ed gravity model considered.

The remainder of this manuscript is organized as follows. In Sec. 2, we discuss the traversable wormhole
geometry. A novel shape function is proposed using Padé approximation in Sec. 2.1. In Sec. 3, we present the
modi�ed EFEs in the general framework of f(R) gravity. In Sec. 3.1 we analyse the various energy conditions,
the stability in terms of the TOV equation, and the amount of exotic matter required to sustain traversable
wormholes in the framework of f(R) gravity with a background of string cloud. Next, in Sec. 3.2 we estimate the
shape function in the considered form of f(R) = αRm−βRn gravity model [45] with a string cloud background
and analyse the properties of the wormhole space-time. For a comparative analysis, in Sec. 3.3 we present
wormhole solutions supported by ordinary matter for the f(R) model [45] considered in Sec. 3.2 using our
proposed shape function obtained by employing Padé approximation in Sec. 2.1. Finally, we conclude the work
with remarks in Sec. 4. We adhere to the natural system of units (G = c = 1) throughout the work.

2. TRAVERSABLE WORMHOLES

Morris & Thorne [8] used the following metric ansatz to describe a static, spherically symmetric space-time

ds2 = −e2Φ(r)dt2 +
dr2

1− b(r)
r

+ r2dθ2 + r2sin2θdϕ2 (1)

Eq. (1) is the line element of a traversable wormhole. The proper radial coordinate l(r) =
∫ r

r0
dr√
1− b

r

should be

well-behaved throughout the space-time in order to avoid singularities. It imposes the constraint b
r ≤ 1 at the

throat. The metric function Φ(r) in Eq. (1) is known as the red-shift function, and the �rst co-e�cient of the
line element in Eq. (1) provides a measure of the gravitational red-shift. The topological con�guration of the
space-time is determined by the second coe�cient of the line element in Eq. (1) and the metric function b(r) is
known as the shape function. At some minimum value of the radial coordinate r, the throat of the wormhole is
located at some arbitrary value r0. A signi�cant aspect of traversable wormholes is that the throat should not
be surrounded by an event horizon. Horizons in spherically symmetric space-times are described by physically
non-singular surfaces at g00 = −e2Φ → 0, and this results in the constraint that throughout the space-time
Φ(r) should be well de�ned. Moreover, the geometric constraints on the shape function b(r) demanded by

traversability are: (i) b(ro) = ro, (ii)
b(r)−b′(r)r

b2 > 0, (iii) b′(ro) − 1 ≤ 0, (iv) b(r)
r < 1,∀r > ro, (v)

b(r)
r → 0 as

r → ∞, where prime denotes a derivative with respect to the radial coordinate r. The energy density ρ, radial
pressure pr, and transverse pressure pt of the matter sources are constrained by these conditions on the metric
functions through the EFEs. Therefore, while constructing traversable wormhole con�gurations violations of
the energy conditions appear owing to these constraints. Next, we propose a novel form of the shape function
and check the viability of the shape function by analysing the various constraints. In addition, in this work, we
consider tideless traversable wormhole solutions described by a constant red-shift function Φ′(r) = 0.

2.1. A novel shape function

We examine the following functional form as a probable shape function

b(r) = r0

[
log

(
r

r0

)
+ coth(r0) tanh(r)

]a
(2)
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where, r0 is the location of the throat, and a is a free parameter. The viability of the shape function b(r) depends
on several constraints as discussed in Sec 2. Analysing these constraints for the functional form of Eq. (2),
insights can be obtained about the throat radius r0, and the parameter a. However, it can be observed Eq. (2),
does not satisfy the condition of b(r0) = r0, which is an important consequence of traversable wormholes, the
other required conditions for the viability of the shape function, such as the asymptotic �atness, and the �aring
out condition are also not satis�ed. Thus, to have a plausible form of b(r), the next step involves adopting the
Padé approximation for the functional form in Eq. (2), and to check if a viable form of b(r) can be obtained that
satis�es all the required constraints on a shape function. Use of rational expansions made by Padé functions is
common in existing literature [46, 47, 48, 49]. The Padé approximation is built on the Taylor series expansion.
For a given function such as f(z) =

