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The Nikiforov-Uvarov approach is used in this study to solve the Schrödinger equation utilizing a class of inversely quadratic Yukawa 
plus Hulthén potential model with an approximation to the centrifugal term. The normalized wave function and energy eigenvalue 
equation were obtained. The numerical bound state for a few diatomic molecules (N2, O2, NO, and CO) for various rotational and 
vibrational quantum numbers was calculated using the energy equation and the related spectroscopic data. Our results show that, with 
no divergence between the s-wave and l-wave, the energy eigenvalues are very sensitive to the potential and diatomic molecule 
properties, suggesting that the approximation approach is appropriate for this set of potentials. The results are consistent with earlier 
studies in the literature, and we also found four special cases of this potential. 
Keywords: Schrödinger equation; Nikiforov-Uvarov method; Сlass of inversely quadratic plus Hulthén potential; Diatomic 
molecules; Bound state 
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INTRODUCTION 
The time-independent Schrödinger wave equation can be used to study the dynamics and interactions of quantum 

mechanical processes and non-relativistic spinless particles [1-4]. Because the eigenvalues and eigenfunctions associated 
with quantum problems include essential information regarding the quantum system. The analytical solutions to this 
equation with physical potentials are likely to play an important role in our understanding of the underlying principles of 
a quantum system [5, 6]. The bound state solutions of the Schrödinger equation for a few of these potentials, such as the 
Coulomb potential (CP) [7], Woods-Saxon [8], Hulthén [9], Manning-Rosen [10], and so on, are possible in some 
situations. A suitable approximation scheme can also be used to solve the Schrödinger equation approximately when the 
arbitrary rotational momentum quantum number is available [11]. The approximation scheme proposed by Greene and 
Aldrich [11], the improved approximation scheme by Jia et al. [12], the approximation scheme by Hill [13], the Pekeris 
approximation [14], the approximation scheme by Yazarloo et al. [15], and the improved approximation scheme in 
Ref. [16] are a few examples of these approximations. 

To find the exact and approximate solutions to the Schrödinger equation, quantum mechanical techniques have been 
extensively used over time by scholars [17–27]. Inversely quadratic Hellmann potential (IQHP) has been used by numerous 
authors in different areas of physics [28-31]. Another intriguing potential is inversely quadratic potential (IQP). The inversely 
quadratic potential has been used by Oyewumi and Bangudu [32] and several authors in the literature [33-35]. 

In order to investigate the interaction that exists between two particles, the Hulthén potential (HP) [36] is essential. 
It is utilized in the study of atomic, condensed matter, nuclear, and molecular physics as well as chemical physics 
[37,38]. Another potential of interest is a newly proposed potential by Inyang et al. [39] called the class of inversely 
quadratic Yukawa potential. This work aims to use the class of inversely quadratic Yukawa plus Hulthén potential 
(CIQYHP) to obtain bound state approximate solutions to the Schrödinger equation. The obtain energy equation will 
be used to investigate the ro-vibrational energies of some selected diatomic molecules and the bound state energies. 
The potential model under study is of the form: 
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where 01 11 21 31, , ,  and V V V V are potential strength and 0δ is the screening parameter. 
The shape of this potential as a function of the screening parameter is given in Fig. 1. The following is how the paper 

is set up: The energy eigenvalues and normalized eigenfunctions are obtained by solving the Schrödinger equation with 
the class of inversely quadratic Yukawa plus Hulthén potential using the Nikiforov-Uvarov method in Section 2. The 
resulting energy equation will be applied in Section 3 to compute numerically the energy eigenvalues at various states of 
the chosen diatomic molecules and the discussion. In Section 4, conclusions are provided. 
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Figure 1. Variation of the potential ( )V r  against internuclear distance r for the N2, O2, NO and CO diatomic molecules 

 
2. APPROXIMATE SOLUTION OF SCHRÖDINGER EQUATION WITH THE CLASS OF INVERSELY 

QUADRATIC YUKAWA PLUS HULTHÉN POTENTIAL 
In this study, the second-order differential equation of the hypergeometric type is solved using the Nikiforov-Uvarov 

method. The specifics are provided in Reference [17]. The Schrödinger equation reads [40] 
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where ( )nl rψ  is the wavefunctions, nlE  is the eigenvalues of the quantum system, r is the radial distance from the origin, 
  is the reduced Planck's constant and μ  is the reduced mass. Replacing Eq. (1) into Eq. (2) gives 

