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The work analyzes the dependence of the diffusion index of high-energy negatively charged particles on the energy of
their transverse motion in oriented crystal. The crystal had an axial orientation relative to the direction of particle
incidence. The analysis was carried out using the example of π− mesons with a momentum of 100 GeV/c that impinged
on a silicon crystal, which corresponds to the conditions achievable on secondary beam of the the CERN SPS accelerator.
The analysis showed that the dependence under consideration is not monotonic. It has a minimum in the energy region
slightly exceeding the value of the potential energy of particles at the saddle point of the potential of crystal atomic
strings. At higher values of the energy of transverse motion of particles E⊥, the diffusion index increases with increasing
E⊥, due to the increase of the average absolute value of the velocity of particle motion in the plane orthogonal to the
crystal axis, near which motion takes place. The increase in the diffusion index at low values of E⊥ is associated with
the manifestation of incoherent scattering of particles on thermal vibrations of crystal atoms. The analysis carried out in
the work is of interest both for a deeper understanding of the process of high-energy negatively charged particle beams
passage through oriented crystals, and for improving methods for charged particle beams steering with a help of straight
and bent oriented crystals.
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1. INTRODUCTION

In 1963, M.T. Robinson and O.S. Oen [1] based on computer simulations showed that the orientation
of the crystal has a significant effect on the nature of fast charged particles diffusion in the crystal. Since
then, orientation effects in the scattering of particles in crystals have been studied for many decades. In 1965,
J. Lindhard [2] developed a theory of the channeling phenomenon, which describes a motion of fast charged
particles at a small angle to crystal atomic strings or crystal atomic planes. With such motion, the impact
parameter changes slightly when the particle is scattered on neighboring atoms of the string or plane, and
correlations in the scattering on neighboring crystal lattice atoms become significant. Due to such correlations,
coherent effects in the scattering of charged particles on crystal atomic strings and planes arise. Correlations in
scattering allow positively charged particles to move in a crystal without approaching close distances to atomic
strings and planes, since at small distances the field of atomic nuclei is not completely screened by the field of
atomic electrons (especially if some of the electrons are valence) and positively charged particles are repelled
from the nuclei of neighboring atoms in the same direction. The fact that positively charged particles, when
moving at a small angle to atomic strings or planes, do not come too close to the atoms leads to the fact that
stable modes of motion (planar and axial channeling) for positively charged particles in an oriented crystal are
significantly more resistant to incoherent scattering of particles on thermal atomic vibrations than in the case of
negatively charged particles which are attracted by atomic nuclei. That is why oriented crystals, including bent
ones, have recently been more often used to deflect the direction of motion of positively charged particles [3–15].
The process of passage of negatively charged particles through oriented crystals is more difficult to describe.
At the same time, the relevance of research into this process is determined by the possibility of using oriented
crystals to control beams of negatively charged particles, which is an important problem in accelerator physics.
Recently, a number of both theoretical [16, 17] and experimental [18–20] studies have been carried out on the
process of motion of fast negatively charged particles in oriented crystals. These studies were devoted mainly
at finding optimal conditions for deflecting beams of negatively charged particles. Our work aims to expand
the study of the process of negatively charged high-energy particles passage through oriented crystals.

In [22] the possess of diffusion of fast negatively charged particles was studied for one given value of the
transverse energy of particles in the field of crystal atomic strings. It was shown that diffusion in this case is
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anomalous. However, a study of the diffusion process in the case of an arbitrary value of the transverse energy
of particles in the field of crystal atomic strings has not yet been carried out. Such a research is the subject of
the current article.

2. MOTION OF NEGATIVELY CHANGED PARTICLES IN THE FIELD OF CRYSTAL
ATOMIC STRINGS

To find the trajectory of a fast charged particle in a crystal, it is necessary to solve the three-dimensional
equation of motion

dp⃗

dt
= −∇⃗U (r⃗) , (1)

where p⃗ and r⃗ are particle momentum and coordinate, U (r⃗) is particle potential energy in the field of crystal
atoms. However, if the particles move at a small angle to one of the main crystalline axes (let’s call it the z
axis), the atoms along this axis are arranged into strings, and correlations in scattering on neighboring string
atoms make it possible to simplify the equation of motion. This simplification consists in the transition from
the potential of individual atoms to the continuous potential of atomic strings. In such an averaged field, the
potential energy of charged particles is written as follows:

U (x, y) =
1

L

∫ ∞

−∞
U (x, y, z) dz, (2)

where L is the thickness of the crystal, x and y are the coordinates of the particle in plane orthogonal to the z
axis. In this approximation, we can write the equation of motion of high-energy charged particles in the form
of a system of equations

d2x

dt2
= − c2

E||

∂

∂x
U(x, y),

d2y

dt2
= − c2

E||

∂

∂y
U(x, y),

d2z

dt2
= 0, (3)

where E|| = c
√
p2z + (mc)2, m is the mass of the particle, and c is the speed of light in vacuum. It can be

shown [21] that for system of equations (3) the quantity

E⊥ =
pvψ2

2
+ U(x, y),

is the integral of motion (v is the absolute value of the particle’s speed, and ψ is the angle between the speed
of the particle and the axis of the atomic strings). This quantity is called the energy of transverse motion.

