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In this work, the comparison of the mass spectra of heavy quarkonium system with an interacting potential (class of Yukawa potential)
was studied. The Schrodinger equation is analytically solved using the Nikiforov-Uvarov (NU) method and the series expansion method
(SEM). The approximate solutions of the eigen energy equation and corresponding eigenfunction in terms of Laguerre polynomials
were obtained using the NU method and the solutions of the eigen energy equation were also obtained with the SEM. The mass spectra
for heavy quarkonium system (HQS) for the potential under study were obtained for bottomonium bb and charmonium cc . We
compared the results obtained between the NU and the SEM. It was noticed that SEM solutions yield mass spectra very close to
experimental data compared to solutions with the NU method. The obtained results were also compared with works by some other
authors and were found to be improved. This study can be extended by using other exponential-type potential models with other
analytical approach and a different approximation scheme to obtain the mass spectra of heavy quarkonium system. The relativistic
properties using Klein-Gordon or Dirac equations can be explored to obtain the mass spectra of light quarkonia. Finally, the information
entailed in the normalized wave-functions can also be studied.
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1. INTRODUCTION

The study of the fundamental or constituent blocks of matter has been for long time a fascinating field in Physics.
In the nineteenth century, the atom was considered to be the fundamental particles from which all matters were composed.
This idea was used to explain the basic structure of all elements. Experiments performed at the end of the nineteenth
century and beginning of the twentieth century provided evidence for the structure of an atom [1].

The conclusions were that all atoms have a nucleus containing protons which is surrounded by elements and that the
nucleus was very small compared with the size of the atom. The neutron was introduced to explain the discrepancy
between the mass of the atom and the mass from the number of protons. In 1932, Chadwick discovered the neutron and
the fundamental particles were considered to be proton, the neutron and the electron. The discovery of antimatter in
cosmic radiation supported the theory developed from the special theory of relativity and quantum theory that all
fundamental particles have corresponding antimatter particles. The matter and antimatter particles have the same mass
but opposite charge. The problem of what were considered to be fundamental particles was resolved by the quarks. Quarks
are the basic building blocks of hadrons, particles interacting with each other through strong interaction [2,3]. In nuclear
physics, we are mostly concerned with the lightest members of the hadron’s family; nucleons, which make up all the
nuclei and pions which constitute the main carriers of nuclear force. Since their discoveries, investigation of heavy
quarkonium system (HQS) provides us with great tools for quantitative tests of quantum chromodynamics (QCD) [4].
Because of the heavy masses of the constituent quarks, a good description of many features of these systems can be
obtained using non-relativistic models, where one assumes that the motion of constituent quarks is non-relativistic, so
that the quark-antiquark strong interaction is described by a phenomenological potential [5,6]. Heavy quarkonium system
have turned out to provide extremely useful probes for the deconfined state of matter because the force between a heavy
quark and anti-quark is weakened due to the presence of gluons which lead to the dissociation of quarkonium bound
states [7]. The quarkonia with heavy quark and antiquark and their interaction are well described by the Schrodinger
equation (SE). The solution of the Schrodinger equation with spherically symmetric potential is of major concern in
describing the mass spectra (MS) of quarkonium system [8,9]. In simulating the interaction potentials for these systems,
confining-type potentials are generally used. The holding potentials can be of any form. For instance, a variety of this
type of potential is the Cornell potential (CP) with two terms one of which is responsible for the Coulomb interaction of
the quarks and the other correspond to a confining term [10,11]. Researchers have studied the MS of heavy and heavy-
light quarkonia using the CP and its extended form [12-14]. For studying the behavior of several physical problems in
Physics, we require to solve the Schrodinger equation. The solutions to the Schrodinger equation can be established with
analytical methods such as the Nikiforov-Uvarov (NU) method [15-24], the asymptotic iterative method (AIM) [25], the
extended NU method [26], the Nikiforov-Uvarov functional analysis (NUFA) method [27-30], the series expansion
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method [30-34], the WKB approximation [35-37], and so on [38]. Recently, the study of MS of HQS with exponential-
type potentials has attracted the attention of most researchers. For example, Inyang et al. [39] studied the MS of HQS
with Yukawa potential using the NU method. Also, Akpan et al. [40], presented the mass spectra of HQS using Hulthen
and Hellmann potential model through the solutions of the Schrodinger equation. Furthermore, Ibekwe et al. [41] studied
the mass spectra of HQS using the NU with the combination of screened Coulomb and Kratzer potential. Abu-Shady and
Inyang [42], suggested trigonometric Rosen-Morse potential as the quark-antiquark interaction potential for studying the
masses of heavy and heavy-light mesons. In the present research, our interest is to compare the mass spectra of HQS with
the class of Yukawa potential (CYP) using the Nikiforov-Uvarov and the series expansion methods. The CYP is a combination
of Yukawa potential [43], Hellmann potential [44] and inverse quadratic Yukawa potential [45]. The CYP applications
cut across other fields of physics such has atomic, nuclear and condensed matter physics, among others. The CYP takes
the form [46],
a be " ce”