 
( )

( )
( ) ( )

00

0

2
01 3111 21

2 2 2 2 2 2 2 22

12 2 22 2 0
1

rr
nl nl

nlr

d r l lE V V eV e V r
dr r r r re

δδ

δ

ψ μ μ μμ μ ψ
−−

−

 +
 + + − + + − =

−      
  (3) 

Equation (3) cannot be solved with the proposed potential because of the inverse square term. We then introduce the 
Greene-Aldrich approximation scheme [11] to deal with the inverse square term. This approximation scheme is a good 
approximation and is valid for 0 1,δ << and it becomes 
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Applying Eq. (5), we have 

 ( )
( ) ( ) ( ) ( ) ( )

( )
0

0 0

00 0 0

2 2 2
0 0 0 0

2 2

2
01 11 21 31

2 2 2 22 22

2 2 2 2 2 0( 1

11
)

1 1 1

r r

r r r r

nl nl
nr

d r E V V e V l l
e e

V e r
dr ee eδδ δ

δ

δ δ

δ δψ μ μ μ δ μδ δ μ ψ
− −

−− − − −
+

+
−

 
 + + − + =
 −
 − − 

− −   
. (5) 

By using the change of variable from br x→ , new coordinate is 

 0 .r
bx e δ−=  (6) 

We put Eq. (6) into Eq. (5) and simplify to get, 
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where 
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Linking Eq. (7) and Eq. (1) of Ref. [17], we obtain the polynomials: 
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Inserting Eq. (9) into Eq. (11) of Ref. [17], gives; 
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The NU approach states that the discriminant of this quadratic equation must be set to zero in order to solve the 
quadratic form of Eq. (10) under the square root sign. A new quadratic equation is generated by this discriminant, which 
can be solved for the constant K0 to obtain the two roots:  

 ( )0 02 03 03 03 02 012 2 .K η η η η η η= − + − + +  (12) 

Replacing Eq. (12) into Eq. (10), ( )bxπ has the expression given as 
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with Eq. (9) and Eq. (13). Therefore, we obtain  
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Referring to Eq. (10) and Eq. (13) of Ref. [17], we have the following equations: 
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With the aid of Eq. (8), we can compare Eqs. (16) and (17) and get the bound state energy eigenvalues of the Schrödinger 
equation with the class of inversely quadratic Yukawa plus Hulthén potential as follows: 
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Therefore, the complete eigenfunction can be express as: 
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Special cases 
1. Setting 01 11 21 0V V V= = =  in Eq. (18), we obtain the energy equation for the Hulthén potential, 
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Equation (20) is in agreement with Eq. (32) of [41] and Eq. (37) of [42]. 
2. Setting 01 11 31 0V V V= = =  in Eq. (18), we obtain the energy equation for the inversely quadratic potential 

( )
( ) ( )

( )

22

21 21
2 22 2 2 2

02 0
21 0

21
2

1 1 2 41 1
2 41

.
2 8 1 1 21

2 4

nl

V Vn l l l l
l l

E V
Vn l l

μ μ
δ δδ

μ μ μ

  
 + + + + − − + + 

+   = − −  
 + + + + −
 
 

  



(21)

3. Setting 01 11 21 31 0 0V V V V δ= = = = =  in Eq. (18), we obtain the energy equation for Coulomb potential, 
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where 2
01V Ze= is the nuclear charge. Equation (22) agrees with Eq. (24) of [46]. 

4. Setting 21 31 0V V= =  in Eq. (18), we obtain the energy equation for IQHP, 
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Equation (23) agrees with Eq. (29) of [46]. 

3. Results and Discussion
We numerically computed the energy eigenvalues for the class of inversely quadratic Yukawa plus Hulthén 

potential in Table 1 through adjusting the principal quantum number at a fixed orbital angular momentum quantum 
number with the potential strength ( 01 111,V 1,V = = − 21 311,V 0.025V = − = , 01 11 21 312,V 3, 3,V 0.05V V= = − = − = ) for

0 0.025δ = . For a fixed value of angular momentum quantum 𝑙, the energy spectrum increases as the principal quantum
number 𝑛 increases for this range of potential strength as the screening parameter is not varied. 