∑∞
i=1 ciz

i, expanding the series with the coe�cients ci, the (n,m) Padé
approximant ratio is given as [50],

Pn,m(z) =

∑n
k=0 akz

k

1 +
∑m

σ=0 bσz
σ

(3)

The most simple forms of Padé approximant are of the orders (1, 0) & (0, 1). Thus, considering the (1, 0)
approximation and expanding Eq. (2) about the throat radius r0, the shape function is

b(r) = r0 − a(r0 − r) [1 + r0 cosech(r0)sech(r0)] (4)

With the form as described in Eq. (4), the various conditions required for the viability are analyzed and it
becomes evident that the function in Eq. (4) satis�es all the necessary conditions to be a shape function for
r0 = 3 and 0 < a < 1. Moreover, the function satis�es the condition b(r0) = r0. We therefore propose b(r) =
r0 − a(r0 − r) [1 + r0 cosech(r0)sech(r0)] as a new viable shape function.

The plots of the asymptotic �atness b(r)/r → 0 as r → ∞, and �aring out condition b(r)−b′(r)r
b2 > 0 are

shown in Figure 1.

Figure 1. Pro�le of the (a) Asymptotic �atness b(r)
r → 0 as r → ∞, and (b) Flaring out

condition b(r)−b′(r)r
b2 > 0 respectively vs. r for 0 < a < 1

With the obtained viable shape function, next the traversable wormhole solutions are analyzed in the
framework of f(R) gravity with a background of string cloud.

3. TRVERSABLE WORMHOLES IN f(R) GRAVITY

A general form of the action in f(R) modi�ed theories is [22]

S =

∫
d4x

√
−g [f(R) + Lm] (5)

Using the metric formalism of f(R) gravity, the modi�ed EFEs are obtained as

FRµν − 1

2
f(R) gµν −∇µ∇νF + gµν□F = Tm

µν , (6)
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where F ≡ df/dR, and Tm
µν = −2√

−g
δLm

δgµν is the stress-energy tensor of background matter. We consider that the

spherically symmetric space-time is represented by the line-element in Eq. (1). Taking the trace of Eq. (6)
yields:

FR− 2f(R) + 3□F = T (7)

Here, T is the trace of the stress-energy tensor of matter and □F is:

□F =
1√
−g

∂µ(
√
−ggµν∂νF ) =

(
1− b

r

)[
F ′′ − b′r − b

2r2(1− b/r)
F ′ +

2F ′

r

]
(8)

with F ′ = df(R)/dR and b′ = d b(r)/dr. Substituting Eq. (7) in Eq. (6) yields the modi�ed EFEs as:

Gµν ≡ Rµν − 1

2
gµνR = T eff

µν (9)

Here, T eff
µν is the e�ective stress-energy tensor, responsible for the energy condition violations and is generally

interpreted as a gravitational �uid. T eff
µν comprises of the matter stress energy tensor Tm

µν and the curvature
stress-energy tensor T c

µν given by

T c
µν =

1

F

[
∇µ∇νF − 1

4
gµν (RF +□F + T )

]
(10)

Assuming that the geometry of the wormhole is threaded by an anisotropic distribution of matter

Tµν = (ρ+ pt)Uµ Uν + pt gµν + (pr − pt)χµχν , (11)

where Uµ is the four-velocity, and χµ represents a unit space-like vector.
With the line element in Eq. (1), the modi�ed EFEs can be expressed as the following [22]

ρ =
Fb′

r2
(12)

pr = −bF

r3
+

F ′

2r2
(b′r − b)− F ′′

(
1− b

r

)
(13)

pt = −F ′

r

(
1− b

r

)
+

F

2r3
(b− b′r) (14)

The Ricci scalar is given as R = 2b′

r2 . With the explicit forms of energy density ρ, radial pressure pr,
and transverse pressure pt in Eqs. (12)-(14), the various energy conditions, stability, and the amount of exotic
matter required for the wormhole con�guration can be analyzed.

