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In this paper, we aim to describe the cosmic late-time acceleration of the Universe in f(R, L) gravity framework pro-
posed by Harko (2010) with the help of an equation of state for strange quark matter. To achieve this, we adopt a
specific form of f(R, L) gravity as f(R,Lm) = % + L7,, where n is arbitrary constants. Here we utilize a hybrid
scale factor to resolve the modified field equations in the context of f(R, L) gravity for an isotropic and homogeneous
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric in presence of strange quark matter (SQM). Also, we ana-
lyze the dynamics of energy density, pressure and the state finder parameters and explained the distinctions between our
model and the current dark energy models in the presence of SQM. We observed a transition from an accelerating to a
decelerating phase in the Universe, followed by a return to an accelerating phase at late times. Also, we analyzed the
state finder diagnostic as well equation of state parameter and found that the model exhibited quintessence-like behavior.
The conclusion drawn from our investigation was that the proposed f(R, L.,) cosmological model aligns well with recent
observational studies and effectively describes the cosmic acceleration observed during late times.
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1. INTRODUCTION

In the twentieth century, the late-time accelerated expansion of the Universe has been a puzzling cosmic
mystery that has caused controversy among researchers. Some astronomical and cosmological observations,
including Supernovae Ia (SN Ia) [1, 2, 3, 4, 5], Cosmic Microwave Background (CMB) [6, 7], Baryon Acoustic
Oscillations (BAO) in galaxy clustering [8, 9], Large Scale Structure (LSS) [10, 11] and Wilkinson Microwave
Anisotropy Probe (WMAP) [12], all point to the conclusion that the Universe is presently experiencing accel-
erated expansion. This contradicts the prevailing theory of General Relativity (GR) on a large scale. During
the early stages of the Big Bang, radiation played a significant role in driving the expansion of the Universe.
As Universe expanded and cooled, matter took over, leading to a matter-dominated phase. However, recent
observations suggest that we are now in a new era where ”Dark Energy” (DE) is the dominant force influencing
the expansion of the Universe. The exact mechanism behind this faster expansion is still under debate. To
overcome this problem, researchers have proposed various alternative theories with one of the most common be-
ing modified gravity theories (MGT). These MGT's provide alternative explanations for the cosmic acceleration
and serve as potential substitutes for GR.

Buchadahl (1970) introduced most favorite modified gravity as f(R) gravity which provided a way to
extend Einstein’s universal theory of relativity. This theory was developed to explain the rapid expansion of
the Universe and formation of its structures. Some f(R) models were considered in [13, 14] for their ability to
pass regional tests and incorporate concepts of dark energy and inflation. Additionally, it was speculated that
f(R) gravity models could potentially describe galactic dynamics of large test particles without the need for
dark matter [15, 16, 17, 18, 19].

Harko and Lobo (2010) recently proposed the f(R, L,,) gravity theory, where f(R, L,,) is a function of
Lagrangian matter density (L,,) and Ricci scalar (R). This theory represents the most general form of Riemann-
space gravitational theories. In f(R, L,,) gravity, test particles experience non-geodesic motion with additional
forces perpendicular to their four-velocity vectors [20]. Some researchers found that the f(R,Lm) gravity
models open up new possibilities that extend beyond the algebraic structure observed in the Hilbert-Einstein
action [21]. The energy conditions in f(R, Lm) are broad and versatile, encompassing both the familiar energy
conditions in General Relativity and f(R) gravity. These conditions allow for arbitrary couplings, non-minimal
couplings, and non-couplings between matter and geometry [22]. The mass-radius relationship is explored
within the non-minimal geometry-matter coupling f(R, Lm) gravity through investigating the simplest case as
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f =R+ Ly, + RL,,, where the gravitational field is coupled to the matter field and the coupling constant [23].
The f(R,L,,) cosmological model concurs with present observations and effectively predicts late-time cosmic
acceleration for the FRW metric [24]. Some researchers [25] investigate a transit dark energy cosmological model
in f(R, Lm) gravity and using observational constraints, they establish a significant relationship between energy
density parameters. The anisotropic nature of the Universe has been explored in f(R, L,,) gravity for spatially
homogeneous and isotropic FRW cosmological model and determine the present phase of the Universe [26]. The
FRW metric solutions in f(R, L,,) gravity successfully evade the Big-Bang singularity and can predict cosmic
acceleration without relying on a cosmological constant owing to the geometry-matter coupling terms in the
Friedmann-like equations [27]. Incorporating bulk viscosity, the f(R, L,,) cosmological model offers a robust
explanation for recent observations, effectively capturing the cosmic expansion scenario [28]. Certain scholars
have explored wormhole solutions within the framework of f(R, L,,) gravity and derived the field equations for
the general f(R,L,,) function, considering the static as well spherically symmetric Morris-Thorne wormhole
metric [29].

