
406
EAST EUROPEAN JOURNAL OF PHYSICS. 3. 406-412 (2023)

DOI:10.26565/2312-4334-2023-3-44 ISSN 2312-4334

PERMITTIVITY MODEL SELECTION BASED ON SIZE AND QUANTUM-SIZE EFFECTS 
IN GOLD FILMS† 

Iuliia Riabenkoa,b,*, Sergey Shulgaa, Nikolai А. Makarovskiic, Konstantin Beloshenkoa 
aV.N. Karazin Kharkiv National University, School of radiophysics, biomedical electronics and computer systems, Kharkiv, Ukraine 

bInstitute of Quantum Optics, Leibniz University Hannover, Hannover, Germany 
cV.N. Karazin Kharkiv National University, School of Physics, Kharkiv, Ukraine 
*Corresponding Author: jriabenko@karazin.ua, riabenko@iqo.uni-hannover.de

Received July 9, 2023; revised July 27, 2023; in final form August 2, 2023; accepted August 3, 2023 

The article is focused on optical properties of nanostructures containing spherical gold nanoparticles of various radii. We explore 
correlation between the particle radius and the choice of permittivity model applied to describe optical absorption spectra of gold 
granules. The experiments show splitting of the absorption band of granular gold films to form a second absorption peak. The first 
peak is associated with the phenomenon of plasmon resonance, while the second one reflects quantum hybridization of energy levels 
in gold. Quantum effects are shown to prevail over size effects at a granule diameter of about 5-6 nm. The Mie theory gives a rigorous 
solution for the scattered electromagnetic field on a sphere taking into account optical properties of the latter, however, it does not 
specify the criteria for selecting a model to calculate dielectric permittivity. Both calculations and experiments confirm the limiting 
diameter of gold nanoparticles where the Hampe-Shklyarevsky model is applied. Meanwhile, this model is still unable to predict the 
splitting of the plasma absorption band. The data presented in the article can be used for a predetermined local field enhancement in 
composite media consisting of a biolayer and metal nanoparticles. The conducted research provides a deeper understanding of the 
influence of a terahertz high-intensity electromagnetic field localized in the space on quantum dots. 
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INTRODUCTION 
The Mie theory [1] is based on Maxwell equations which describe the fields where a plane monochromatic wave 

interacts with a spherical surface while physical properties of the latter differ significantly from those of the environment. 
The main difference lies in dielectric permittivity [2] which depends on the extinction coefficient [3, 4], a parameter 
measured experimentally.  𝐴 = 𝐴௦ + 𝐴௦௧ = 𝑞𝜎௫௧ = 𝑞(𝜎௦ + 𝜎௦௧) (1)

where 𝐴 consists of the absorption coefficient (𝐴௦) and the scattering coefficient (𝐴௦௧). It can also be presented as a 
product of 𝑞 and 𝜎௫௧ where 𝑞 denotes the particle filling factor (specific volume occupied by particles) and 𝜎௫௧ is the 
effective cross-section of one particle extinction. The latter is obtained by adding the effective cross-section of absorption 
by one particle (𝜎௦) and the effective cross-section of scattering by one particle (𝜎௦௧). 

The choice of the permittivity model for particles which scatter or absorb light determines the effective extinction 
cross-section. However, it is more challenging to delineate the limits of applicability for a certain model describing 
permittivity of particles. When the particle radius is much smaller than the irradiation wavelength (𝑎 ≪ 𝜆), the formulas 
for the effective cross section of absorption and scattering are as follows [5]: 𝜎௦ = 4𝜋 ఠ 𝑛𝑎ଷ𝐼𝑚 ఌିఌబఌାଶఌబ (2) 

𝜎௦௧ = ଼గଷ (ఠ 𝑛)ସ𝑎 ቚ ఌିఌబఌାଶఌబቚଶ (3) 

Where 𝜔 is the frequency of the electromagnetic radiation incident on the particle while 𝑛 refers to the refractive index 
of the medium surrounding the particle with the radius of 𝑎. 

