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The bound state energy eigenvalues and the corresponding eigenfunctions of the generalized Woods-Saxon potential reported in 
[Phys. Rev. C, 72, 027001 (2005)] is extended to the fractional forms using the generalized fractional derivative and the fractional 
Nikiforov-Uvarov (NU) technique. Analytical solutions of bound states of the Schrodinger equation for the present potential are 
obtained in the terms of fractional Jacobi polynomials. It is demonstrated that the classical results are a special case of the present 
results at 1.    Therefore, the present results play important role in molecular chemistry and nuclear physics. 
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1. INTRODUCTION
The fractional calculus (FC) has numerous applications in all connected fields of science and engineering [1]. 

However, the use of this extremely powerful tool in many studies is still in its infancy. Fractional calculus has recently 
expanded its scope to include the dynamics of the complicated real world, and new concepts are now being put to the test 
on actual data. Although FC has been around for a while and is used in numerous scientific and technical sectors, the FC 
still has a crucial role to play in promoting applications. Many theoretical FC researchers are likewise unfamiliar with the 
application-related aspects. Because FC is not universal and has specific applications, we should understand this and 
provide examples of some significant FC applications that have been successful in the past to serve as a model for future 
FC application research. The FC has grown throughout decades in numerous disciplines of mathematics, but until recently 
they had little use in physics and other mathematically focused sciences. 

There are now more and more physics study fields that use FC, which indicates that the situation is starting to 
change [2,3]. Scholars in physics and its related fields have recently become interested in the applications of FC to the 
Schrodinger equation (SE). For instance, Laskin [4] explored the fractional SE that contains the quantum Riesz 
fractional operator and the Caputo fractional derivative (FD). In order to solve the local fractional SE for the harmonic 
oscillator potential, the Hulthen potential (HP), and the Woods-Saxon potential (WSP), Karayer et al. [5] deduced the 
conformable fractional form of the NU technique. By utilizing the fractional version of the NU technique, Karayer et 
al. [6] have investigated the analytical solutions of the local Klein-Gordon problem for the generalized HP. The 
applications of FC in complicated and nonlinear physics were also presented by Baleanu et al. [7]. Another 
development was the study in [9-12] of the energy spectrum of heavy quarkonium in the context of fractional SE with 
an extended Cornell potential model in different systems. To examine the fractional version of Newtonian mechanics, 
conformable FD and integral have been used by Chung [13]. The fractional parameter (FP) 0 1   is connected to 
the space-roughness time's properties through the FC and its use in quantum physics. Additionally, the nature of wave 
equation solutions for different values of the FP indicates the fundamental behavior of the quantum mechanical 
systems [14]. 

Abu-Shady and Kaabar, recently introduced the generalized fractional derivative in [15,16] that gives advantageous 
results more than the classical definitions. In addition, the definition gives good results in applying to different models 
such as in Refs. [17-19]. 

The WSP is a short-range potential and is used to study the nuclear structure within the shell model [20]. This 
potential has been presented in many forms to investigate the elastic and quasi-elastic scattering of nuclear particles. 
The usual (q = 1) and the q-deformed WS potentials have been applied in nuclear calculations [21]. The helium model 
and the nonlinear scalar theory of mesons both use it to explore the behavior of valence electrons in metallic 
systems [22]. 

The WSP and its various modifications have been crucial in microscopic physics in determining the energy level 
spacing, particle number dependence of energy quantities, and universal properties of electron distributions in atoms, 
nuclei, and atomic clusters because they can be used to describe the interaction of a neutron with a single heavy-ion 
nucleus as well as for the optical potential model [23]. We are motivated to consider the solutions of the fractional SE for 
the generalized WSP using the generalized fractional (GF) NU method. This work is generalized to the work reported 
in [24] in the fractional model. 
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The following is how the paper is set up: The GF-NU approach is briefly presented in Section 2. In Section 3, the 
GF-NU technique is applied on the fractional Schrödinger equation. The results are discussed in Section 4. The overview 
and conclusion are offered in Section 5. 
 

2. THE GENERALIZED FRACTIONAL NU METHOD 
This section provides a brief explanation of the GF-NU technique for solving the generalized fractional differential 

equation that has the following equation (see Refs. [6, 15] for more information). 