The hybrid scale factor plays a crucial role in achieving viable cosmic dynamics without relying on any
specific relationship between the pressure and energy density of the Universe in teleparallel gravity[30, 31]. Some
authors [32] have obtained the exact solutions for LRS Bianchi-I metric in presence of holographic dark energy
using hybrid expansion law. Some scholars used a hybrid scale factor to investigate the shearing, non-rotating
and expanding character of the cosmos, which approaches anisotropy over large values of time ¢ [33]. The
(n + 2) dimensional flat FRW Universe in the framework of general theory of relativity has been investigated
utilizing hybrid expansion law with thick domain wall and bulk viscous fluid [34]. Certain scholars successfully
tackled the Einstein field equations for strange quark matter to explore a 5-dimensional cosmological model
discussed the dynamic aspects of concerning solution [35]. The Kantowski-Sachs cosmological model has been
explored in the f(R) theory of gravity with quark and strange quark matter and found that the spatial volume
V is finite at t = 0, expands as ¢ increases and becomes infinitely large as t — oo [36]. Certain authors have
successfully derived the solution for gravitational field equations using a power law relationship between the
metric potentials and equation of state (EoS) [37].

Building upon the aforementioned investigations, many scholars have extensively studied FRW cosmological
models, investigating their behavior concerning different energy sources and using hybrid expansion law as well
strange quark matter in various modified gravity scenarios. These dedicated authors have sought to unveil the
dynamic and cosmological properties of our Universe [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48].

2. FORMALISM OF f(R,L,,) GRAVITY

The f(R, Lm) gravity model proposed by Harko and Lobo (2010) [20] is a generalization of the f(R) gravity
whose action is given by

5= / F(R, L)V =gdz (1)

Here f(R, L,,) is a function of Ricci scalar R and Lagrangian of the matter density Li,.
One can acquire the Ricci scalar R by contracting the Ricci tensor R;; as

R = ginij (2)
where the Ricci-tensor is given by
Rij = 8.5 — 0,175 + TN, — i 3)

Here I‘;H represents the components of well-known Levi-Civita connection as indicated by

7 1 i
Uiw =59 Marag + Irjw — Ginl (4)

The corresponding field equations of f(R, L,,) gravity can be derived by varying the action (1) with respect to
Ggij as,

1 1
FrBi + (950 = ViVy) fr = 5 (f = fr L) 915 = 5 L. T (5)
Where, fr = %, fr.,, = %’im), O = V,;VJ and Tj; is the Stress-energy momentum tensor for perfect

fluid, given by ( :
-2 4(v/—9Lm

T, = —————= 6

J /7_9 59” ( )
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By contracting the field Eq. (5), we find the relationship between Ricci scalar R, matter Lagrangian density
L,, and T trace of the stress-energy-momentum tensor 7;; as

1
Rfr+30fr — (f = fr,.Lm) = LT (7)
where OF = ﬁ@i (\/—ggijﬁjF) for any function of F
Now by taking covariant derivative of Eq. (5), one can acquire the following result as
. , oL
(2 s 1 m
Y% sz =2V ln(fLm) agij (8)