3.1. Cloud of Strings as a source

A cloud of strings is analogous to the perfect �uid models of gas and dust. However, the di�erence is
that it comprises one-dimensional objects extended along some speci�c direction. The string cloud can exist in
di�erent geometrical con�gurations such as planar, axisymmetric, or spherical [51]. A general solution for the
spherical distribution of the cloud of strings was reported in [51]. In addition, thermodynamic properties of
string gas have been reported in [52]. For a spherically symmetric string cloud in four dimensions, the energy
momentum tensor has the following non-null components [51]

T t
t = T r

r = −η2

r2
(15)

where η is a constant related to the total energy of the string cloud. With the form of the shape function as
described in Eq. (4), and using Eq. (12), we get

F (r) = − η2

a (r0 cosech(r0) sech (r0) + 1)
(16)

With the obtained F (r) and the �eld equations Eqs. (12)-(14), the numerical analyses are conducted to
obtain the energy conditions, check the stability, and estimate the amount of exotic matter.
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For any observer traversing a time-like curve to detect the energy density of the matter �eld to be positive,
the stress-energy tensor of matter must adhere to some sets of inequalities known as the energy conditions in
GR [53, 21]. The weak energy condition (WEC) implies ρ ≥ 0, the NEC implies ρ + pr ≥ 0, and ρ + pt ≥ 0,
whereas the strong energy condition (SEC) implies ρ + pr + 2pt ≥ 0. The pro�le of energy conditions with a
background of string cloud is presented with the throat radius �xed at r0 = 3. Emphasis is made on the e�ect
of the string cloud constant η on the energy conditions. Results are discussed by �xing the parameter a = 0.5.
For the whole range of a, 0 < a < 1, the energy conditions show similar behavior. Previous studies indicate
that the constant associated with the total energy of the string cloud should be small [38, 43].

Figure 2 shows the pro�le of the NEC terms ρ+ pr and ρ+ pt. It can be observed that the �rst NEC term
is satis�ed at the throat r0 = 3 for the considered values of the η as η = 0.1, 0.3, and 0.5. However, the second
NEC term ρ+ pt is violated for all the values of η. Owing to the violation of the second NEC term, as a whole
the NEC is inferred to be violated.

Figure 2. Pro�le of the NEC terms (a) ρ+ pr, and (b) ρ+ pt respectively vs. r with b(r) as in Eq. 4

From Figure 3, it can be observed that the WEC is violated at the wormhole throat for all the values
of η. It is also evident from the fact that the non-null components of the stress-energy tensor of the string
cloud come with a minus sign as shown in Eq. (15). Moreover, it is seen that the SEC exhibits an oscillatory
(indeterminate) behavior along the radial coordinate r. With increasing r, the oscillation between positive and
negative values decreases; however, the behavior extends asymptotically.

Figure 3. Pro�le of the (a) WEC ρ, and (b) SEC ρ+ pr + 2pt vs. r respectively with b(r) as in Eq. 4

In addition to the energy conditions, analysing two other parameters, viz. the equation of state (EoS)
parameter ω = pr/ρ, and anisotropy parameter ∆ = pt − pr turns out to be useful. Information about the
nature of the matter source threading the wormhole geometry can be obtained from the EoS parameter, and
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the attractive or repulsive nature of the space-time geometry (geometrical viability) can be understood by the
anisotropy parameter.

Figure 4. Pro�le of the (a) EoS parameter ω, and (b) anisotropy parameter ∆ vs. r respectively with b(r) as
in Eq. 4

Figure 4 shows the behavior of the EoS and anisotropy parameters. Near the wormhole throat, the EoS
parameter is ω < −1, signifying a phantom-like behavior of the string cloud for all values of η. The anisotropy
parameter ∆ < 0 near the wormhole throat, signi�es an attractive nature of the space-time geometry. The
summary of the energy conditions is presented in Table 1.