V)=, (1)

where a,b and c are potential strengths, ¢, is the screening parameter.

The exponential terms in Eq. (1) are expanded with Taylor series up to order three, so that the potential can
interact in the quark-antiquark system, and Eq. (2) is obtained.
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2. REVIEW OF THE METHODS
2.1. The Nikiforov- Uvarov method
The Nikiforov-Uvarov (NU) method is based on solving the hypergeometric-type second-order differential
equations by means of the special orthogonal functions [47]. For a given potential, the Schrodinger-like equations in
spherical coordinates are reduced to a generalized equation of hypergeometric-type with an appropriate coordinate
transformation » —x and then they can be solved systematically to find the exact solutions. The main equation which is
closely associated with the method is given in the following form [48].

e 2y (1 2y ()

2oV (=0 o

where o(x) and 6(x) are polynomials at most second- degree, 7(x) is a first- degree polynomial and ¥/(x) is a function

of the hypergeometric-type.
By taking w(x) = @(x)y(x) and choosing an appropriate function ¢(x), Eq. (4) is reduced to a comprehensible form;

y(x)=0 %
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The coefficient of y, (x) is taken in the form 7(x)/o(x), where 7(x) is a polynomial of degree at most one, i.e.,

L0 () F) _ 7o)

: (6)
#x) ox) o(x)
And hence the most regular form is obtained as follows,
¢ () _ () .
#(x)  o(x)

where

7(x) =%[r(x)—f<x)] ®)
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The most useful demonstration of Eq. (8) is
7(x) =7(x)+27m(x) 9)

The new parameter 7(x) is a polynomial of degree at most one. In addition, the term

¢ (x)/ ¢(x) which appears in the coefficient of y(x) in Eq. (5) is arranged as follows,

0w (s [odw zz[rr(x)j' *[”(X)Jz 00
o) | o) e | low) Tlew

In this case, the coefficient of y(x) is transformed into a more suitable form by taking the equality given in Eq.(31);

¢ @ ¢ () 7(x)  6(x) _ 6(x)
ox)  HX) G(X) o’(x) ()

(11)
where

F(x) = 6(x) + 77 (x) +7r(x){ Fx)-0 (x)J +7 (Do) (12)

Substituting the right- hand sides of Eq. (6) and Eq. (11) into Eq. (5), an equation of hypergeometric-type is obtained as
follows;

v+ (()) () + "(()) Yx)=0 (13)

As a consequence of the algebraic transformations mentioned above, the functional form of Eq. (4) is protected in a
systematic way. If the polynomial &(x) in Eq. (13) is divisible by o(x), i.e.,

a(x)=Ao(x) (14)
where A is a constant, Eq. (13) is reduced to an equation of hypergeometric-type
o(x)y (M+7(x)y (0)+Ay(x)=0 15)

And so its solution is given as a function of hypergeometric-type. To determine the polynomial 7z(x), Eq. (12) is

compared with Eq. (14) and then a quadratic equation for 7(x) is obtained as follows,

7 (x)+ n(x)[ ix)-0 (x)J +6(x)—ko(x)=0 (16)

where
k=1-r (x) (17)

The solution of this quadratic equation for (x) yields the following equality

o (W)=7(x), | o =T 501 ke(x) (18)

In order to obtain the possible solutions according to plus and minus of Eq. (18), the parameter £ within the square
root sign must be known explicitly. To provide this requirement, the expression under the square root sign has to be the
square of a polynomial, since 7z(x) is a polynomial of degree at most one. In this case, an equation of the quadratic form
is available for the constant £ . Setting the discriminant of this quadratic equal to zero, the constant k is determined
clearly. After determining & , the polynomial 7z(x) is obtained from Eq. (18), and then 7(x) and A are also obtained
by using Eq.( 8) and Eq.(17), respectively.