3. THE MOTION EQUATIONS IN f(R,L,,) GRAVITY

According to the most recent observations of Planck collaboration (2013) [49], our Universe is isotropic
and homogeneous at larger scales. Therefore, to explore the current cosmological model we consider the flat
Friedman-Lematre-Robertson-Walker (FLRW) metric of the form,

ds* = —dt* + a® (dz* + dy® + d=°) (9)

Where a(t) is the scale factor that signifies the expanding nature of the Universe at a time ¢.
For metric (9), the non-zero components of Christoffel symbols are

F(z')j = adéij,Flgj = r?o = gd;c’ for 4,5,k=1,2,3 (10)

With the help of (4), the non zero components of Ricci tensor are given by
Ry = *39, Ri1 = Roo = R33 = aa + 242 (11)
a

Hence, the Ricci-scalar (R) associated with line element (9) is found as

R6{Z+§}6{H+H2} (12)

where H = % is the Hubble parameter.
As the quark gluon plasma served as a perfect fluid, the energy momentum tensor (EMT) for strange quark
matter (SQM) is given by

Tij = (psq + Psq) witly + Psq8ij (13)

Here psq and ps, are energy density and thermodynamic pressure of the SQM. and u® = (1,0,0,0) components
of co-moving four velocity vectors in cosmic fluid with u;u? = 0 and w;u* = —1.

Psq = pq + Be Psq = Pqg — Be (14)

Following the assumption that quarks are non-interacting and massless particles, an the pressure is ap-

proximated by an EoS of the form
_Pa
-3

Therefore, psq = % (psq — po) is the linear EoS for SQM with po is the density at zero pressure. If py =
4B,, the EoS for strange quark matter in the bag is reduced to
Psq — 4B,

3

Pq (15)

Psq = (16)

where, B, is the bag constant.
The modified Friedmann equations which describe the dynamics of Universe in f(R, L,,) gravity are given
by
9 1 : 1
3H fR+§(f7RfR7fLmLm)+3HfR:ifmesq (17)
and

B4 3H s — fo— 3H S+ & (FrLon — )= & fr00 (18)

The overhead dot (.) depicts the derivative corresponding to time t.
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4. COSMOLOGICAL SOLUTIONS FOR f(R,L,,) GRAVITY
To examine the dynamics of Universe we employ the functional form of f(R, L,,) gravity [26, 28, 29] of
the form "
J(R L) = 5 + L, (19)

where n is any arbitrary constants and one can retain to standard Friedmann equations of GR for n =1
For this particular functional form of f(R, Lm) gravity, we have considered Lm = p [50] and hence, for
matter-dominated Universe, the Friedmann equations (17) and (18) yields,

2H +3H* = (n —1)pf, — np"'pyg (20)
and
3H? = (2n —1)p2, (21)

5. HYBRID SCALE FACTOR

The hybrid scale factor presents a transition in the cosmic evolution, shifting from early deceleration to
late-time acceleration. In the early phase, the cosmic dynamics are dominated by power law behavior, while in
the late phase, the exponential factor takes over. In the early stages of the Universe, the scale factor becomes
zero, implying the absence of an initial singularity. Consequently, the chosen scale factor yields a time-dependent
deceleration parameter, which effectively characterizes the transition of the Universe over time.

Therefore, to derive exact solutions for Friedmann equations (20) & (21) which involves three unknowns
namely H, psq and psq, we employed the hybrid scale factor [51, 52, 53] as

a=e*'t" (22)

where, o and 7

are positive constants. Also, when 1 = 0, the scale factor reverts to the exponential law and when a = 0,
the scale factor reduces to the power law.
So with this scale factor, we found the following time dependent kinematical properties as,
The Spatial Volume (V') given by

V=ad= (e‘”t")3 (23)