Table 1. Summary of the energy conditions discussed in Sec. 3.1

Terms Result Interpretation

ρ
< 0 near throat,
for η = 0.1, 0.3, 0.5

WEC violated
at throat

ρ+ pr
> 0 near throat,
for η = 0.1, 0.3, 0.5

NEC satis�ed
at throat

ρ+ pt
< 0 near throat,
for η = 0.1, 0.3, 0.5

NEC violated
at throat

ρ+ pr + 2pt
oscillates,

for η = 0.1, 0.3, 0.5
SEC indeterminate

ω
< −1 near throat,
for η = 0.1, 0.3, 0.5

phantom-like source
at throat

∆
< 0 near throat,
for η = 0.1, 0.3, 0.5

attractive geometry
at throat

First reported in the context of neutron stars [54, 55], the Tolman-Oppenheimer-Volkov (TOV) equation
provides information regarding the stability of stellar structures. To probe the stability of wormholes in terms
of the hydrostatic, gravitational, and anisotropic forces in the space-time, a more generalized version of the
formalism was developed in [56]. The generalized TOV equation [56, 57] is given as

−dpr
dr

− ϵ′(r)

2
(ρ+ pr) +

2

r
(pt − pr) = 0, (17)

where ϵ(r) = 2Φ(r). Fh represents the hydrostatic force, Fg the gravitational force, and Fa, the anisotropic
force. These three terms of the TOV equation can determine the equilibrium anisotropic mass distribution [57]
in that stable stellar structures satisfy Eq. (17).

Fh = −dpr
dr

, Fa =
2

r
(pt − pr), Fg = −ϵ

′

2
(ρ+ pr) (18)

Owing to the constant red-shift function Φ′(r) = 0, the gravitational force is Fg = 0 in the analysis.

Using the averaged null energy condition,
∫ λ2

λ1
Tijk

ikjdλ ≥ 0, evaluated along the radial coordinate r, the
amount of exotic matter in wormhole space-times can be estimated. However, the amount of energy condition
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violating matter can be estimated in a more generalized manner by using a volume integral instead of the line
integral, namely the volume integral quanti�er (VIQ) [58, 59, 60], which is de�ned as

Iv =

∮
[ρ+ pr]dV = 8π

∫ s

r0

(ρ+ pr)r
2dr (19)

After matching the wormhole space-time with an exterior metric and cutting o� the stress-energy tensor
at some r = s away from the throat, an estimate of the amount of NEC violating matter can be obtained by
using the VIQ. For arbitrarily small quantities of NEC violating matter, the requirement is Iv → 0 as s → r0
[58, 59].

Figure 5. Pro�le of the (a) Fh, and Fa vs. r (b) VIQ with b(r) as in Eq. 4

Figure 5 shows the terms of the TOV equation and the pro�le of the VIQ. It is seen that that the hydrostatic
force Fh, and the anisotropic force Fa cancel each other asymptotically, signifying a stable con�guration. In
addition, it can be observed that the VIQ, Iv → 0 as s → r0, indicates that the wormhole solution is feasible
with arbitrarily small amounts of exotic matter. The terms of the TOV and VIQ equations are shown with η =
0.5. For η = 0.1, and 0.3 the corresponding terms of the TOV and VIQ equations depict a similar behavior.

Thus, wormhole solutions can be formulated in a model-independent manner using the novel shape function,
Eq. (4), in the framework of f(R) gravity with a string cloud background. The next motive remains to check
whether a feasible form of the shape function can be obtained in a particular form of the f(R) gravity model
with the string cloud cloud background.