A common trend that has been followed to generalize the solutions of Eq. (15) is to show that all the derivatives of
hypergeometric-type functions are also of the hypergeometric-type. Equation (15) is differentiated by using the

representation v,(x) =y (x).

o(x) V{(x) + 7, (X)v/(x) + 4, (x) =0 (19)



149
Comparative Study of the Mass Spectra of Heavy Quarkonium System... EEJP. 3 (2023)

where 7,(x)=7(x)+0 (x) andy, =A+7 (x). 7,(x) is a polynomial of degree at most one and p, is a parameter that

is independent of the variables. It is clear that Eq. (19) is an equation of hypergeometric- type. By taking v, (x) = y, ' (x)
as a new representation, the second derivative of Eq. (15) becomes

G0 V(1) 75 (v, () 4103 (1) = 0 20)
where

() =7,(0)+0 (x)=7(x)+20 (x) @1

=470 = 4427 ()40 () 22)

In a similar way, an equation of hypergeometric—type can be constructed as a family of particular solutions of Eq. (15)
by taking v, (x) =y (x);

O'(x)v (x) +7, (x)v (x)+uv,(x)=0 (23)
And here the general recurrence relations for 7, (x) and #, are found as follows, respectively,
7,(x)=7(x) +no (x) 24)
L= A+nt (x)+@a” (x). (25)
When 1, =0, Eq. (25) becomes as follows
A =-nt (x)- "(”2 D' (0.n=0.1.2.3,..) . (26)

And then Eq. (23) has a particular solution of the form y(x) =y, (x) which is a polynomial of degree n. To obtain an
eigenvalue solution through the NU method, the relationship between 4 and A, must be set up by means of Eq.(17) and
Eq.(26). y,(x) is the hypergeometric —type function whose polynomial solutions are given by the Rodrigues relation

n

Lo e @

where B,, is a normalization constant and the weight function p(x) must satisfy the condition below

y,(x)=

(6(x)pE) =7(x)p(). (28)

2.2 The series expansion method
The series expansion method is based on solving the hypergeometric-type second-order differential equations. For
a given potential the wave function of SE is chosen in the form.

R(r)=e™ " F() (29)

where a and [§ are parameters whose values are to be determined in terms of potential strength parameters. The
functional series for F(r) is taken to be

Fi)=Ya”" (30)

n=0

where a,, is an expansion coefﬁ01ent [48]
By substituting F'(r), F (r) and F (r) into the SE, rearranging and equating coefficients of the corresponding
powers of 7 to zero. The eigen-values are subsequently obtained.

3. APPROXIMATE SOLUTIONS OF THE SCHRODINGER EQUATION WITH CLASS OF YUKAWA
POTENTIAL USING THE NU METHOD
The Schrodinger equation takes the form [49]

d’ u) | 2u
ar’ I

(Enl V(I")) -

U(r)=0 (31)

1(1+1)
}"2
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where /, is the angular momentum quantum number, 4, is the reduced mass for the quark-antiquark particle, ris the

inter-particle distance and 7 is reduced plank constant respectively.
Substituting Eq.(2) into Eq.(31) gives,

d’R(r) N 2UE N 2uey  2uonr 2uonr’ 2uon 2uc,  I(1+1)

R(r)=0 32
ar’ " nr " " nr " r ") (32)
Transforming the coordinate of Eq.(32) we set
w1 (33)
r
Using Egs. (32) and (33) we have
2UE 2uonx 2uo
PRE) 2dR 1| B R Rx
goar, R(r)=0 (34)

dx*  xdx X' 2ue, 2uex’ 2ue
_ élzZ_ ﬂ;x _ ﬂ24_l(1+1)x2
hx h
: o a, a,
Next, we propose the following approximation scheme on the term— and —-.
x X

. . . . . 24
Let us assume that there is a characteristic radius r, of the meson. Then the scheme is based on the expansion of — and
x

a, . . . I . L .
—; . in a power series around 7, ; i.e. around 0 = —, in the x-space up to the second order. This is similar to Pekeris
X I