If we now numerically solve equations (3), then we will find the trajectory of the particle in the field of
crystal atomic strings, as was done in [22]. It is important that this approach ignores the incoherent scattering
of particles on atomic thermal vibrations and the electronic subsystem. For positively charged particles, such
scattering in thin crystals can be neglected due to the fact that, because of repulsion from atomic nuclei,
positively charged particles move most of the time in an oriented crystal, not approaching the strings at close
distances, at which thermal displacements of atoms relative to the nodes of the crystal lattice are significant.
However, negatively charged particles are scattered by thermal vibrations of atoms much more intensely, since
these particles are attracted by atomic nuclei. For this reason, for negatively charged particles, incoherent
scattering cannot be neglected even in thin crystals, and in equations (3) we must take into account incoherent
scattering. This could be done by adding to the equations of motion along the x and y axes a random force [23,24]
which is maximum at the points where atomic strings are located in the (x, y) plane and is distributed near
these points according to the Gaussian law with a standard deviation equal to the standard deviation of atoms
from the nodes of the crystal lattice [25]:

d2x

dt2
= − c2

E||

∂

∂x
U(x, y) + fx,

d2y

dt2
= − c2

E||

∂

∂y
U(x, y) + fy. (4)

The explicit form of this force is given in [26].
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We calculate the potential of atomic strings in the Doyle-Turner atomic potential model [27], as was done
in [17]. In this model potential energy of a particle with a charge, that equals to the charge of an electron, in
the field of atomic strings ⟨100⟩ of a silicon crystal can be written as

U (x, y) = − 2πℏ2

medd2s

4∑
j=1

αjθ3

[
π
x

ds
, exp

(
−βj +B

4d2s

)]
θ3

[
π
y

ds
, exp

(
−βj +B

4d2s

)]
+ U0, (5)

where me is an electron mass, d is the distance between neighboring atoms in the atomic string, ds is the
distance between closest neighboring atomic strings, αi and βi are coefficients found in [27] for a large number
of elements, B = 8π2r2T , rT is the rms atomic thermal vibration amplitude in one direction (rT ≈ 0.075 Å for

Si at 293 K), θ3(u, q) =
∑∞

n=−∞ qn
2

exp(2nui) is the Jacobi theta function of the third kind [28], i2 = −1. U0

is a constant that is determined from the condition that the value of the potential energy of a particle at a
point equidistant from the two nearest neighboring atomic strings (i.e. at the saddle point) is taken as zero.
Equipotential lines of potential energy (5) are shown in Figure 1.
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Figure 1. Equipotential lines of continuous potential energy of a π− meson in the field of ⟨100⟩ atomic strings
of a silicon crystal in a plane orthogonal to the ⟨100⟩ crystal axis. The numbers next to the lines show the
potential energy value along these lines in eV.

In order to show the importance of taking into account the influence of incoherent scattering on the process
of diffusion of negatively charged particles in an oriented crystal, let us consider the trajectories of ten π− mesons
with p = 100 GeV/c, which move in the field of ⟨100⟩ atomic strings of a silicon crystal. These trajectories are
plotted in the (x, y) plane. The impact parameters and angles of entry of these particles into the crystal are
chosen randomly, but so that for every particle the energy of transverse motion immediately after entering the
crystal E⊥0 is 1 eV. Figure 2a shows trajectories calculated without taking into account incoherent scattering.
These trajectories were found by numerically solving equations (3). Figure 2b shows the trajectories of the same
particles, calculated with taking into account incoherent scattering on thermal vibrations of crystal atoms and
on electronic subsystem, obtained by solving equations (4). The crystal thickness in both cases was 100 µm.
The presence of incoherent scattering leads to the fact that E⊥ ceases to be an integral of motion. This leads to
the fact that when incoherent scattering is taken into account, the motion of negatively charged particles in the
field of one atomic string becomes unstable and the particles, on average, move faster away from the incidence
point in (x, y) plane.