The deceleration parameter (q) plays a crucial role in understanding the past and future evolution of
the Universe. In cosmology, the deceleration parameter (¢) is a measure of the rate at which expansion of
the Universe is changing.For a universe dominated by matter and radiation, ¢ > 0, indicating a decelerating
expansion. On the other hand, if the Universe is dominated by dark energy with negative pressure, the g < 0,
implying an accelerating expansion.
The Deceleration Parameter (q) is

n
= 24
¢ (at +n)? (24)
The Hubble Parameter (H),
H= O‘tj 1 (25)
Scalar Expansion (0)
t
9:3H:3<a ;”7) (26)
Using Equ. (25) in Equ. (21) we obtained
Energy Density (psq) for SQM as
1
1 at+n\?|"
sq = 2
Psq [(2% _ 1) ( t ) ( 7)

Pressure (psq) for SQM is

2 1 at+n\°
Psa =02 (2n—1) t

The equation of state (EoS) for SQM is

gﬁ[# at+n 2} 1 (at+n)2
w:pﬁ: n t2 (Qn—l)( t ) (21n—1)( t ) (29)

. [ (=52)"]

- (2n171) (at:rnf (28)
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from Equ. (14) the density and pressure for quark matter is given by

" l(znl—n ()

n—1
2 1 at+n\°
Pa= 0 (2n—1) t

6. STATEFINDERS DIAGNOSTIC

Statefinder parameters are cosmological diagnostic tools used to study the expansion dynamics of the
Universe. They were introduced as a way to probe the nature of dark energy, the mysterious force driving
the accelerated expansion of the Universe. These statefinder parameters were proposed by Sahni et al. (2003)
in their paper titled ”Statefinder—a new geometrical diagnostic of dark energy” [54]. During this research
they were discusses how these parameters can be useful in distinguishing between various dark energy models,
including quintessence and cosmological constant models, by examining their trajectories in the {r, s} plane. By
measuring these statefinder parameters from observational data, cosmologists can gain insights into the nature
of dark energy and fate of the Universe, helping to test and refine our understanding of the fundamental laws
governing the cosmos.

The statefinder pair {r, s} is defined as

1
n

B, (30)

and

a (inf 1) (atjn>2+Bc (31)

i
- 2
aH?3 (32)
and
r—1
§= ———— (33)
3(q—3)

We analyze the statefinder parameters (r,s) for our cosmological f(R,L,,) model. The values (r,s) =
(1,0) and (1,1) are representative of the ACDM (Lambda Cold Dark Matter) and CDM (Cold Dark Matter)
models, respectively. However, s > 0 and r < 1 correspond to dark energy (DE) models, such as the phantom
and quintessence models. On the other hand, when r > 1 and s < 0, it reflects the behavior of the Chaplygin
gas model.

With the help of Equ. (22), (24) and (25), above equations can be written as

3n 2n
" (at + )2 + (at +n)3 (34)

~ 2n[3n(at +n) — 21
5= 3(at +n) [3(at +n)2 — 21] (35)

When time (t) is zero, the statefinder pair attains the values
3n—2 2
{r.sp = {1- 22, 2}

From the figure we have observed that,

e Figure 1, clearly demonstrates that the average scale factor and spatial volume maintain a constant
value at the initial time point (¢ = 0). However, as time progresses, both parameters show a steady
and consistent growth, eventually extending towards infinity for prolonged periods (¢). This remarkable
observation indicates an ongoing and continuous expansion of the Universe.

e From Figure 2, it is depict that the deceleration parameter (q) decreases as cosmic time increases and
approaches —1 for large values of ¢, indicating the accelerating phase of the Universe which coincident
with the observations of type Ia supernovae [2].
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e In Figure 3, it is shown that both the Hubble parameter and scalar expansion parameters exhibit diversity
during the early stages of the Universe. As time approaches infinity, these parameters tend to zero. The
graph indicates that the Universe initially experienced rapid and infinite expansion, but later settled into
a constant expansion rate during a later epoch.

e Figure 4 exhibits the variation of pressure from significantly large negative values to reaching zero intrigu-
ing negative pressure phenomenon is commonly referred to as dark energy (DE), playing a crucial role in
driving the accelerated expansion of Universe.

e According to Figure 5, the energy density fallows an interesting trend, starting with a substantial value
initially. However, as time progresses, the energy density gradually diminishes and eventually approaches
zero as t — oo. This striking behavior strongly suggests the expansion of Universe.