0

approximation, which helps to deform the centrifugal term such that the modified potential can be solved by the NU
method [12].
Setting y = x—J and around y =0 it can be expanded into a series of powers we obtain;

o 3 3 2
T ”‘1[3“5*%] .
and
l9% 6 8x 3x°
—xj =a, [—52 T ] (36)

Putting Egs. (35) and (36) into Eq. (34) and simplifying gives
d’R(x) +2_x dR(x) +i

2 2 4
dx x° dx X

—e+ax—Bx* | R(x)=0 37
[ J

where

e 2UE  buey 12p0, 2ue,
" e né n

o, = [ 20, | OHO, 16#%J

n et ws (38)
2ua,  buo, 2uc.
ﬂn ={ hzé-zl + h2542 + h23 +7/J
y=I(+1)
Comparing Eq. (37) and Eq. (4) we obtain
F(x)=2x,0(x)=x",6(x) =—£+ox— fx°
’ ’ 7’ ﬂ (39)
o (x)=2x,0 (x)=2
Substituting Eq. (39) into Eq. (18) gives
A(x) =EJe—oyx+(B, +k)x° (40)
To determine k , we take the discriminant of the function under the square root.
k=a112_4ﬂ[[g (41)
4e

We substitute Eq. (41) into Eq. (40) and have
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o, x &
z(x)=1| 2l=—-— (42)
[ We e
Taking the negative part of Eq. (48), gives
’ Q,
T (x)=-—F 43)
2Je
Substituting Eqs.(39) and (43) into Eq.(9) we have
o,x  2¢
T(x)=2x -4+ = (44)
Je e
From Eq. (44) we have
’ Q,
T (x)=2—--L (45)
Je
Substituting Egs. (41) and (43) into Eq.(17) we have
1= auz _41611‘9 _ 2, (46)
4e 2/e
We substitute Egs. (39) and (45) into Eq.(26) and obtain
ne,
A =—L-n’-n (47)
Je
To obtain the energy equation, we equate Egs. (46) and (47) and then substitute Egs. (3) and (38)
ba, ba,
E, = %[ 02[1 —1.330(,3J —%—ba, -2ca;’
2
6u | ba,’ 2u Subc,’
hz hzé‘z[ 21 —1.330!13 +?(a_b_2ca1)_ 3;‘125§ (48)
_@ 2 2 3
ML (VL 22,113 ba, -1.33¢;, —ﬂlzai - 2"26
2 2 no 2 no n
The wave function in terms of Laguerre polynomials is
W)= N x e e | 2 (49)
xe
where N, is normalization constant, which can be obtain from
[ 1V, () Pr=1 (50)
0

4. EXACT SOLUTIONS OF THE SCHRODINGER EQUATION WITH CLASS OF YUKAWA POTENTIAL
USING THE SEM

We consider the radial Schrodinger equation of the form [50]

2
d“R(r) +£ dR(r) N
ar’ rodr

[Zh—él(E—V(r))—l(ljl)} R(r) =0 (51)
r

where / is angular quantum number taking the values 0,1,2,3,4..., ¢ is the reduced mass for the quarkonium particle, and

r is the internuclear separation.
Putting Eq. (2) into Eq. (51) gives

2
d Rgr)+g_dR(r)+ g+£—Br—Cr2—L(L2+1) R(r)=0 (2)
dr rodr r r

where
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2u 2uc, 2ue, 2uc,
82?(E—0(4),A= hzo’Bz hzl’cz hzz (53)
2
L(L+1)=%+l(l+l) (54)
From Eq. (54) we have
1 1 2 8ua
L=——+—[(21+1) +—= 55
2 2 ( ) /5 (53)
From Eq. (29), Egs.(56) and (57) are obtained
R ()=F e P +F(r)(20r-f)e™ " (56)
R, ' )= F, ' r)e " Py F, Y (=2ar—fB)e P
(r) () (" B) 57)

+[ (220)+(-2ar-p)(-2ar- ﬂ)} F(r)e'””'z'ﬁ’
Substituting Egs. (29), (56) and (57) into Eq. (51) and divide through by ¢ 7 we obtain