Thus, the effective extinction cross section determines the limits of a particular permittivity model for particles 
which either absorb or scatter light. For a continuous metal film, the Drude theory [6 - 8] is applied since it describes the 
reflection spectra well. This theory [6] describes permittivity as follows: 𝜀 = 1 + ఠమିఠమାఔఠ (4) 

where 𝜔 = ටସగమ  denotes the plasma frequency of free electrons. 
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This formula is based on the assumption that permittivity only relies on plasma of the free electron gas in the metal 
rather than size effects. One of the first attempts to record size effects was made by Maxwell Garnet [9] who suggested 
that metal spherical granules isolated from each other represent dipoles located on a non-absorbing dielectric substrate 
with 𝜀 permittivity. In this case [10], the effective permittivity of the colloid 𝜀 is described by the following equation: 

𝜀 = (𝑛 − 𝑖𝑘)ଶ = 1 + ଷమ షభమ శమଵିమ షభమ శమ (5) 

where 𝑛 and 𝑘 refer to effective optical constants of the colloid while 𝑛 is the complex refractive index of the 
substance the granule consists of (assumed to be the same as that of metal). 

The Drude theory is applicable to describe the reflection spectra of a continuous metal film [6, 8], where only the 
free electron gas in the metal contributes to permittivity while size effects are not taken into account. The Maxwell Garnet 
model [9, 11] used the Lorentz-Lorentz relation [12] to describe the effective permittivity of a colloid, which gives a 
result inapplicable in the case of a two-dimensional colloid of a granular film. On the other hand, the effective value of 
the complex dielectric constant of the film depends on the concentration of granules [13, 14], not on their size. 
Attempting to resolve the contradictions, Hampe [15] experimented with deposition of fine gold particles on fused quartz 
substrates. After annealing the prepared samples, Hampe used a spectrophotometer and an electron microscope for 
measurements to show that, despite the fact that annealing does not change the filling factor, the absorption maximum 
was increasing with a sharper peak as gold particle size was growing, and its position in the spectrum changed. Hampe 
also suggested that an anomalous absorption band is associated with oscillations of free electrons inside the granules. 
However, Hampe did not take into account the dipole-dipole interaction between the granules. All of the above ideas were 
combined in the Hampe-Shklyarevskii theory [16] where the values of the real and imaginary parts of the effective 
permittivity of a granular film were found to agree with the experiment [17]. This theory describes eigenfrequency as 
follows: 𝜔௦ଶ = ఠమఌାଶఌబ − ఠమଷ(ఌା(ଵି)ఌబ) ()ଷ𝑆 (6)

The granule radius (𝑎) and the distance between the granules (𝑏) and 𝑆 as the sum that specifies the coordinates of each 
dipole granule relative to the origin were taken into account. However, the values obtained did not account for interzone 
transitions.  

Thus, the hypothesis of a hybrid or combined nature of plasma resonance was put forward. Thus, we divided 𝜀ଵ(𝜔) [18] into two components, one of which corresponds to free electrons, and the other is related to interband 
absorption. The paper suggests that gold has zero values of 𝜀ଵ(𝜔) at 𝜔 ~ 3.2 eV. Thus, hybrid resonance can be associated 
with changes in motion of both d- and s-electrons. The presence of such a resonance must depend, in particular, on the 
oscillator strength and the frequencies of transitions under consideration. Thus, in [19], permittivity formulas were 
obtained for a colloid containing small metal spheres and optical properties of a colloid containing small silver particles 
were analyzed. 

Based on the classical theory of dispersion, the complex dielectric constant can be represented as: 𝜀⇂(𝜔) = 1 + ∑ ఠమఠబమ ିఠమାఊబఠୀଵ   (7) 

where 𝜔 – natural frequencies of the i-transition, 𝛾 – relaxation frequency, 𝜔ଶ = ସగమ – plasma frequency of the i-
transition with the participation of 𝑛 electrons (𝑛 = 𝑓𝑛 where 𝑓 – oscillator strength for the i-transition, 𝑛 – total 
concentration of electrons). 