e The Figure 6 depicts the evolution of equation of state (EoS) over time (¢). It illustrates a transition from
an accelerating to a decelerating phase, eventually returning to an accelerating phase of the Universe over
late time.
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e Yet it is clear from the aforementioned traits that the evolutionary trajectories split depending on different
parameter choices and vary from one model to another. Particularly noteworthy is Figure 7, which shows
how to plot the r — s planes. Compared to looking at the r and s evolution separately, analyzing the
r — s plane is clearer. This clarity is very helpful when comparing various cosmological models. Given
this situation, the » — s planes’ usefulness increases because of their clear evolutionary paths and obvious
directional cues, which make differentiating between discrepancies easier.

e Figure 8 is a r — ¢ plane, which vividly demonstrate the consistency with the characteristics deliberated
upon in this section. Moreover, it is noteworthy that the most suitable-fit model within this category
showcases the capacity to transition from an initial phase of decelerating expansion to a subsequent phase
of cosmic acceleration in the late stages of the Universe’s evolution.

e We have observed from Figure 7 and 8 that, in the long run, they both have a tendency to evolve in a
way that resembles a ACDM model, i.e., {r,s} = {1,0} and {q,r} = {—1,1} in future.

7. DISCUSSION AND CONCLUDING REMARKS

In this article, we investigates the late-time cosmic accelerated expansion of the Universe using a specific
form of f(R, L,,) gravity as non-linear model, f(R, L,,) = % + L7, where n is free model parameter. During

this study we derived the motion equations for the isotropic and homogeneous FLRW cosmological model with
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strange quark matter (SQM). We have obtained cosmological model using hybrid scale factor and exhibited a
smooth transition of the Universe from accelerating phase to decelerated phase and retain to accelerating phase.

The results of this study are extremely persuasive, leading to the formulation of the subsequent conclusions:

e We have noted that the average scale factor and spatial volume (V) remain bounded around ¢ = 0,
progressively expanding as time (¢) advances, ultimately approaching an infinitely large value as ¢ — oo,
as depicted in Figure 1. This signifies that the expansion of the Universe initiates with a finite volume,
progressively extending as time unfolds and results matched with [55, 56, 57].

e The deceleration parameter (g) is a measure of the rate at which the expansion of Universe is changing
over time (). It is used to describe the acceleration or deceleration of the universe’s expansion under the
influence of gravitational forces and other factors. In our study, we observed the deceleration parameter
(¢) is decreasing function of cosmic time (t) and approaches —1, it suggests that the expansion of the
universe is accelerating, and we got the AC DM model.

e We noticed that, the Hubble parameter (H) and scalar expansion () both initially have large value and
as time progresses i.e. t — 0o, the values of H and 6 approaches to zero. This reflects that, in the initial
moments after the Big Bang, the Universe expanded rapidly and as time progresses the expansion rate
begins to decreases which is good agreement with results [58, 59].

e Our study reveals that the Universe’s pressure for SQM (psq) experiences growth with cosmic time (¢). It
starts at a highly negative value and gradually approaches zero at the current epoch. Recent cosmological
findings attribute the Universe’s accelerated expansion to dark energy, characterized by negative pressure.
Consequently, the model aligns well with observations of the type Ia Supernovae [1].

e In the study, it was determined that the energy density for SQM (ps,) consistently remains positive
and decreases as cosmic time. Initially, the energy density remained constant during the early epoch.
The Universe could potentially reach a steady state in the distant future, as the (ps4) tends to diminish
significantly over extended periods of time.

e Initially, as time (¢) approaches zero, the cosmological model exhibits a Phantom phase with w < —1, sig-
nifying an accelerated expansion. After a finite period, the model converges towards w = —1, representing
the cosmological constant (A) and aligning with the ACDM model, characterized by continued accelerated
expansion. Subsequently, the model enters the quintessence region with w > —1, maintaining this state
for a certain duration. Beyond ¢ = 1.1, the model transitions from an accelerating to a decelerating phase
(for transition phase of the universe one can refer [60]), but it later reverts to an accelerating phase.
Ultimately, the model reenters the quintessence region, where it persists during late times.