(42’ -C)r* +(40B-B)r

F’ (r)+{—4ar—2ﬁ+g} F 0+ | L) F(r)=0 (58)
r +

+(A4-28)—-=—"—+(e+ " -6a)
r r
Also, from Eq. (30), we obtain the following
F () =3 (2n+L)a> " (59)
n=0
F )= (2n+L)(2n+L-1)a,r""" (60)
n=0

We substitute Egs. (30),(59) and (60) into Eq.(58) and obtain

oo

(2n +L)(2n +L —l)anrz'”L_2 +{ —4ar—2ﬂ+gJ (2n +L)anr2”+L']
r

Mz

]
=

n n=0

(61)
A-2 L(L+1 .
+ (40’2—C)r2+(4aﬂ—B)r+( A _L 2+ )+(s+ﬁ2—6a)] >a, =0
r r n=0
By collecting powers of » in Eq. (61) we have
[ (2n+L)(2n+L-1)+2(2n+ L)~ L(L+1)| 2
|4 2B@ne L) (a-2p)]
2 =0 (62)
#=0 +[ ~4a(2n+L)+e+ —6a} pnet
+[4eB - B]r*" +[ 402 —CJ pAntie2

Equation (62) is linearly independent implying that each of the terms is separately equal to Zero, noting that» is a non-

zero function; therefore, it is the coefficient of rthat is zero. With this in mind, we obtain the relation for each of the
terms.

(2n+L)(2n+L-1)+2(2n+L)-L(L+1)=0 (63)
2B(2n+L)+A4-28=0 (64)
—4o(2n+L)+e+f —60=0 (65)
4a-B=0 (66)

40 -C=0 (67)

From Eq. (64) we have
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A
- 68
g 4n+2L+2 (65)
From Eq. (67) we have
C
o= (69)

The energy equation of the CYP is obtain by substituting Egs. (53), (55), (68) and (69) into Eq. (65) and simplifying

we have
227 3
Ey= 0% 4oy f(2re1) B
12u h

-2
_i_él(a—b—ZCa,)z[4n+1+ /(2[+1)2—%J -ba, -2ca;’

4. RESULTS AND DISCUSSION
4.1 Results

We calculate mass spectra of the heavy quarkonium system such as charmonium and bottomonium that have the quark
and antiquark flavor, and apply the following relation [51-53]

(70)

M=2m+E, (71)

where

M = Mass spectra of the heavy quarkonium,
m = Quarkonium bare mass,
E, = Energy eigenvalue.

By substituting Eq. (48) into Eq. (71) we obtain the mass spectra for class of Yukawa potential using the NU method as,

boy? boy’
M:2m+%£ 02" —1.330{,3]— Y bo, -2ca

52
2
6u | ba,’ 2u Suba,’
. hz(sZ[ 21 —1.330{13] +F(a—b—2ca1)— 3h2§g (72)
8ul 1) 2u | be? ba,}  2uc
+—+ | 1+=] + 133} | - H0% M
" \/{ zJ e 2 (I

By substituting Eq. (70) into Eq.(71) we obtain the MS for CYP using the SEM as,

427 3
M=2mt |7 gpiay 211y - BKC
12u h

(73)

)
—i—’l;(a—b—an,)z[4n+l+ (2Z+1)2—8’ucj —-ba, -2ca;’

hZ

4.2. Determination of the potential strength parameters

The reduced mass u is defined in the standard way as ZE ,where m = mass of the constituent quarks and

antiquarks. For bottomonium bb and charmonium ¢¢ systems we adopt the numerical values of these masses as m, =
4.823 GeV for bottomonium and m_ = 1.209 Gel’ for charmonium [54]. Then, the corresponding reduced mass are

U, = 2.4115GeV and g, =0.6045 GeV . The potential parameters of Eqs. (72) and (73) are fitted with experimental
data. Experimental data are taken from [55]. The parameters for charmonium and bottomonium of the Eq. (72) are

[mc =1.209 GeV,uu= 0.6045 GeV, a = —19.045 GeV, b = 5.885 GeV/, ]

c = —1.188 GeV,0 = 0.23 GeV,o;, = 1.52 GeV,ii= 1
and



154
EEJP. 3 (2023) Joseph A. Obu, et al.

m, =4.823 GeV,u= 24115 GeV, a = —1.591 GeV, b = 8.875 GeV,
¢ = —11.153 GeV, 0= 0.23 GeV,0;, = 1.52 GeV,h = 1

respectively. In the same vain, the parameters for charmonium and bottomonium of the Eq. (73) are

m, =1.209 GeV,u= 0.6045 GeV, h= lLo, =152 GeV
a=0.489 GeV,b =-0.695 GeV,c =5.679 GeV
and

m, =4.823 GeV,uu= 24115 GeV, a = 1.192 GeV’,
c = —13.876 GeV,o, = 1.52 GeV,h= 1, b = 0.998 GeV

respectively.