3. DEPENDENCE OF THE DIFFUSION INDEX ON THE ENERGY OF TRANSVERSE
PARTICLE MOTION

Knowing the trajectories of a large number of particles in the field of crystal atomic strings, we can
determine the diffusion index of a particle beam. In the same way as it was done in [22], we assume that the
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Figure 2. Trajectories of π− mesons with p = 100 GeV/c, which move in the field of ⟨100⟩ atomic strings of a
silicon crystal a) without and b) with taking into account incoherent scattering. E⊥0 = 1 eV

mean square distance of particles from the entry points in (x, y) plane can be written as

⟨ρ2⟩ = alµ, (6)

where l is the thickness of the crystal, µ is the diffusion index, a is the proportionality factor. In work [22], the
diffusion index was determined from the relation

µ =
ln

(
⟨ρ2⟩l/⟨ρ2⟩l0

)
ln(l/l0)

, (7)

where l0 is the normalization thickness of the crystal (l0 ≪ l). This method of determining µ has a large
error, since the diffusion index is determined from the values of the mean square deviation at only two points
(at two crystal thicknesses: l and l0). In the present work, however, we used a different method, namely, we
approximated the dependence of ⟨ρ2⟩ on the crystal thickness by function alµ. In this approach the value of the
diffusion index is determined taking into account all points of the dependence of ⟨ρ2⟩ on l, which significantly
increases the accuracy of the calculations.

To obtain the dependence of the diffusion index on the initial value of transverse particle motion energy
E⊥0 we carried out a number of simulations. In each of them, solving numerically the equations of motion (4),
we found the trajectories of 105 π− mesons with p = 100 GeV/c and with the same E⊥0 in the field of atomic
strings ⟨100⟩ of a silicon crystal with l = 100 µm. Simulations were carried out for 1 eV ≤ E⊥0 ≤ 200 eV with
a step of 1 eV. For each value of E⊥0, the dependence of ⟨ρ2⟩ on the crystal thickness was determined from the
found trajectories. To determine µ as a function of E⊥0, each of the obtained dependencies was approximated
by the function alµ using the nonlinear least-squares Marquardt-Levenberg algorithm [29, 30]. The results are
shown in Figure 3, which shows the dependence of the diffusion index µ on the energy of transverse particle
motion. The obtained dependence is not monotonically increasing, as could be expected, taking into account
that with increasing the initial value of transverse particle motion energy, particles should move faster in the
(x, y) plane. This is indeed the case for E⊥0 ≳ 20 eV, but for smaller values of E⊥0 there is an increase in
µ as E⊥0 decreases. This unusual behavior is explained by the fact that as E⊥0 approaches the value of the
potential energy of particles at the saddle point (which we set equal to zero), the rate of exit of particles from
the potential well without taking into account incoherent scattering decreases significantly. The motion in this
case is similar to the finite motion in the field of one crystal atomic string. In this case, due to the smallness of
E⊥0, the particle, with each oscillation in the field of the atomic string, approaches the string at close distances
of the order of rT . At such small distances, there is a high probability of particle scattering at large angles
under the influence of incoherent scattering by thermal vibrations of the string atoms. This scattering at large
angles leads to an increase in E⊥ and an increase in µ. Note that for channeled particles for which E⊥0 < 0,
the diffusion index tends to 2 due to incoherent scattering at large angles. At large values of E⊥0, the kinetic
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energy of particles in the (x, y) plane becomes much greater than the potential energy and the diffusion index
tends to 2 at E⊥0 → ∞, which corresponds to rectilinear motion in this plane.
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Figure 3. The dependence of the diffusion index on the energy of transverse particle motion

4. CONCLUSIONS

In the article, the dependence of the diffusion index of high-energy negatively charged particles on the
energy of the transverse motion in axially oriented crystal was determined. The type of this dependence turned
out to be non-monotonic. It has a minimum in the energy region slightly exceeding the value of the potential
energy of particles at the saddle point of the potential of crystal atomic strings. At higher values of the energy
of transverse motion of particles E⊥, the diffusion index increases with increasing E⊥, since this increases the
average absolute value of the velocity of particle motion in the plane orthogonal to the crystal axis, near which
motion takes place. The increase in the diffusion index at low values of E⊥ is associated with the manifestation
of incoherent scattering of particles on thermal vibrations of crystal atoms. The found dependence is of interest
both for a deeper understanding of the process of high-energy negatively charged particle beams passage through
oriented crystals, and for improving methods for charged particle beams steering with a help of straight and
bent oriented crystals.
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ÄÈÔÓÇIß ÂÈÑÎÊÎÅÍÅÐÃÅÒÈ×ÍÈÕ ÇÀÐßÄÆÅÍÈÕ ×ÀÑÒÈÍÎÊ Ó ÏÎËI
ËÀÍÖÞÆÊIÂ ÀÒÎÌIÂ ÎÐI�ÍÒÎÂÀÍÎÃÎ ÊÐÈÑÒÀËÀ