e In the present paradigm, we have conducted an assessment of the statefinder parameters and subsequently
depicted the graphical representations of the r — s and r — ¢ planes. Our investigation has yielded results
indicating that {r,s} = {1,0} and {q,r} = {—1,1} respectively, providing a striking manifestation that
the current model aligns closely with the characteristics of the de Sitter point, a foundational feature of
the ACDM cosmological framework.
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KOCMOJIOTI'IA FLRW I3 I'ilbPUIHUM MACIIITABHUM KOE®IIIIEHTOM
VY f(R,L,,) TPABITAIIII
Bacyneo IMarin®, I>xusan ITasne?, Paxys Manapi®, Cauin Barmape®
¢ Tenapmamenin MamemamuKky, MUCmeyms, HayKky ma mopeieai xoaedocy Jixzandapa
oxpye Ampasami (MS), India-444807
b Menapmamenm mamemamuxu, Jeporcasnut nayrosuts xoaedoc, Taduipoai (MS), India-442605

¢ Daxyavmem mamemamuru, Tyswupam [atixead Ilamia Koredstc aneaiticvkol mosu ma mexrnonoil,
Haznyp (MS), India-441122

V wiff cTaTTi MU MaEMO 3a METy OnmcaTH IMi3HE KOCMiTHE IPUCKOPeHH:A Beecity B rpasiraniiiniii cucremi f(R, Ly, ), 3anpo-
nonosaniit Xapko (2010) 3a gonomororo piBHaHHS CTaHy IuBHOI KBapKOBOI MaTepil. 1106 mocarTy mporo, Mu NpUiMAEMO
nesuy dopmy cumm tsaxinas f(R, L) sk f(R, Lpy) = g + Ly, ne n € DOBiIbHA KOHCTAHTA. TyT MM BHKOPHCTOBYEMO
ri6pumamit MacmTabamit KoedimienT i BupimenHa MoauGIKOBAHUX PIBHAHD MOJIA B KOHTEKCTI rpasitamii f (R, Ly,) mus
isoTponHOi Ta omHOpimHOI MeTpukn Ppimvana—J/lemerpa—Pobeprcona—Yokepa (FLRW) y mpucyTHOCTI TuBHOI KBAPKOBOT
marepii ( SQM). Kpim Toro, Mu ananizyemMo auHaMIKy IIIBHOCTI €Heprii, THCKY 1 mapaMeTpis IyKada CTaHy Ta MOSCHIO-
€MO BIAMIHHOCTI MiXkK HAIIOI MOJIEJUIIO Ta MOTOYHUMHU MOJe My TeMHOI enepril 3a HasBaocti SQM. Mu cnocrepiraau
nepexin Bix da3u npuckopenss 10 dhasu yunosinbHeHHs y Beecsiti, a motiMm noBepHeHHs 10 (a3u MPUCKOPEHHS y Ii3HI-
muit vac Kpim Toro, Mu mpoanasizyBasM JiarHOCTUKY BH3HAYHMKA CTAHY Ta PIBHSHHS MapaMeTDPIB CTaHy Ta BUSBUIIM,
10 MOE/Ib MPOJEMOHCTPYBaJIa KBIHTECEHIHY moBeainKy. Haire mocstimkeHHd TR0 BUCHOBKY, IO 3aIlIPOITOHOBAHA
KocMogtoriara Mozaeas (R, Ly,) mobpe y3rompKy€eThCs 3 HENIOJABHIMM CIOCTEPEKHUMU JOC/TLPKEHHAMEA Ta, e(HEKTUBHO
OIMCy€ KOCMIYHE MMPUCKOPEHHS, iK€ CIOCTEPITAI0CS B OCTAHHI 9acCH.

Kurouosi ciioBa: xocmonoziuna modeav; f(R, Ly) epasimauia; duena K6aprosa mamepia; 2i6pudnud macumabnud
paxmop
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