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In the present study, a homogeneous and anisotropic LRS Bianchi type-I universe model is considered with an interacting dark matter
and Renyi holographic dark energy model (RHDE) in f(R) gravity. The deceleration parameter (DP) shows a signature flipping for
a universe which was decelerating in past and accelerating at present epoch. Therefore, the DP is a most physically justified parameter
to analyze the solution of cosmological model. In order to find an exact solution of the field equations of the model, the shear scalar is
considered to be proportional to the expansion scalar. We have considered f’ (R) =bR", the depiction model of [ (R) which is the

function of Ricci scalar R . The physical and geometrical characteristics of the universe model have been studied.
Keywords: f{R) Gravity; RHDE; dark matter; Cosmology,; Bianchi type-I space-time
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INTRODUCTION
Observational cosmic data show that our Universe is currently expanding at a faster rate [1-5]. Dark energy (DE),
which has negative pressure and accounts for 70% of the exotic component, is what propels the universe's cosmic
expansion [6-9]. To investigate the universe and its accelerated expansion, modified theories of gravity provide an
alternative approach. Some appropriate characteristics of modified theories of gravity are found in [10]. In the literature,
several modified theories, including f(R) gravity [11-15], f(T) gravity [16-20],and f(G) gravity [21-23] have been

proposed with the changes of the Einstein—Hilbert action. Many researchers have worked on modified theories of gravity
in recent past on different aspects of Cosmology [24-34]. In fact, the Ricci scalar f(R) theory uses a conventional

Einstein-Hilbert action that contains an arbitrary function R. The authors of Nojiri et al. [35] provided a comprehensive
overview of modified theories of gravitation. Theoretical models of workable dark energy are described in [36]. The
Noether symmetry technique is used to show spherically symmetric solutions in [37]. The exact solutions of static
spherically symmetric space-times in f(R) gravity coupled to nonlinear electrodynamics have been studied by

Hollenstein and Lobo [38]. f(R) gravity has been studied by a number of researchers in various cosmological

contexts [39-53].

Holographic dark energy (HDE) has a variety of characteristics that have been studied in [54-58]. In [59-61], the
holographic concept serves as the foundation for the potential of HDE. The HDE theory is also a helpful approach for
addressing the DE conundrum in [62]. It was put forth based on the quantum characteristics of black holes (BH), which
have been thoroughly studied in the literature to research quantum gravity. Studying the cosmic ramifications of
holographic dark energy is more natural because Newton's gravitational constant is made dynamical in the Scalar Tensor
Theory. According to [63], the holographic principle refers to a system's entropy, which is determined by its surrounding
surface area rather than its volume. If we assume that the infrared (IR) cutoff is equal to the size of the universe, then the
holographic energy density is rather near to the dark energy density. We can discover the cosmological characteristics of

the vacuum energy with the aid of the HDE theory. The decreased Planck mass M 127 =8nG and the numerical constant

d are used to calculate the HDE energy density p,, =3d°M ;L’Z . Numerous investigations have examined the interaction

of holographic dark energy with matter using various IR cutoffs, including particle horizons, future horizons, and Hubble
horizons. The authors of [64] suggested an IR cut-off made up of local Hubble scale values and temporal derivative
Hubble scales. Sheykhi et al. in [65] explore the astrophysical implications of New Holographic DE (NHDE) by using

the Hubble radius L= H ' as the system's IR cutoff. Many extended entropy formalisms have been used to investigate
cosmological and gravitational events, but Tsallis and Renyi entropies offer the most accurate universe model. Sharma-
Mittal HDE is compatible with the expansion of the universe and it is stable whenever it dominates the cosmos. The
horizon is assigned to the Tsallis and Renyi entropies to investigate the cosmic ramifications. The generalized entropies
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have been used to develop three HDE models: the Tsallis HDE (THDE) [66], the Renyi HDE (RHDE) [67] and the
Sharma-Mittal HDE (SMHDE) [68]. Jawad and colleagues studied the THDE, RHDE and SMHDE models [69]. Maity
and Debnath have examined all the aforementioned HDE models as well as New Agegraphic DE (NADE) in the context
of flat D-dimensional fractal Universe in loop quantum cosmology [70]. The same authors analysis of THDE, RHDE,
and SMHDE in [71] used the Nojiri- Odinstov (NO) cut-off as the IR cut-off. In [72], Sharma and Dubey looked at the
RHDE in relation to Brans-Dicke cosmology. An interacting model of the Renyi holographic dark energy in the Brans-
Dicke theory of gravity was built by the authors in [73]. Numerous relativists have recently worked on RHDE in various
cosmological contexts, as seen in [74-83].