3.2. Traversable wormholes in f(R) = αRm − βRn gravity with a string cloud background

In this section, we obtain a form of the shape function b(r) by �xing f(R) and analyze its viability. For
the analysis, we consider a simple form of f(R) gravity model as [45]

f(R) = αRm − βRn (20)

where α and β are positive constants and m and n are positive integers satisfying the condition m > n [45].
Using Eq. (15) in Eq. (12), we obtain

−η2

r2
=

Fb′

r2
(21)

Considering the f(R) model as described in Eq. (20), and obtaining F , the shape function can be found
from Eq. (21). To simplify the calculations, the integers m and n are set as m = 2 and n = 1 satisfying the

condition m > n. Again, using the expression for the Ricci scalar R = 2b′

r2 , F is found in terms of r. Eq. (21)
reduces to a quadratic equation in b′ of the form

4αb′
2 − b′βr2 + η2r2 = 0 (22)

Solving Eq. (22) and considering only the positive root for mathematical feasibility, we get

b′ =
βr2 +

√
β2r4 − 16αη2r2

8α
(23)
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Integrating Eq. (23), we get

b =
1

8α

[
βr3

3
+

(
β2r2 − 16αη2

)√
β2r4 − 16αη2r2

3β2r

]
+ c (24)

where c is a constant of integration. In order to evaluate the constant c, we use the condition at the wormhole
throat, b(r0) = r0. This leads to the following form of the shape function

b = r0 +
1

24αβ2

[
β3r4 +

(
β2r2 − 16αη2

)√
β2r4 − 16αη2r2

r

−
β3r40 +

(
β2r20 − 16αη2

)√
β2r40 − 16αη2r20

r0

]
(25)

With the shape function in Eq. (25), the various conditions required for the viability of the shape function
as described in Sec 2 are analyzed. It is interesting to note that the asymptotic �atness b

r → 0 as r → ∞, and

the �aring out condition b−b′r
b2 > 0 are satis�ed only for negative values of the constants α and β (α = −0.5 and

β = −0.8). The pro�le of the asymptotic �atness and �aring out condition are shown in Figure 6 with di�erent
values of η.

Figure 6. Pro�le of the (a) asymptotic �atness b
r and (b) �aring out condition b−b′r

b2 vs. r with r0 = 1,
α = −0.5 and β = −0.8, for b(r) in Eq. 25

With the shape function in Eq. (25), and the f(R) model described by Eq. (20), the energy conditions,
stability and the amount of exotic matter required for the wormhole con�guration are analyzed next.

Using Eqs. (12)-(14), the various energy conditions are analyzed with the throat at r0 = 1, and by �xing
the model parameters of the f(R) gravity model (Eq. (20)) as, m = 2, n = 1, α = −0.5 and β = −0.8.

Figure 7 shows the NEC terms ρ + pr, and ρ + pt. It can be observed that the �rst NEC term ρ + pr is
violated at the wormhole throat. The second NEC term ρ + pt is satis�ed at the wormhole throat. However,
owing to violation to the �rst NEC term, as a whole the NEC is inferred to be violated.

Figure 8 shows the WEC and the SEC. It can be seen that the WEC is violated at the wormhole throat,
and this violation can again be attributed to the negative sign associated with the non-null components of the
stress-energy tensor of the string cloud as in Eq. (15). The SEC is satis�ed at the throat and also asymptotically,
which is again an interesting point to note as in f(R) gravity, the SEC should be asymptotically violated to
account for the late-time accelerated expansion of the universe.

Figure 9 shows the variation of the EoS parameter ω and the anisotropy parameter ∆. It can be seen that
the EoS parameter ω is ω > 0 near the wormhole throat for all values of η, signifying that the string cloud as
the source behaves like ordinary matter without any phantom-like behavior. The anisotropy parameter ∆ is
positive near the wormhole throat for all the values of η, signifying a repulsive geometry at the throat. The
summary of the energy conditions is presented in Table 2.