Iãîð Â. Êèðèëëiía,b, Ìèêîëà Ô. Øóëüãàa,b, Oëåêñàíäð Ï. Ùóñüb,a
aIíñòèòóò òåîðåòè÷íî¨ ôiçèêè iì. Î.I. Àõi¹çåðà Íàöiîíàëüíîãî íàóêîâîãî öåíòðó ¾Õàðêiâñüêèé

ôiçèêî-òåõíi÷íèé iíñòèòóò¿ Àêàäåìi÷íà âóë., 1, Õàðêiâ, 61108, Óêðà¨íà
bÕàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â.Í. Êàðàçiíà, ìàéäàí Ñâîáîäè, 4, 61022, Õàðêiâ, Óêðà¨íà

Ó ðîáîòi ïðîàíàëiçîâàíî çàëåæíiñòü ïîêàçíèêà äèôóçi¨ âèñîêîåíåðãåòè÷íèõ íåãàòèâíî çàðÿäæåíèõ ÷àñòèíîê âiä
åíåðãi¨ ïîïåðå÷íîãî ðóõó â îði¹íòîâàíîìó êðèñòàëi. Êðèñòàë ìàâ îñüîâó îði¹íòàöiþ âiäíîñíî íàïðÿìêó ïàäiííÿ
÷àñòèíîê. Àíàëiç ïðîâîäèâñÿ íà ïðèêëàäi π−-ìåçîíiâ ç iìïóëüñîì 100 ÃåÂ/c, ÿêi íàëiòàëè íà êðèñòàë êðåìíiþ, ùî
âiäïîâiäà¹ óìîâàì, äîñÿæíèì íà âòîðèííîìó ïó÷êó ïðèñêîðþâà÷à CERN SPS. Àíàëiç ïîêàçàâ, ùî ðîçãëÿäóâàíà
çàëåæíiñòü íå ¹ ìîíîòîííîþ. Âîíà ìà¹ ìiíiìóì â îáëàñòi åíåðãié, ÿêi òðîõè ïåðåâèùóþòü çíà÷åííÿ ïîòåíöiàëüíî¨
åíåðãi¨ ÷àñòèíîê ó ñiäëîâié òî÷öi ïîòåíöiàëó êðèñòàëi÷íèõ àòîìíèõ ëàíöþæêiâ. Ïðè áiëüøèõ çíà÷åííÿõ åíåðãi¨ ïî-
ïåðå÷íîãî ðóõó ÷àñòèíîê E⊥ ïîêàçíèê äèôóçi¨ çðîñòà¹ çi çáiëüøåííÿì E⊥, îñêiëüêè öå çáiëüøó¹ ñåðåäí¹ çíà÷åííÿ
ìîäóëÿ øâèäêîñòi ðóõó ÷àñòèíîê ó ïëîùèíi, îðòîãîíàëüíié äî êðèñòàëi÷íî¨ îñi, áiëÿ ÿêî¨ âiäáóâà¹òüñÿ ðóõ. Çáiëü-
øåííÿ ïîêàçíèêà äèôóçi¨ ïðè íèçüêèõ çíà÷åííÿõ E⊥ ïîâ'ÿçàíå ç ïðîÿâîì íåêîãåðåíòíîãî ðîçñiÿííÿ ÷àñòèíîê íà
òåïëîâèõ êîëèâàííÿõ àòîìiâ êðèñòàëà. Ïðîâåäåíèé ó ðîáîòi àíàëiç ïðåäñòàâëÿ¹ iíòåðåñ ÿê äëÿ ãëèáøîãî ðîçóìiííÿ
ïðîöåñó ïðîõîäæåííÿ ïó÷êiâ âèñîêîåíåðãåòè÷íèõ íåãàòèâíî çàðÿäæåíèõ ÷àñòèíîê ÷åðåç îði¹íòîâàíi êðèñòàëè, òàê
i äëÿ âäîñêîíàëåííÿ ìåòîäiâ êåðóâàííÿ ïó÷êàìè çàðÿäæåíèõ ÷àñòèíîê çà äîïîìîãîþ ïðÿìèõ i çiãíóòèõ îði¹íòîâà-
íèõ êðèñòàëiâ.
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