The main goal for this work is to illuminate the cosmic expansion for a homogeneous and anisotropic LRS Bianchi

type I universe model with an interacting dark matter and RHDE within the framework of f (R) gravity by taking the
Hubble horizon as a candidate for the IR-cutoffi.e., L =1/H . The deceleration parameter (DP) shows a signature flipping

for a universe which was decelerating in past and accelerating at present epoch. Therefore, the DP is a most physically
justified parameter to analyze the solution of cosmological model. In order to find an exact solution of the field equations of

the model, the shear scalar is considered to be proportional to the expansion scalar. We have considered f (R) =bR", the

depiction model of f (R) which is the function of Ricci scalar R .

/(R) GRAVITY FORMALISM
The f(R) gravity is one of the generalizations of the general theory of relativity. The three primary approaches to
f (R) gravity are "affine gravity", "Palatini formalism" and "metric approach". The action is varied with regard to the

metric tensor and the connection used in the metric approach is a Levi-Civita connection. While in Palatini formalism,
the metric and the connection are independent of one another and the two aforementioned parameters can vary on their

own. In metric-affine f (R) gravity, the metric tensor and connection both operate independently, with the assumption

that the matter action also depends on the connection. Action in this theory is provided by
S:f,/—g(f(R)+Lm)d4x. (1)

Here, g the metric determinant, L the matter Lagrangian and a general function f (R) of the Ricci scalar are present.

It should be noted that this action can be obtained simply by replacing R by f (R) in the default Einstein-Hilbert action.

From this action, the associated field equations are discovered as

1
F(R)R, 5 f(R)g,, -V, V,F(R)+g,0F(R)=-T,,, )

where O =V'V, , F (R)Edf (R)/dR , T, the standard matter energy momentum tensor is obtained from the

w2

Lagrangian L, ,and V, is the covariant derivative.

m >

METRIC AND FIELD EQUATION COMPONENTS
Cosmologies with anisotropic models are being investigated in recent times. The spatially homogeneous and
anisotropic Bianchi type models are more interesting because of their ability to explain the cosmic evolution in early phase
of universe. More ever, Bianchi type models have simple mathematical forms. In this work, we are interested to explore

f (R) gravity using Locally Rotationally Symmetric (LRS) Bianchi type-I space-time. The line element is of the form
ds® =—dr’ + A (1)dx’ + B* (t)|dy* + dz* |, 3)

where 4 and B are functions of cosmic time ¢ only.
Consider the stress energy momentum tensor for interacting two fluid as

T = ]-;l.l/ + 71/.1/ (4)

w

where, Y_LV =p,u,u, and T =(p, + p,,)u#uy +p,8,, » with comoving coordinates u" = (0,0,0,1) and w'u, =—1,

% v
where u" is the four velocity vector of the fluid, p, is pressure of RHDE, p, and p, are energy densities of dark matter

and RHDE respectively. Now we define some kinematical quantities of the space-time such as average scale factor and
volume respectively as

@ =V =AB. (5)
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The mean Hubble parameter, which expresses the volumetric expansion rate of the universe is
1
Hzg(Hl+H2+H3), (6)

where H,, H, and H, are the directional Hubble parameters in the directions of x, y and z axes respectively. Anisotropy
parameter, for discussing whether universe approach isotropy or not, is defined as

1 (H —HY
“‘EEP?T&‘ ™)