The dielectric constant of the considered environment can be found by adding up the optical properties of the spheres 
and their environment using the following expression [19]: 

𝜀(𝜔) = 𝜀(1 − 𝑞) + 𝑞 ∑ (ఠೞమ ∏ ೕಯೕ )∏  ା∑ ఠೞమ ∏ ೕಯೕ (8) 

where 𝑟 = 𝜔ଶ − 𝜔ଶ + 𝑖𝛾𝜔 is the denominator in the i-term in (7) and 𝜔௦ଶ = 𝜔ଶ (1 + 2𝜀)ିଵ. The products and the 
sum in (8) correspond to the number of oscillators. Based on this formula, the optical properties of a colloids can be 
calculated if the characteristics of individual oscillators 𝜔, 𝜔, 𝛾. are known. 

MATERIAL AND METHODS 
Samples were prepared for research according to the method described in detail in [20] with some improvements 

described below. 
The Au film was sprayed onto a SiO2 substrate in a 10ି Torr vacuum by means of evaporation from a boat. The 

substrate was preliminarily cleaned in potassium dichromate and then treated with ion discharge under low vacuum 
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conditions (approximately 10ିଶ Torr). The initial film thickness reached 100 𝑛𝑚. For the first time, a specifically 
modified laser implantation technology was used for thermal treatment of a gold film and partial implantation of gold 
nanoparticles into the near-surface layer of fused quartz in the most active band from a thermal point of view. 

The gold film was exposed to thermal treatment using two lasers which were located on the same optical axis and 
were heating the sample with the film from both sides. A 10 W Holmium doped yttrium aluminum laser (Ho:YAG) with 
a wavelength of 2.1 𝜇𝑚 irradiated the gold film. The opposite side of the substrate was heated by a 25 𝑊 CO2 laser with 
a wavelength of 10.6 𝜇𝑚. The temperature gradient in SiO2 was controlled by a Fluke Ti400 infrared camera with a 
wavelength range of 8 − 15 𝜇𝑚. The Ho:YAG laser was chosen due to the fact that the emissivity of gold at a wavelength 
of 2.1 𝜇𝑚 is ~0.4 [21]. In other words, 40% of the laser radiation is absorbed by the gold film, while 60% is reflected. 
On the other hand, fused quartz absorbs light at a wavelength of 10.2 − 10.6 𝜇𝑚, which leads to e-fold attenuation of the 
laser radiation at the depth of about 1– 2 𝑚𝑚. Since the substrates used in the experiment are 5 mms thick, the substrate 
is heated by the CO2 laser beam at half the depth. Laser beams are at the same optical axis perpendicular to the substrate 
which gives an opportunity to heat the sample on both sides creating a local non-equilibrium state necessary to structure 
the gold film (Fig. 1). 
 

 
Figure 1. Experimental setup to form a nanoparticles cluster structure. a) neodymium-doped yttrium aluminum laser; b) substrate 

with a film (numbers indicate bands on the sample); c) CO2 laser; d) Fluke Ti400 infrared camera 

The temperature gradient was 384℃ per mm. After the exposure time of 15 minutes, pronounced color bands emerged 
on the surface of the sample in the transmission light. In band 1, the original film before irradiation was of a blue color. In 
bands 2, 3, 4, we observed a purple color under the temperature of 568℃, a pink color under 974℃, a dark gray under 
1214℃, respectively. A Shimatzu UV2600 double-beam spectrophotometer was used to take spectrophotometric 
measurements for all the four bands. All quartz substrates, both reference samples and samples with applied films, were 
taken from the same batch, and the relief of the band surface was measured with an 801NER Pro AFM microscope. 

 
RESULTS AND DISCUSSION 

After the exposure of the sample to laser radiation, we detected 4 bands of markedly different colors. The optical 
properties and dimensions of the film in the bands are shown in Table 1. We carried out spectrophotometry for all the 
bands (Fig. 2). The surface morphology of each band was examined with an AFM microscope (Fig. 3). The color of the 
bands depends on the filling factor q and the size of the cluster structure. It is also determined by whether gold was 
implanted into the near-surface layer of fused quartz. Gold particles were implanted only in the central band which was 
confirmed by its chemical and mechanical resistance and stability of the optical properties after the chemical or 
mechanical impact. 
Table 1. The optical and dimensional properties of the film in the bands. 