Table 1. Energy bound states ( )eV  for the class of inversely quadratic Yukawa plus Hulthén potential with 2 1μ= = , 0 0.025δ =  

n  l 01 11

21 31

1, V 1,
1, V 0.025

V
V

= = −
= − =

01 11

21 31

2, V 2,
2, V 0.05

V
V

= = −
= − =

01 11

21 31

4, V 4,
4, V 0.1

V
V

= = −
= − =

0 0 -1.012851562 -4.000625000 -15.90140625
1 -0.2726660156 -1.038476562 -4.051406250
2 -0.1362890625 -0.4906250000 -1.857656250
3 -0.08937744140 -0.2996972656 -1.090664062
4 -0.06856406250 -0.2122250000 -0.7365562500
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n  l  01 11
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1, V 1,
1, V 0.025

V
V

= = −
= − =
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V
V
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= − =
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4, V 4,
4, V 0.1

V
V

= = −
= − =

 

0 1 -0.2622753906 -1.015664062 -4.003750000 
1  -0.1327126736 -0.4815277778 -1.837517361 
2  -0.08818603515 -0.2954003906 -1.080156250 
3  -0.06847656250 -0.2101500000 -0.7305062500 
4  -0.05872504340 -0.1647960070 -0.5415277778 
0 2 -0.1259765625 -0.4637500000 -1.797656250 
1  -0.08603759765 -0.2870410156 -1.059375000 
2  -0.06845156250 -0.206150000 -0.7185562500 
3  -0.05985351562 -0.1631640625 -0.5343750000 
4  -0.05566406250 -0.1382397959 -0.4243144132 
0 3 -0.08340087890 -0.2750878906 -1.028789062 
1  -0.06878906250 -0.2005250000 -0.7010062500 
2  -0.06180664062 -0.1609765625 -0.5239062500 
3  -0.05859135842 -0.1381250000 -0.4181154336 
4  -0.05752990723 -0.1243188476 -0.3504785156 
0 4 -0.06993906250 -0.1937250000 -0.6783062500 
1  -0.06489691840 -0.1585460070 -0.5104340278 
2  -0.06285156250 -0.1383290816 -0.4102072704 
3  -0.06254943848 -0.1262329102 -0.3461816406 
4  -0.06339168596 -0.1189891975 -0.3033352624 

In Table 2, we numerically show the energy eigenvalues of this potential at a fixed n by varying l for various 
screening parameters, 0 0.05,0.075,  and 0.1δ = . As the screening parameter and angular momentum quantum 𝑙 increases 
for a fixed value of principal quantum number 𝑛, the energy spectrum increases. 

Table 2. Energy bound states ( )eV  for the class of inversely quadratic Yukawa plus Hulthén potential with 1μ= =

01 11 21 312,V 3, 3,V 0.05V V= = − = − =  

n  l  0 0.05δ =  0 0.075δ =  0 0.1δ =  

0 0 -4.455000000 -3.541805556 -3.145000000 
 1 -1.215078125 -1.058752170 -1.035312500 
 2 -0.6187500000 -0.6122492285 -0.6722222222 
 3 -0.4197070312 -0.4794536676 -0.5882031250 
 4 -0.3398000000 -0.44627222222 -0.6002000000 
1 0 -1.247578125 -1.0975021700 -1.0778125000 
 1 -0.6426388889 -0.6354436729 -0.6900000000 
 2 -0.4337695312 -0.4853130426 -0.5788281250 
 3 -0.3450000000 -0.4359722222 -0.5650000000 
 4 -0.3073003472 -0.4341148245 -0.6028125000 
2 0 -0.6550000000 -0.6479783951 -0.7005555555 
 1 -0.4439257812 -0.4909771051 -0.5757031250 
 2 -0.3499500000 -0.4306097222 -0.5428000000 
 3 -0.3063281250 -0.4166495467 -0.5600347222 
 4 -0.2896938776 -0.4312613379 -0.6123469388 
3 0 -0.4492382812 -0.4943364801 -0.5750781250 
 1 -0.3537500000 -0.4281597222 -0.5300000000 
 2 -0.3063281250 -0.4051912134 -0.5308680556 
 3 -0.2850000000 -0.4094756236 -0.5650000000 
 4 -0.2803173828 -0.4340235731 -0.6267382812 
4 0 -0.3558000000 -0.4272722222 -0.5242000000 
 1 -0.3066753472 -0.3983335745 -0.5128125000 
 2 -0.2820153061 -0.3943416950 -0.5316326531 
 3 -0.2732080078 -0.4094337294 -0.5764257812 
 4 -0.2759876543 -0.4406395748 -0.6450000000 

In Table 3, we numerically present energy eigenvalues of Hulthén potential at 2p, 3p, 3d, 4p. As the screening 
parameter increases, the energy eigenvalues increase with increase in the quantum numbers. We compared our result for 
the Hulthén potential with the results from three other methods. 