The expansion scalar and shear scalar are respectively defined as

A _B
f=—+2—, 8
I ®
2_3 2
=314, ©)
2
Here dot indicates a derivative with regard to time.
Using equations (2), (3), and (4), the field equations can be expressed as follows
A _AB 1 B .
2= |F(R)+=f(R)+2=F+F=p_, 10
S T2 PR+ f(R)+22 b, (10)
B B AB I A B .
—+—+——|F(R)+=f(R)+|=+—=|F+F=p,, 11
B B AB()Zf()AB Pr (h
A B 1 A B,
—+2—|F(R)+=f(R)+|—+2—=|F=—(p, +p,)- 12
S T2 [FR)+ S (R)+|~ B] (Pw+r,) (12)

SOLUTION OF THE FIELD EQUATIONS
The deceleration parameter is defined in terms of the scale factor and scale factor is a function of time. So, it always
motives the researchers to investigate the time dependent deceleration parameter rather than the constant deceleration
parameter. Thus, we have interested to investigate the time dependent deceleration parameter. The deceleration parameter

is defined as g = —ac'i/ @’ , where a is the average scale factor. We have considered the special form of time varying

deceleration parameter ¢ =—1+ ﬁ/ 1+a” , where 3>0 is a constant. Consequently, the Hubble’s parameter is

H=1+a". (13)

Again, integrating the above equation, we have
%
a=(e"e-1)". (14)

3/
Using equation (5), we get AB* = (eﬁ”" — 1)/’ . Now, in order to solve the field equations, we take into account that

expansion scalar is proportional to shear scalar [84-85] which results as 4 = B" where m >1 is an arbitrary constant.
Hence, we get

3m

A= <e93f+6 _ 1);3(m+2) , (15)

3

B — (eHH»C _ l)ﬂ(nz#»Z) s (16)
Using equations (15) and (16), the metric in (3) filled with the fluid in (4) in the framework of f (R) gravity becomes

6m 6

ds®> = —dt* + (em" - I)W dx® + (e‘m‘ - 1)3('””) [dy2 + dzz] . (17)
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TWO FLUIDS INTERACTING MODEL
When dark matter and holographic Renyi dark energy interact, the overall energy density fulfils the continuity
equation as ( pm) + ( pr) +3H ( Pt P, + pr) = 0. However, when their individual energy densities do not conserve, the

equation for the continuity of matter becomes [86],
(b)) +3H (p,) =0, (18)

(p,)+3H(p, +p,)=-0. (19)

The quantity Q >0, expresses the interaction (for Q > 0) and non-interaction (Q =0 ) term between RHDE and

dark matter components. Since we are interested in investigating the interaction between RHDE and dark matter, it should
be noted that an ideal interaction term must be motivated from the theory of quantum gravity. In the absence of such a
theory, we rely on pure dimensional basis for choosing an interaction Q . In our work, we consider the interacting term as

Q0 =3kHp, ,where x is the coupling constant to determine its appropriateness.

DYNAMICAL PROPERTIES OF THE MODEL
The average scale factor and spatial volume are respectively obtained as

) Y
a=(e* -1, (20)
, %
V:a3=(e‘dt+cfl)/d. 21
The mean Hubble parameter and expansion scalar yield as
1
_ 22
H (1 - e*“’*“)) ; (22)
3
= . 23
0 (1 e*<ﬂ‘+f>) (23)
The anisotropy parameter is
2
_2(m-1)
A, = - (24)
(m+2)
The shear scalar is determined as
3(m—1)
o= 3m=1) L (25)

4 4 k Expansion scalar

Hubble's parameter

~_/

0.0 05 1.0 1.5 2.0

Cosmic Time
Figure 1. Hubble parameter and Expansion scalar versus cosmic time for c=1, m=2 and =3

It can be shown that the universe is expanding as cosmic time advances because both the average scale factor and
spatial volume are rising. It is depicted from Figure 1 that the mean Hubble parameter is acting as a constant throughout the
universe's expansion and that the expansion scalar gets less as cosmic time grows. Expansion scalar is constant because of
t — oo . It implies that the universe's expansion is initially more rapid and then it slows down over time. Anisotropy
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parameter is observed to be constant during the expansion of the universe and does not depend on cosmic time ¢ in contrast
to shear scalar, which is observed to depend on cosmic time and change over the course of the universe's evolution.
The deceleration parameter is obtained as

qg= 1+ ﬂe—(@z+c) (26)

The DP shows a transition of universe for > 1 and again lies at an accelerating phase for B < 1. Summing up the
results, it can be concluded that, the deceleration parameter plays a vital role in account of accelerated expansion of the
universe. The model with time varying deceleration parameter represents an expanding universe in accelerated phase.
From Figure 2, it is noted that the deceleration parameter, which reflects the typical accelerating expansion, ¢ — —1 is

negative throughout the expansion of the universe. As cosmic time lengthens, recent theoretical observations are
consistent with this scenario.