Bands Cluster 
size 

Nanoparticle 
size 

𝝎𝒔𝒆𝒙𝒑 𝝎𝒔𝒕𝒉𝒆𝒐𝒓 

Blue 500 nm 10-25 nm 3.316×1015 s–1 
568 nm 

3.25×1015 s–1 
a~20 nm 
b~150 nm 

q=0.1 
Purple 300 nm 8-15 nm 3.443×1015 s–1 

547 nm 
3.4×1015s–1 
a~10 nm 
b~30 nm 

q=0.07 
Pink - 2-6 nm 3.664×1015 s–1  

514 nm 
3.7×1015s–1 
a~3 nm 
b~30 nm 
q=0.008 

Implantation 
band 

500 nm 10-25 nm 3.316×1015 s–1 
568 nm 

4.956×1015 s–1 
380 nm 

3.25×1015s–1 
a~20 nm 
b~150 nm 

q=0.1 
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The initial thickness of the film was calculated to be 100 𝑛𝑚, which corresponded to a continuous gold film. This 
fact was confirmed by photometric measurements: curve 1 in Fig. 2 is typical for a gold film. The model used to describe 
the permittivity is based on the Drude theory. When exposed to laser beams, the films undergo morphological changes 
which result in plasma resonance bands (curves 2, 3, 4 in Fig. 2).  

Figure 2. Optical density spectrum. 1 – continuous film; 2, 3 – irradiation band; 4 – implantation band 

Figure 3. AFM micrograph of the sample. a) blue band (polycrystalline gold film); b) purple band (cluster structure with large 
granules located separately); c) pink band (cluster structure with an increased distance between granules); d) implantation band 

(“crater” structure with granules implanted in the surface layer) 

The AFM micrographs show the structural changes that the film undergoes in different thermodynamic bands. 
Plasma resonance bands and their positions indicate that a colloid is formed on the substrate surface while gold partially 
evaporates. The radius of the implanted nanoparticles is shown in Fig. 4 and is about 3 𝑛𝑚. Importantly, structural changes 
in the film lead to a shift in the plasma resonance band to an area with a short wavelength, which is well explained by the 
Hampe-Shklyarevskii theory. However, an additional absorption peak, not associated with plasma resonance, is detected 
in the central impact band. Instead, it is connected with interbаnd transitions in gold granules. In this case the 
Hampe-Shklyarevskii theory cannot be applied to describe permittivity of metal granules. Quantum mechanics needs to 
be involved to describe this phenomenon. 
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Figure 4. AFM micrograph of the optical films implanted in the surface layer. 

The experimental technique allowed us to simulate a case when islands with a diameter of about 150 𝑛𝑚 exposed 
to CO2 radiation transformed into clusters with islands of a 30 nm diameter and with a distance between them equal to 
their diameter. Further irradiation led to the formation of colloids with a size of about 7 nm and a distance between clusters 
of approximately 150 nm. It gave an opportunity to study absorption spectra and surface morphology on the same 
substrate, which resulted in controllability and repeatability of the given parameters, such as the filling factor, the size of 
nanoparticles, and the distance between them. Plasma resonance frequencies for various parameters of the colloids are 
given in Table 1. Theoretical calculations were based on formula (6) used to determine the Frohlich frequency taking into 
account the dipole-dipole interaction between the granules. The permittivity of quartz 𝜀 = 2.15 [13] and the permittivity 
of gold associated with interband transitions 𝜀 = 2.13 are referred to in [13]. The position of the second maximum 
cannot be described proceeding from the Hampe-Shklyarevskii model, however, its properties can be based on the 
energies of the energy levels in the metal granule described in the quantum theory of Sommerfeld [22, 23]. 