    
     

   2 0,
s s

D D s D s s
s s

   
 

        
  (1) 

where ( )s  and ( )s  are polynomials of maximum second degree of   and 2 , respectively, and ( )s  has a maximum 
degree of    
where 
    1 ,D s Is s      (2) 

        2 1 2 2 2 "1 .D D s I s s s s                  
 (3) 

where 

  
 1

I


 



  

, (4) 

where 0 1   and 0 1  . Substituting by Eqs. (2) and (3) into Eq. (1), we obtain 
 

    
     

   2 0,f f

f f

s s
s s s

s s
 
 

       


 (5) 

where 
                2 1 21 , , .f f fs s s I s s s s s I s                  (6) 

If one works with the transformation, one may use the separation of variables to determine the specific solution of Eq. (5). 

       ,s s s   (7) 

it is reduced to the following hypergeometric equation. 

           0f fs s s s s         , (8) 
where 

      
 

,f f

s
s s

s
 


 

 (9) 

        2 ; 0,f f f fs s s s        (10) 
and 

      
1

, 0,1,2,...
2n f f

n n
n s s n     

      (11) 

( ) ( )ns s   It has the following form and is an n-degree polynomial that satisfies the hypergeometric equation. 

       
n

n
n fn

n

B ds s s
ds

  


  , (12) 

where nB  is a normalization constant and ( )s  is a weight function which satisfies the following equation 

    
         ;     f
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2 2
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s s s s
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   
  
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  (14) 
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and 
   ,fK s     (15) 

the ( )f s  is a first-degree polynomial. If the expressions beneath the square root are squares of expressions, it is feasible 
to determine the values of K in Eq. (14). If its discriminate is zero. 
 

3. THE GENERALIZED FRACTIONAL OF SCHRÖDINGER EQUATION 
The generalized WSP takes the form [24] 

  
 

2 1

1 2 1

0
2 21 1

r

rr

V ceV r
qe qe



  
 

  (16) 

where V0 is the potential depth, q is a real parameter, and c  is the surface thickness. This is often modified to reflect the 
experimental ionization energy values.  

By substituting by Eq.  14 , we can write Schrodinger equation [24] 

 
 

 
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




                   


 (17) 

By assuming 
2 1r

x e


  , Eq. (17) takes the following form 
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
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
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
 (18) 

We introduce the following dimensional parameters: 
where 

 0
2 2 2 2 2 2

1 1 1

,    ,     
2 2 2

mVE C   
  

   
  

 (19) 

The following equation is obtained 

 
   

    
2

2 2
2 22

1 1 2 0.
1 1

d qx d q x q q x R x
x qx dxdx s qs
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 (20) 

To transfer Eq. (20) to the fractional form as in Eq.  1  
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 
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 

 
     
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 (21) 

Substituting by Eqs. (2) and (3) into (21), we obtain 

    
     

   2 0,f f

f f

x x
R x R x R x

x x
 
 

    


 (22) 

where 
     2( ) 1 1 1 ,f s qx I qx         (23) 

  ( ) 1 ,f s x qx    (24) 

     2 2 2 2 .f s I q x q q x               (25) 

Using Eq. (14) 
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  
   

2 2
2

1 2 3

2 1 4 4
2 2f

I qx I
A qw x A w x A


 




    
      , (26) 

where 
  2 2 2 2

1 2 4A I q I q     , (27) 

     2 2 2
2

1 2 2
2

A I I q I q q            , (28) 

    2
3 4 4A I q      . (29) 

The quantity w  is selected so that the discriminant of the function under the square roots equals zero, giving the 
function a double zero. Hence, In addition, 1k wx   that defined in the following equation 

 
     2 2

2 3 2 3 2 1 38 4 8 4 16 4

8

A A q A A q A A A
w

     
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So, we can write Eq. (26) as follows 
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

  


  

 





                      

 (31) 

By using Eq. (8), we write and select a negative sign as in Ref. [24] 
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
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  

  




         
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 (32) 

using Eqs. 11 and 15, we can write 

 
     
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1
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