Figure 10 shows the terms of the TOV equation and the VIQ. It is seen that the hydrostatic force Fh, and
anisotropic force Fa do not cancel each other out, signifying that the wormhole con�guration is unstable. From
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Figure 7. Pro�le of the NEC terms (a) ρ+ pr and (b) ρ+ pt vs. r with b(r) as in Eq. 25

Figure 8. Pro�le of the (a) WEC ρ and (b) SEC ρ+ pr + 2pt vs. r with b(r) as in Eq. 25

Table 2. Summary of the energy conditions discussed in Sec. 3.2

Terms Result Interpretation

ρ
< 0 near throat,
for η = 0.1, 0.3, 0.5

WEC violated
at throat

ρ+ pr
< 0 near throat,
for η = 0.1, 0.3, 0.5

NEC violated
at throat

ρ+ pt
> 0 near throat,
for η = 0.1, 0.3, 0.5

NEC satis�ed
at throat

ρ+ pr + 2pt
> 0 near throat,
for η = 0.1, 0.3, 0.5

SEC satis�ed
at throat

ω
> 0 near throat,
for η = 0.1, 0.3, 0.5

normal matter like source
at throat

∆
> 0 near throat,
for η = 0.1, 0.3, 0.5

repulsive geometry
at throat

the VIQ, it is evident that Iv → 0 as s → r0, indicating that the wormhole con�guration can be obtained with
arbitrarily small amounts of exotic matter.

With the results presented in Sec 3.1 and Sec 3.2, it is clear that wormhole solutions in f(R) gravity with
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Figure 9. Pro�le of the (a) EoS parameter ω and (b) anisotropy parameter ∆ vs. r with b(r) as in Eq. 25

Figure 10. Pro�le of the (a) Fh, and Fa vs. r and (b) VIQ with b(r) as in Eq. 25

background a string cloud are feasible with characteristic violation of the NEC. However, with f(R) = αRm −
βRn gravity, the wormhole con�guration is not stable. To have a better understanding, the next section presents
the results of wormhole solution in f(R) = αRm − βRn gravity supported by ordinary matter and with the
form of the shape function as in Eq. (4).

3.3. Traversable wormholes in f(R) = αRm − βRn gravity with ordinary matter

With the shape function in Eq. (4), the �eld equations Eqs. (12)-(14) are analyzed with the form of the
f(R) model as in Eq. (20). We assume that the wormhole geometry is threaded by ordinary matter with the
stress-energy tensor Tµ

ν = diag[−ρ(r), pr(r), pθ(r), pϕ(r)]. Owing to the properties of the shape function, the
throat radius is �xed at r0 = 3, and the free parameter a is considered for the whole range 0 < a < 1. The
model parameters of the f(R) = αRm − βRn gravity are �xed as, α = 0.8, β = 0.5, and m = 2, n = 1. The
values of α and β should be smaller than unity, and we consider up to one decimal point to avoid errors in the
numerical calculation. The various energy conditions, stability of the wormhole space-time, and the VIQ are
presented below.

Figure 11 shows the pro�le of the NEC terms ρ + pr and ρ + pt. It is evident that that the �rst NEC
term ρ+ pr is violated at the wormhole throat. However, the second NEC term ρ+ pt is satis�ed at the throat.
Owing to the violation of the �rst NEC term, as a whole the NEC is considered to be violated.

Figure 12 depicts the WEC and the SEC. It is seen that the WEC is violated near the wormhole throat.
The SEC is satis�ed at the wormhole throat and asymptotically for the whole range of a, 0 < a < 1. It is
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interesting to note that even with ordinary matter as the source, the SEC is satis�ed asymptotically for f(R) =
αRm − βRn gravity.

Figure 11. Pro�le of the NEC terms (a) ρ+ pr and (b) ρ+ pt vs. r with b(r) as in Eq. 4

Figure 12. Pro�le of the (a) WEC ρ and (b) SEC ρ+ pr + 2pt vs. r with b(r) as in Eq. 4

Figure 13 shows the variation of the EoS parameter and the anisotropy parameter. As expected, the EoS
parameter is ω > 0 near the wormhole throat, signifying that the source threading the wormhole geometry has
no phantom-like behavior. The anisotropy parameter ∆ > 0 near the throat signi�es a repulsive geometry at
the throat. The energy conditions are summarized in Table 3.