The main objective of the research was to determine applicability of the Hampe-Shklyarevskii theory to describe 
permittivity of a granular colloid based on the size of granules. The fundamental assumption was the following: the Drude 
model is applicable if the nanoparticle size is approximately equal to the wavelength; in case of an isotropic colloid, when 
the distance between granules is much greater than the particle radius, it is the Maxwell Garnett model that can be applied; 
in case of clusters when this distance is approximately equal to the particle radius, the Hampe-Shklyarevskii model is 
appropriate. However, the limits of applicability of the latter depend on an increase in interband transitions.  

In order to determine the size of nanoparticles on the basis of the permittivity model associated with inter-zone 
transitions, it can be assumed that the difference in the energies of the levels within the metal granule described in the 
Sommerfeld theory [22, 24] should be approximately equal to the kinetic energy of the electron on the Fermi surface [25]. 

The eigenfrequencies of plasmons excited in small spheres can be determined with the following vector 
equation [19]: 

 𝑅𝑒൛𝐷𝑒𝑡ห𝑟𝛿 ∓ 𝜔௦ଶ หൟ = 0  (9) 

In the presence of off-diagonal elements in (9), the eigenfrequencies of plasmons differ from (𝜔ଶ − 𝜔௦ଶ )ଵ/ଶ, which 
causes a hybrid resonance whose properties depend on the characteristics of all oscillators determining the optical changes 
in the environment. The understanding of such changes involves an approach based on quantum mechanics as well as the 
study of the electron energies in the metal. In this case, possible optical transitions on positive ions that form the core of 
a metal crystal are taken into account as well as the ionic component of the susceptibility 𝜒 [2]. Thus, the impact of 
ionic susceptibility on optical transitions in gold can be explained as follows. Au has the 4𝑓ଵସ5𝑑ଵ6𝑠ଵ valence electron 
configuration [26]. When atoms condense to form a metal, electrons located in 6𝑠ଵ orbitals turn into free electrons. In 
crystals, the outer 4𝑓ଵସ5𝑑ଵ electrons form energy bands, and optical transitions from the 5𝑑 band to the 5𝑠 band partially 
filled with free electrons lead to an additional absorption band with a certain minimum threshold frequency 𝜔 [27]. For 
gold, 𝜔 lies in the visible area and, if 𝜔> 𝜔, the ionic susceptibility is a real value (𝜒>0). So, the eigenvalue of an 
electron in metal is determined by the following expression [28]: 

 𝐸 = ଶగమమమ (𝑙ଵଶ + 𝑙ଶଶ + 𝑙ଷଶ)  (10) 

where 𝑙ଵ, 𝑙ଶ, 𝑙ଶ – quantum numbers, 𝑚 – electron mass, 𝐿 – length of the side of a cell, and 𝐿 > 𝑎 – sides of an elementary 
cell in metal. The abovementioned mathematical equation can be written as follows: 

 𝛥𝐸~𝑚𝑣ிଶ  (11) 

where 𝑣ி = 1.8 × 10଼  𝑐𝑚/𝑠 – the Fermi velocity (for gold [28]) 
By substituting (10) into (11) and performing the necessary calculations, we obtain 
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𝐿 = 2𝑎~√2 గℏ௩ಷ 𝑙 ≈ 5 𝑛𝑚  (12) 

These results agree with the values obtained with the AFM microscope, which showed that an increase in the 
absorption band associated with interband transitions is observed with a nanoparticle radius of about 3 𝑛𝑚.  

CONCLUSIONS 
This paper covers the conditions which allow for applicability of different permittivity models used to describe 

optical spectra of composites containing gold nanoparticles. The applicability of different models was found to depend 
on the particle radius. We performed calculations and conducted an experiment to confirm the limiting diameter of gold 
nanoparticles where the Hampe-Shklyarevsky model is applicable. The article presents a methodology for determining 
the effects dielectric permittivity of metal nanoparticles is based on. Electrodynamic effects localized in space have 
generally been considered as dependent on the effects of plasmon-polariton interaction which accounts for the high-
frequency peak of the absorption band, the latter being fully explained and well-studied [14, 29]. On the other hand, the 
effect associated with the interband absorption led to a shift of the plasma absorption band to the low-frequency region 
[30]. However, a separate absorption band in the low-frequency region, which would be clearly defined, has not been 
detected in previous studies.  