Using the energy equation found in Eq. (18), we quantitatively presented the eigenvalues for four diatomic molecules 
in Tables 4. The model parameters for each molecule listed in Table 4 were entered to do this. These diatomic molecules 
were chosen due to their significance in chemical physics and chemistry. In addition, we have also used the following 
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transformations: 2931.41 940= 28m  u M a  eV c  and 1973.29 eV Ac
°

=  [47-49]. The results show that the bound state 
energy spectra of these diatomic molecules increase as various quantum numbers n  and l  increases. Our newly 
developed potential models reduce to special cases by applying certain boundary conditions to validate the mathematical 
accuracy of our analytical calculations. 

Table 3. Energy bound states ( )eV  of the Hulthén potential as a function of the screening parameters 0δ  for 2p, 3p, 3d, and 4p states 
and for 1Z =  in atomic units ( )1 .eμ= = =   

State 0δ  Present (NU) AIM [43] EQR [44] SUSY [45] 
2p 0.025 -0.1128125000 -0.1128125 -0.1128125 -0.1127605

0.050 -0.1012500000 -0.1012500 -0.1012500 -0.1010425
0.075 -0.09031249994 -0.0903125 -0.0903125 -0.0898478
0.10 -0.08000000000 -0.0800000 -0.0800000 -0.0791794
0.15 -0.06124999998 -0.0612500 -0.0612500 -0.0594415

3p 0.025 -0.04070312500 -0.0437590 -0.0437590 -0.0437068
0.050 -0.03336810000 -0.0333681 -0.0333681 -0.0331632
0.075 -0.02438370000 -0.0243837 -0.0243837 -0.0239331
0.10 -0.01680560000 -0.0168056 -0.0168056 -0.0160326
0.15 -0.00586810000 -0.0058681 -0.0058681 -0.0043599

3d 0.025 -0.04360440000 -0.0437587 -0.0437587 -0.0436030
0.050 -0.03275080000 -0.0333681 -0.0333681 -0.0327532
0.075 -0.02299480000 -0.0243837 -0.0243837 -0.0230306
0.10 -0.01433640000 -0.0162600 -0.0162600 -0.0144832
0.15 -0.00031240000 -0.0058681 -0.0058681 -0.0132820

4p 0.025 -0.01994860000 -0.0200000 -0.0200000 -0.0199480
0.050 -0.01104420000 -0.0112500 -0.0112500 -0.0110430
0.075 -0.00453700000 -0.0050000 -0.0050000 -0.0045385
0.10 -0.00042690000 -0.0012500 -0.0012500 -0.0004434

Table 4. Spectroscopic parameters of the diatomic molecules used in this work [50,51] 

Molecule 
1

0 Aδ
−

 =  
 


( )μ amu ( )μ eV  

2N 2.69860 7.0033500000 0.6523578701 

2O 1.295515 7.9974575040 0.74495839042 
NO 2.75340 7.4684410000 0.69568081900 
CO 2.29940 6.8605860000 0.63905948876 

Table 5. Energy spectra ( )in eV of class of inversely quadratic Yukawa plus Hulthén potential
01 11 21 31( 1,  1, 0.025 )V V V V= = = − =  for 2 2N O , NO and CO, diatomic molecules 

n l N2 O2 NO CO
0 0 -102.7119268 -23.19497264 -126.7384336 -20.57424584

1 -30.30849598 -9.453142109 -36.45622154 -8.798919265
2 -16.95021661 -6.930212578 -19.79018435 -6.641819365
3 -12.30628452 -6.063890161 -13.98924338 -5.905643942
4 -10.18475382 -5.679164767 -11.33218294 -5.583549884
5 -9.059727937 -5.486789797 -9.915958908 -5.427786332