Figure 14 shows the corresponding terms of the TOV equation and the VIQ. It is seen that both the
hydrostatic force Fh, and the anisotropic force Fa do not cancel each other out asymptotically for the whole
range of 0 < a < 1, signifying that the wormhole con�guration is not stable. From the VIQ it is evident that
Iv → 0 as s → r0, indicating that the wormhole solution can be obtained with arbitrarily small amount of
exotic matter. However, the VIQ is only shown for a = 0.5, and for the whole range of 0 < a < 1, the VIQ has
a similar pro�le.

4. DISCUSSION AND CONCLUSION

In this study, we investigated the traversable wormholes in the framework of f(R) gravity with a back-
ground of string clouds. A novel form of the shape function using Padé approximation was proposed for the
analysis. Using this shape function a speci�c form of F (r) was obtained in Eq. (16) to analyse the EFEs.
However, it is observed that the F (r) depends on the parameters of the metric functions and on the string
cloud parameter η. Eliminating this dependence and obtaining a cosmologically viable form of f(R) remains an



Traversable Wormholes in f(R) Gravity Sourced by a Cloud of Strings
123

EEJP.1(2024)

Figure 13. Pro�le of the (a) EoS parameter ω and (b) anisotropy parameter ∆ vs. r with b(r) as in Eq. 4

Table 3. Summary of the energy conditions discussed in Sec. 3.3

Terms Result Interpretation

ρ
< 0 near throat,
for 0 < a < 1

WEC violated
at throat

ρ+ pr
< 0 near throat,
for 0 < a < 1

NEC violated
at throat

ρ+ pt
> 0 near throat,
for 0 < a < 1

NEC satis�ed
at throat

ρ+ pr + 2pt
> 0 near throat,
for 0 < a < 1

SEC satis�ed
at throat

ω
> 0 near throat,
for 0 < a < 1

normal matter like source
at throat

∆
> 0 near throat,
for 0 < a < 1

repulsive geometry
at throat

Figure 14. Pro�le of the (a) Fh, and Fa vs. r and (b) VIQ with b(r) as in Eq. 4

open issue. The results demonstrate that stable wormhole solutions with characteristic violation of the energy
conditions (especially the NEC) are feasible in the framework of f(R) gravity with the new shape function in
the background of a string cloud. In addition, the EoS parameter near the wormhole throat indicates that
the string cloud has phantom-like properties. The anisotropy parameter ∆ < 0 near the throat signi�es an
attractive geometry. In addition, the SEC shows an indeterminate behavior as it oscillates between positive and
negative values. Therefore, to have a better understanding of the wormhole solutions, traversable wormholes
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are considered in a string cloud background with a simple form of f(R) gravity model, f(R) = αRm−βRn. It is
interesting to note that the shape function in this case can yield viable wormhole geometries for negative values
of α and β. The results demonstrate characteristic violations of the NEC. Interestingly, the SEC is satis�ed
both at the throat and asymptotically. The EoS parameter ω > 0 at the throat indicates that that the string
cloud behaves as normal matter. The anisotropy parameter ∆ > 0 near the wormhole throat signi�es a repulsive
geometry at the throat. However, the TOV equation shows that the wormhole space-time is unstable. For a
comparative analysis, wormholes threaded by normal matter are analyzed in f(R) = αRm −βRn gravity, using
the Padé approximate shape function given in Eq. (4). The constants α and β are considered with positive
values. The results demonstrate a characteristic violation of the NEC and show that the wormhole space-time
is unstable. The SEC is satis�ed at the wormhole throat and asymptotically.

Although wormholes have not been detected yet, studying these exact solutions of the EFEs provides with
far reaching insight into the nature of space-time and fundamental building blocks of the universe. Wormholes
also play a crucial role in several important issues such as the cosmic censorship conjecture [61]. Studies have
reported strong indications for their presence in the form of black hole mimickers [62, 63, 4]. Further studies
regarding the observational constraints of these wormhole solutions remain an open issue to be addressed in the
near future.
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ÏÐÎÕIÄÍI ×ÅÐÂÎÒÎ×ÈÍÈ Â f(R) ÃÐÀÂIÒÀÖI�, ÑÒÂÎÐÅÍI ÕÌÀÐÎÞ ÑÒÐÓÍ
Ïàðàíãàì �îñâàìi, Àíøóìàí Áàðóàõ, Àòði Äåøàìóõ'ÿ