The presented experiment revealed two spectrally separated bands. The high-frequency band shows plasmon-
polariton interaction with the incident electromagnetic field, while the low-frequency band illustrates interband transitions 
in gold. Meanwhile, the experimental technique made it possible to create, on the one hand, films with a high-volume 
filling factor for the granule material which is important for preserving the amount of absorbed energy by maintaining 
concentration of the substance; on the other hand, there are spatial regions in the system where quantum mechanical 
effects prevail. The Hampe-Shklyarevsky model does not predict for such effects. Thus, the implanted granule represents 
a pair of coupled oscillators [31]. One oscillator is a quantum dot whose resonant frequency coincides with the low-
frequency peak, the other is a polariton whose resonant frequency corresponds to the high-frequency peak. The 
experimental data reveal how the near field affects the quantum mechanics system. Near field measurement techniques 
are well known in the microwave range [32, 33] but poorly developed in the optical range. The methodology presented 
in this article is intended to fill the existing gap. The study carried out allows a deeper understanding of the effect of a 
terahertz high-intensity electromagnetic field localized in space on quantum dots. This technique is relevant for the study 
of surface-enhanced Raman scattering on a monomolecular biolayer. It is well known that the enhancement of Raman 
scattering is associated with high-intensity electromagnetic fields localized in the near field where the biolayer is located. 
No development of biosensors with predetermined metrological properties is impossible without a theoretical calculation 
of the electromagnetic field localization and experimental verification of the calculated data. 
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ВИБІР МОДЕЛІ ДИЛЕКТРОНІЧНОСТІ НА ОСНОВІ РОЗМІРНОГО ТА КВАНТОВО-РОЗМІРНОГО ЕФЕКТУ 
В ПЛІВКАХ ЗОЛОТА 

Юлія Рябенкоа,b, Сергій Шульгаа, Микола Макаровськийс, Костянтин Білошенкоа 
aХарківський національний університет імені В.Н. Каразіна, Факультет радіофізики, біомедичної електроніки та 

комп’ютерних систем, Харків, Україна 
bІнститут квантової оптики Ганноверського університету Лейбніца, Ганновер, Німеччина 

сХарківський національний університет імені Н. Каразіна, фізичний факультет, Харків, Україна 
У статті досліджено оптичні властивості наноструктур, що містять наночастинки золота різного радіусу. Ми досліджуємо 
радіус частинки як критерій для вибору моделі діелектричної проникності, спрямованої на опис спектрів оптичного 
поглинання гранул золота. Експерименти показали розщеплення смуги поглинання гранульованих плівок золота з утворенням 
другого піку поглинання. Перший пік пов'язаний з явищем плазмонного резонансу, а другий відображає квантову 
гібридизацію енергетичних рівнів у золоті. Було показано, що квантові ефекти переважають над розмірними при діаметрі 
гранул приблизно 5-6 нм. Теорія Мі дає строгий розв'язок для розсіяного електромагнітного поля на сфері з урахуванням 
оптичних властивостей останньої, однак не визначає критеріїв вибору моделі для розрахунку діелектричної проникності. І 
розрахунки, і експерименти підтвердили граничний діаметр наночастинок золота, де застосована модель Хампе-
Шкляревського. Тим часом ця модель все ще не могла передбачити розщеплення смуги поглинання. Наведені в статті дані 
можуть бути використані для заданого локального підсилення поля в композитних середовищах, що складаються з біошару 
та металевих наночастинок. Проведені дослідження дозволяють глибше зрозуміти вплив локалізованого в просторі 
електромагнітного поля високої інтенсивності терагерцового діапазону на квантові точки. 
Ключові слова: діелектрична проникність; теорія Мі; модель Хампе-Шкляревського; спектри поглинання; плазмова смуга 
поглинання; гранули золота 