024

044

-0.6 4

Deceleration Parameter

-0.8 4

00 05 10 15 20

Cosmic Time

Figure 2. Deceleration parameter versus cosmic
time for c =1 and 3=3.

The Ricci scalar R is obtained as

_ (_6> M,
where M, =(m+2)" and M, = 3»<m2 +2m+3)—6(m—|—2)2 )
The depiction model of f(R) is
— (_6> M,
S (R)=b e ™) M, + (1] (28)
Also,
n—1
(-6) M
F(R)=bn{—————| M, + > 29
( ) M1 (1 _ —(x?H—C)) 1 (1 _ e—(ﬂz-%—c))
Energy density for RHDE has the form
3d’ -1
P=e (1 + 7T6L2) ,

with d and § being constants [67], [69]. Here, by considering the Hubble horizon as a candidate for the IR-cutoff, i.c.,
L=1/H , the energy density for RHDE from above equation is obtained as

347 1

_QTZ(H—W(STZ) ’ (30)

P,

— d n
where, 7=1—¢ "+

The isotropic pressure is
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3 m(3m—G(m+2)+6 ) 1 ..
p,=—1|Bm+ ( ( ) )F—|—2F +—f+F, 31)
(m+2)T (m+2)T 2
where
n—1 n—=2
F = —bn(n—1)8| =5 1‘7] ﬁM1+2M2][ﬁMI+%] ,
M, T T T
and

g o
T T

1

e

The RHDE equation of state parameter is found to be

F":

1—7

(1-7)
2M, | — 142
T

T

]+[ﬂM1+ +(n-2)

2M, ]

1—7}[5M1+2M2]}
T T

w, :;%TZ <1+7r672)

m(3m—,8(m+2)+6)

pm+ (m—l—Z)T

F+2F]+%f+ﬁ ) (32)

3
(m+2)7'

The RHDE energy density is always positive and decreases with cosmic time ¢ as depicted in Figure 3. As the

cosmos expands, its energy density drops until it reaches zero at a massive expansion. In Figure 4, RHDE pressure versus
cosmic time ¢ is depicted graphically.

.35 -

5 0.4 4

40 4
=~ 23]
e =
© 45 4
B i =4
2 03 A
) =]
o » -50 4
-
B 8 55
8 021 o 3
m

60 4

0.1 T T T T -65 T T T T
0.0 0.5 1.0 L5 2.0 0.0 0.5 1.0 145 2.0
Cosmic Time Cosmic Time

Figure 3. Energy density of RHDE versus cosmic time for Figure 4. Pressure of RHDE versus cosmic time for =73,
623,c=1,d=1.2and5=4 c:l’mzz’nzz and b=1.

It is evident that RHDE exerts a negative pressure throughout the universe's expansion. The year 2009 saw a result
that limits the dark energy equation of state parameter to —1.44 < w_ < —0.92 by combining cosmic data sets from galaxy
clustering, CMBR anisotropy, and luminosity distances of high redshift SNe-Ia.

04

-0.5 4

-0.6 4

-0.7 4

08 4

EoS parameter of RHDE

-0.9 4

-1.0 T T T T
0.0 05 1.0 1.5 2.0

Cosmic Tune
Figure 5. EoS parameter of RHDE versus cosmic time for =3, c=1,d =12, =4, m=2,n=2 and b=1.
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In Figure 5, it is shown that the equation of state parameter initially reflects the quintessence region and that as time
goes on, it evolves around the ACDM model. The equation of state parameter behaves like a cosmological constant