Ôàêóëüòåò ôiçèêè, Àññàìñüêèé óíiâåðñèòåò, Ñië÷àð, 788011, Àññàì, Iíäiÿ

Ðîçâ'ÿçàííÿ ÷åðâîòî÷èí ó çàãàëüíié òåîði¨ âiäíîñíîñòi (ÎÒÎ) ïîòðåáó¹ åêçîòè÷íèõ äæåðåë ìàòåði¨, ÿêi ïîðóøóþòü
óìîâó íóëüîâî¨ åíåðãi¨ (NEC), i äîáðå âiäîìî, ùî ìîäèôiêàöi¨ ÎÒÎ âèùîãî ïîðÿäêó òà äåÿêi àëüòåðíàòèâíi äæåðåëà
ìàòåði¨ ìîæóòü ïiäòðèìóâàòè ÷åðâîòî÷èíè. Ó öüîìó äîñëiäæåííi ìè äîñëiäæó¹ìî ìîæëèâiñòü ôîðìóëþâàííÿ ïðî-
õiäíèõ ÷åðâîòî÷èí ó f(R) ìîäèôiêîâàíié ãðàâiòàöi¨, ÿêà ¹, ìàáóòü, íàéáiëüø îáãîâîðþâàíîþ ìîäèôiêàöi¹þ ÎÒÎ,
çà äîïîìîãîþ äâîõ ïiäõîäiâ. Ïî-ïåðøå, ùîá äîñëiäèòè âïëèâ ãåîìåòðè÷íèõ îáìåæåíü íà ãëîáàëüíi õàðàêòåðèñòèêè,
ìè âèìiðþ¹ìî rr�êîìïîíåíò ìåòðè÷íîãî òåíçîðà òà âèêîðèñòîâó¹ìî íàáëèæåííÿ Pad�e, ùîá ïåðåâiðèòè, ÷è äîáðå
îáìåæåíà ôóíêöiÿ ôîðìè ìîæíà ñôîðìóëþâàòè òàêèì ÷èíîì. Ïîòiì ìè âèâîäèìî ðiâíÿííÿ ïîëÿ íà òëi ñòðóííî¨
õìàðè òà ÷èñåëüíî àíàëiçó¹ìî åíåðãåòè÷íi óìîâè, ñòàáiëüíiñòü i êiëüêiñòü åêçîòè÷íî¨ ìàòåði¨ â öüîìó ïðîñòîði-÷àñi.
Äàëi, ÿê àëüòåðíàòèâíå äæåðåëî â ïðîñòié ãðàâiòàöiéíié ìîäåëi f(R), ìè âèêîðèñòîâó¹ìî ôîíîâó õìàðó ñòðóí äëÿ
îöiíêè ôóíêöi¨ ôîðìè ÷åðâîòî÷èíè òà àíàëiçó âiäïîâiäíèõ âëàñòèâîñòåé ïðîñòîðó-÷àñó. Ïîòiì öi ðåçóëüòàòè ïîðiâ-
íþþòüñÿ ç äàíèìè ïðî ÷åðâîòî÷èíè, ïðîíèçàíi íîðìàëüíîþ ìàòåði¹þ, ó ïðîñòié ðîçãëÿíóòié ìîäåëi ãðàâiòàöi¨ f(R).
Ðåçóëüòàòè äåìîíñòðóþòü, ùî ñòðóííà õìàðà ¹ æèòò¹çäàòíèì äæåðåëîì ÷åðâîòî÷èí iç ïîðóøåííÿìè NEC; îäíàê
ïðîñòið-÷àñ ÷åðâîòî÷èíè â ïðîñòié ãðàâiòàöiéíié ìîäåëi f(R), ðîçãëÿíóòié ó öüîìó äîñëiäæåííi, íåñòàáiëüíèé.
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