4.3. Discussion of results
The mass spectra of charmonium and bottomonium for class of Yukawa potential for the NU and the SEM were
calculated as shown in Tables land 2 respectively using Eqgs. (72) and (73).

Table 1. Comparison of mass spectra of charmonium in (GeV) for the class of Yukawa potential M,f,‘l”’ , between the NU, SEM, some

authors and experimental data

State MEYPwith the NU MEYP with the SEM [12] [13] Experiment [55]
1s 3.096 3.096 3.096 3.095 3.096

2s 3.686 3.686 3.686 3.685 3.686

1p 3.493 3.524 3.255 3.258 3.525

2p 3.772 3.773 3.779 3.779 3.773

3s 4.040 4.040 4.040 4.040 4.040

4s 4.267 4.263 4.269 4.262 4.263

1d 3.763 3.769 3.504 3.510 3.770

2d 4.146 4.156 - 3.928 4.159

1f 3.962 4.081 - - -

The free parameters are fitted with experimental data. In addition, quark masses are obtained from Ref. [55]. We note
the spectra masses of charmonium from states 1s,2s, 3s and 2p from both the NU and the series expansion methods agree
with experimental data and 1s,2s,3s and 4s states for bottomonium agree with experimental data for both methods as shown
in Tables 1 and 2. Other states appear to be close with experimental data, but the SEM solutions appear to be very close to
experimental data for charmonium and bottomonium compared to the NU method. It was noticed that in the 1f state for
charmonium and 2d and 1f states for bottomonium the values of the experimental data are not available. The mass spectra
obtained agree with Ref. [12]. Our results are improved in comparison with works of other researcher like Ref. [12] as shown
in the Tables in which the author investigated the N-radial SE analytically. The Cornell potential was extended to finite
temperature. The energy eigenvalue and the wave functions were calculated in the N-dimensional form using the NU method.
Also, the mass spectra obtained using Egs. (72) and (73) are improved in comparison with the works of Ref. [13] in which
they studied the N-dimensional radial Schrodinger equation using the analytical exact iteration method, in which the Cornell
potential is generalized to finite temperature and chemical potential.

Table 2. Comparison of mass spectra of bottomonium in (GeV) for the class of Yukawa potential M,f}fp , between the NU, SEM, some

authors and experimental data

State MSYPwith the NU  MSYPwith the SEM [12] [13] Experiment [55]
Is 9.460 9.460 9.460 9.460 9.460
2s 10.023 10.023 10.023 10.022 10.023
Ip 9.761 9.889 9.619 9.609 9.899
2p 10.258 10.260 10.114 10.109 10.260
3s 10.355 10.355 10.355 10.360 10.355
4s 10.577 10.579 10.567 10.580 10.580
1d 9.989 10.164 9.864 9.846 10.164
2d 10.336 10.575 B N N
1f 10.279 10.299 _ _ B

CONCLUSION

In this work, the Schrodinger equation is analytically solved using the Nikiforov- Uvarov and series expansion methods
with the class of Yukawa potential. The approximate solutions of the eigen energy equation and corresponding
eigenfunction in terms of Laguerre polynomials were obtained using the NU method. The solutions of the eigen energy
equation were also obtained with the SEM. The mass spectra for heavy quarkonium system for the potential under study
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were obtained for bottomoniumbb and charmoniumcc . We adopted the numerical values of these masses as
m, = 4.823 GelV for bottomonium and m, = 1.209 GeV' for charmonium. We compared the results obtained between