w, =—1 as the universe expands, which is consistent with recent theoretical results.
Stability factor is
1— 2m(3m—G(m+2)+6
e (3m—p(m+2)+e)
5 8 [ 72 (1+77672) 1 3 T (m+2)7
0, =——> —f+F+——
3B\=7)l 75 2|2 (m+2)7 m(3m—B(m+2)+6) . .
~+= +| Bm + F+2F
<1+7T57) T (m+2)1
where
6" I
—bn(n—1)3|—| (r,)|—L
w-0afe] (]
F= 1__2T {27-27-3 +%[2M2[3_2T]+ﬂM1 (2—7') +(n—2)7173}
T
+{Tl 2M2[—1_2T]—|—7'2 2_7] +(n—2)[1_7]722H(n—3)M2 17 + H—n[l_T ]}
T T T T°T, T
and
M 2M 3—
TI_[5M1+—2], 72—[,6'M1+ 2], 73:[2M2[ T]+5M1 :
T

F+2F}

(33)

From Figure 6, it is clear that the universe is unstable because RHDE has a negative stability factor during the

universe's expansion.
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Figure 6. Stability factor of RHDE versus cosmic time for =3, c=1,d=12,6=4, m=2,n=2 and b=1.

CONCLUSION

In the present study, a homogeneous and anisotropic LRS Bianchi type I universe model is considered with an
interacting dark matter and RHDE in f (R) gravity.

e [t is found that the energy density of RHDE is always positive and decreases as a function of cosmic time ¢ .

e As time goes on, the equation of state parameter evolves around the ACDM model, which is familiar from the
universe's current accelerated expansion. The equation of state parameter initially represents the quintessence

area [87-88].

e The average scale factor and the spatial volume increase with increasing cosmic time.

e  Expansion scalar is constant because of ¢ — oo . It implies that the universe expands more quickly initially and
then less quickly as time goes on.

e The deceleration parameter is negative during the entire universe's expansion, which is consistent with the usual
accelerating expansion [89-90].

The stability factor has been negative during the universe's expansion, indicating that the cosmos is unstable.
As cosmic time lengthens, recent theoretical observations are consistent with this scenario.
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T'OJOTPA®IYHA MOJIEJIb TEMHOI EHEPI'Ti PEHBI V f(R) TPABITAII 3 T4-OBPI3AHHSIM XABBJIA
Kimop C. Bankxane?®, Aandpen 0. lleiix”, Cipaxx H. Xau®
4Jlenapmamenm mamemamuxu, Maxasiovsanas, okpye Manepyanip. Bacum - 444403, Inois
bﬂenapmmeym mamemamuxu, Inoipa I'anoi Maxagiovsnas, Panezaon - 445402, Inois
¢Konedoic inorcenepii ma menedsrcmenmy npogpecopa Pama Meze, baouepa, Ampasami - 444701, Inoia

VY upoMy IOCTIKEHHI PO3TISIAETRCS OJHOPIAHA Ta aHi30TpomnHa Moaenb BeecBity LRS Bianchi tumy [ i3 B3aemozirouoro TeMHOIO
Marepiero Ta rojorpadiunoro monemno Temuoi eneprii Pensi (RHDE) y f(R) rpasiramii. ITapamerp ynosinsHerHst (DP) nmokasye
XapaKTepHe IepeBepTaHHs Ul BeecBity, SIKM YIOBUIBHIOBABCS B MUHYJIOMY Ta IIPHCKOPIOBABCS B HUHINIHIO €TIOXY. TakuM YHHOM,
DP € naii0inpi (Gi3nuHO BUNPaBIaHUM MapaMeTpoM I aHali3y pilleHHs KocMoioriyHoi Mozeri. 1106 3HaliTH TO4YHMI pO3B’ 30K
HOJILOBUX PIBHSIHb MOJEJI, CKaJIsIp 3CYyBY BBa)KA€THCS MPONOPLIHHIM CKalsipy po3ummpeHHs. Mu posrisnymu f(R) = bR", Mmonenio
300pakenHs f(R) sixoi € pyHkiist ckamsipa Piuui R. [lociimkeHo (i3UKo-reoMeTpHyHi XapakTepiucTHKU Moeli Beecsity.

Kuarouosi cinoBa: f(R) epasimayis; RHDE; memna mamepis; kocmonoeis; npocmip-yac Bosnki muny [