1 0 -30.07202715 -9.368846178 -36.19627464 -8.713879144
1 -16.73132841 -6.849755612 -19.55063368 -6.559784975
2 -12.11100219 -5.989268264 -13.77677931 -5.828574813
3 -10.00628951 -5.607970361 -11.13933831 -5.509021515
4 -8.892132746 -5.416928527 -9.736182578 -5.353695279
5 -8.247963204 -5.317833657 -8.917746069 -5.278508861

2 0 -16.62260878 -6.809987732 -36.19627464 -6.519304712
1 -11.98217237 -5.940383964 -19.55063368 -5.778202139
2 -9.874266958 -5.555735276 -13.77677931 -5.454478305
3 -8.760230009 -5.362421323 -11.13933831 -5.296033229
4 -8.116182734 -5.261007963 -9.736182578 -5.217664321
5 -7.724662434 -5.210441659 -8.917746069 -5.184264747

3 0 -11.91816497 -5.916200905 -13.56670214 -5.753317826
1 -9.787121287 -5.521464611 -10.90210156 -5.418760482
2 -8.662570784 -5.322346977 -9.489446311 -5.253726320
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n l N2 O2 NO CO 
 3 -8.012355153 -5.216562617 -8.666361658 -5.170172128 
 4 -7.616127092 -5.162076555 -8.158300703 -5.132017704 
 5 -7.369538341 -5.139134138 -7.835113863 -5.122355833 
4 0 -9.743809264 -5.504495097 -10.85516342 -5.401094865 
 1 -8.598068359 -5.296014583 -9.420011074 -5.225969157 
 2 -7.935415930 -5.183820812 -8.584125641 -5.135243324 
 3 -7.530521367 -5.124161742 -8.067455968 -5.091126140 
 4 -7.276939786 -5.096569587 -7.737532584 -5.076003205 
 5 -7.119236710 -5.090491185 -7.525275330 -5.080827207 

 
4. CONCLUSION 

The Greene-Aldrich approximation scheme has been used to study the bound state solutions to the Schrödinger 
equation with the newly proposed potential of a class of inversely quadratic Yukawa plus Hulthén potential model. Using 
the NU technique, the eigenvalues and normalized eigenfunctions are determined. After that, we impute the experimental 
values for each molecular parameter and apply the solution for four diatomic molecules. The findings demonstrate that 
these diatomic molecules' bound state energy spectrum increases as various quantum numbers increase. These findings 
can be applied in Molecular and Chemical Physics. 
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ВЛАСНІ ЗНАЧЕННЯ ЗВ’ЯЗАНОГО СТАНУ ТА КОЛИВАЛЬНОЇ ЕНЕРГІЇ ВИБРАНИХ ДВОХАТОМНИХ 

МОЛЕКУЛ З КЛАСОМ ОБЕРНЕНО КВАДРАТИЧНОЇ МОДЕЛІ ЮКАВИ ПЛЮС ПОТЕНЦІАЛ ХУЛЬТХЕНА 
Фіна О. Фейтпрайзa, Етідо П. Іньянгb 

aКафедра фізики, Університет Калабара, PMB 1115, Калабар, Нігерія 
bКафедра фізики, Національний відкритий університет Нігерії, Джабі, Абуджа, Нігерія 

В цьому дослідженні для розв’язання рівняння Шредінгера використовується підхід Нікіфорова-Уварова з використанням 
класу обернено квадратичної моделі Юкави плюс потенціалу Хультена з наближенням до відцентрового члена. Отримано 
нормовану хвильову функцію та рівняння власних значень енергії. Чисельний зв’язаний стан для кількох двоатомних молекул 
(N2, O2, NO та CO) для різних обертальних і вібраційних квантових чисел було розраховано за допомогою енергетичного 
рівняння та відповідних спектроскопічних даних. Наші результати показують, що за відсутності розбіжності між s-хвилею та 
l-хвилею власні значення енергії дуже чутливі до потенціалу та властивостей двохатомної молекули, що свідчить про те, що 
підхід наближення підходить для цього набору потенціалів. Результати узгоджуються з попередніми дослідженнями в 
літературі, і ми також знайшли чотири особливі випадки цього потенціалу. 
Ключові слова: рівняння Шредінгера; метод Нікіфорова-Уварова; клас обернено квадратичного плюс потенціал Хюльтена; 
двохатомні молекули; зв'язаний стан 