the Nikiforov- Uvarov and series expansion methods. It was noticed that SEM solutions yield mass spectra very close to
experimental data compared to solutions with the NU method. The obtained results were also compared with works by
some other authors [12,13] with different analytical methods. The values obtained are improved in comparison with their
works. This work can be extended by using other exponential-type potential models with other analytical approach and a
different approximation scheme to obtain the mass spectra of heavy quarkonium system. The relativistic properties using
Klein-Gordon or Dirac equations can be explored to obtain the mass spectra of light quarkonia. Finally, the information
entailed in the normalized wave-functions can also be studied.
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MOPIBHSUIBHE JTOCJIIKEHHSI CHEKTPIB MACH BAKKOI KBAPKOHIEBOI CHCTEMHA
3 MOJEJLTIO MTOTEHIIIAJTY B3AEMOIII
Iikosed A. 06y, Etino IL. Inbsinr?, Exai C. Binbam®, lonaryc E. Bacceii®, E¢ppaim I1. Inbsaur®
a/lenapmamenm ¢hizuxu, Hayionanvnuii eioxkpumuii ynisepcumem Hizepii, [ocabi, Abyodoca, Hizepis
bllenapmamenm ¢hisuxu, Yunieepcumem Kanabapa, PMB 1115, Karabap, Hizepis
“/lenapmamenm Qizuxu, wWKona yucmux i NPUKIAOHUX Hayk, Dedepanvruil mexnonoziunuil yHisepcumem, Ikom Abaci, Hicepis

VY wmiit poboTi TOCTIHKEHO TMOPIBHSAHHSA Mac-CIEKTPiB BaXKKOi KBAPKOHIEBOI CHCTEMH 3 MOTEHIIATOM B3aeMOJii (KJac MOTEHIiaIy
IOxaBwn). PiBrsuns Lpeninrepa anamiTHaHo po3B's3yeThes 3a Jonomororo Merony Hikidopoa-YBaposa (NU) i MeTony po3kiagaHHs
B psanx (SEM). Habmmxeni po3B’si3ku piBHSHHS BIacHOI eHeprii Ta BixmoBimHol BnacHoi ¢yHKmil uepe3 moninomu Jlareppa Oynu
oTpuMaHi 3a fonomoroto Metoxy NU, Takox 3a gornomororo SEM Oyiu oTprMaHi po3B’3KH piBHSHHS BIacHOI eHeprii. Mac-cnekrpu
Bakkoi kBapkoHieBoi cuctemu (BCK) s mociimpkyBaHOro HOTEHLialy OTpUMaHO Juisi O0oTToHieBOi Ta yapmoHieBoi BCK. Mu
nopiBHsUTH pe3ynbratd, oTpuMani Mk NU ta SEM. Byno nomideHo, mo SEM-pilieHHs] 1al0Th Mac-CIEKTPH, Tyxe ONu3bKi 10
€KCIIEPUMEHTAIbHUX JaHUX, TOPIBHAHO 3 po3B’si3aHHAM MeTooM NU. OTpuMaHi pe3yabTaTH TAKOXK MOPiBHIOBAIN 3 POOOTAMH ASSKUX
IHIIUX aBTOPIB 1 BMU3HAIM iX MOKpameHHMH. lle mocmikeHHS MOXKHA PO3MHUPUTH, BUKOPHCTOBYIOUHM IHINI MOTEHHIHHI Mozemi
€KCMOHEHIIIANFHOTO THITY 3 iHIIUM aHANITUYHUM IiIXOJO0M 1 iHIIOK CXEMOIO HAOJMKEHHS UL OTPHUMAHHS Mac-CIEKTPiB BaXKKOT
KBapKOHI€BOT CHCTEMH. PeIATHBICTCHKI BIACTHBOCTI 3a JOIIOMOrolo piBHsAHb Kieiina-I"opona a6o [lipaka MOXkKHA TOCITIZKYBaTH IS
OTpPHUMaHHS Mac-CHEKTpIB JITKUX KBapKoHIiiB. Hapemri, Takok MOXXHa BHBYATH iH(OPMAIiI0, IO MICTUTHECS B HOPMAaTi30BaHUX
XBHJIBOBUX (DYHKLISX.

Kurouosi ciioBa: pisusnns [lpedineepa; memoo Hixighoposa-Yeaposa, knac IOkasa-nomenyiany,; mac-cnekmpu, mMemoo cepitinozo
PO3UUpEHHs