     

 

     




       


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    1 2 1 1
1

1 12 4
2 2

w x I qx A qw x       
 

        
, (34) 

by using the ,n   we obtain the energy eigenvalue in the fractional form 

 
   

         

2 1
1
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1
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1
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2
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n q nI q n I q n A qw q

 
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 
 

 


       


         

 (35) 

The special case at 1, 1,I      

  
 

2 2

2
4

1 41 1 2
16 21 1 2

nq

q

n
q n

  
                  

 (36) 

Eq. (36) is compatible with Ref. [24].  
Let us now find the corresponding eigenfunctions as in Ref. [24]. It is necessary to identify the hypergeometric 

function that solves the differential equation in order to determine the polynomial solutions of the hypergeometric function

( )x satisfying the equation f f f   


     . Thus, ( )x  is calculated as 

 
 

11

11 11
( )

1
A q B

q

Axx
qx 

 


 (37) 

By using the following relation 
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    ( ) ( )
( )

n
nn

n fn

B dy x x x
x dx

 


  (38) 

where nB  is a normalization constant, we obtain 

      
11 11 11 11
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1 1

A q B A q B
q q

n nn An
n A n
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dxx

  
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where 

    22
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By using the relation 
 
 

 
 

'
f

f
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






 we can obtain 
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1

Cq D
q
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 


 (42) 

where 

      22 21
2

C I I           (43) 

    2
1

1 12 4
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D I q A qw      (44) 

Thus, we can write final form the corresponding wave function     ( )nR x y x x   as follows 
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,
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 

 

 

 

   

   

   

 

      
 

  

 (45) 

where nA  is the normalization constant and  11 11
11 , A q B

qA
nP 



 is the orthogonal Jacobi polynomials. 
At 1    and 1q  , we obtain the special of classical case with compatible with Ref. [24]. 

 
Figure 1. Variation of the generalized Woods-Saxon potential as a function of r 

In Fig. 1, the variation of the generalized WSP is plotted where the empirical values are taken from Perey et al. [25] 
as r0 = 1.285 fm and a = 0.65 fm. Moreover, the WSP parameter is investigated at V0 ≈ 40.5 + 0.13 A MeV. Here, A is 
the atomic mass number of target nucleus. We note that the potential shifts to higher values by increasing parameter c. 

 
4. SUMMARY AND CONCLUSION 

We have adopted a generalized WSP to obtain the solutions of the fractional SE using the GF-NU method. Analytical 
solutions are obtained for the eigenvalues and eigenfunctions in the fractional forms. The results of Ref. [24] are obtained 
as a special case at 1   . The present results are not considered in the recent works. Therefore, the present results 
play an important role in molecular physics and nuclear physics. We hope to extend this work to hot and dense media, 
mass spectra of heavy and heavy-light mesons, and/or the present of magnetic field as future works as in Refs. [26-40]. 
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ДРОБОВЕ РІВНЯННЯ ШРЕДІНГЕРА З УЗАГАЛЬНЕНИМ ПОТЕНЦІАЛОМ ВУДСА-САКСОНА 

Мохамед Абу-Шадуa, Етідо П. Інянгb 
aКафедра математики та інформатики, факультет природничих наук, Університет Менуфія, Єгипет 

bФізичний факультет, Національний відкритий університет Нігерії, Джабі, Абуджа, Нігерія 
Власні значення енергії зв'язаного стану та відповідні власні функції узагальненого потенціалу Вудса-Саксона, наведені в 
[Phys. Rev. C, 72, 027001 (2005)] поширюється на дробові форми з використанням узагальненої дробової похідної та дробової 
методики Нікіфорова-Уварова (NU). Отримано аналітичні розв’язки зв’язаних станів рівняння Шредінгера для наявного 
потенціалу в термінах дробових поліномів Якобі. Продемонстровано, що класичні результати є окремим випадком сучасних 
результатів при α=β=1, тому ці результати відіграють важливу роль у молекулярній хімії та ядерній фізиці. 
Ключові слова: узагальнена дробова похідна; рівняння Шредінгера; Метод Нікіфорова-Уварова; потенціал Вудса-Саксона 


