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A number of recent cosmological observations have provided increasing evidence that currently the universe is undergoing a phase of
accelerated expansion, the root cause of which is supposed to be due to an exotic component of the universe with large negative
pressure, dubbed dark energy. Out of the various candidates of dark energy proposed in the literature, the holographic dark energy
emerged from the Holographic Principle is drawing much attention in the research field. In this paper, we investigate a spatially
homogeneous and anisotropic Bianchi Type V space-time filled with non-interacting Tsallis holographic dark energy (THDE) with
Hubble horizon as the IR cutoff and pressureless cold dark matter within the framework of General Relativity. Exact solutions of the
Einstein field equations are obtained by considering the average scale factor a to be a combination of a power law and an exponential
law, the so called hybrid expansion law first proposed by Akarsu et al. (2014). We study the cosmological dynamics of various models
for different values of the non-additive parameter § that appeared in the Tsallis entropy and that for ¢ that appeared in the exponential
function of the hybrid expansion law. We find that our model exhibits present cosmological scenario.
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The powerful astrophysical observations such as Supernovae Type Ia [1-3], Cosmic Microwave Background [4, 5],
Large Scale Structure [6]etc. strongly indicate that the present rate of cosmic expansion is accelerating. As till late 1990’s
it was believed that the expansion of the universe is decelerating, so the results from the above experiments made the
cosmologists to think in a different way. The reason behind this mysterious acceleration is yet unknown, so universally it
is accepted that the universe is dominated by a strange kind of energy fluid, dubbed dark energy, which occupies nearly
68.3% of the total content of the universe. Till then the cosmologists are trying to find the true nature of dark energy as
well as the root cause of the observed cosmic acceleration. The simplest candidate which satisfies all the conditions for
accelerating the expansion rate of the universe and which acts opposite to gravity is the cosmological constant A that
Einstein introduced in his field equations. Theoretically, the cosmological constant is supposed to be A = 8mG p,,.. But
the calculated value of p,,. is much larger than the value of A determined from observations, and therefore due to its
non-evolving nature it faces the fine-tuning and cosmic coincidence problems and hence some alternative approaches
have been adopted. Since then, a number of dark energy candidates have been considered in the literature to explain the
late time acceleration of the universe. Among them quintessence [7], phantom [8], k-essence [9], tachyon [10], dilatonic
ghost condensate model [11], Chaplygin gas models [12], braneworld models [13] etc. are the most studied candidates of
dark energy.

Holographic dark energy model is another possible candidate which emerges from the famous holographic principle
proposed to explain the thermodynamics of black hole physics. According to the holographic principle the number of
degrees of freedom directly related to entropy of a physical system scales with the enclosing surface area of the system
rather than with its volume [14]. Fischler and Susskind [15] later extended this principle to the cosmological setting with
a new versionwhich states that the gravitational entropy within a closed surface should not be always larger than the
particle entropy that passes through the past light-cone of that surface. Later several researchers proposed different IR
cutoff which led to some new problems in physics. Tsallis and Cirto in 2013 put forwarded a new model of holographic
dark energy known as Tsallis Holographic dark energy (THDE) model by using Tsallis generalized entropy, Sg = yA°®,
where y is an unknown constant and § is a non-additive parameter [16]. Thus, the energy density of the Tsallis
holographic dark energy can be obtained as prypr = DL?~#, where D is an unknown parameter [17]. If the Hubble

horizon is used as the IR cutoff i.e. L = %, then the energy density of the THDE is obtained as prypg = DL™2*%. In

literature several researchers (Ghaffariet al. 2018 [18], Korunur 2019 [19], Sharma and Pradhan 2019 [20], Dubey ef al.
2020 [21], Liu 2021 [22], Mohammadi et al. 2021 [23], Pandey et al. 2022 [24], Kumar et al; 2022 [25]). have studied
different aspects of Tsallis Holographic dark energy.

In this paper, we study the spatially homogeneous and anisotropic Bianchi Type V space-time filled with non-
interacting Tsallis holographic dark energy (THDE) and cold dark matter. The paper is organized as follows: in
Sect. “METRIC AND FIELD EQUATIONS”, we derive the cosmic evolution equations from the Einstein field equations in
the background of Bianchi Type V line element. We solve the field equations in Sect. “COSMOLOGICAL SOLUTIONS
OF THE FILED EQUATIONS” by considering the hybrid expansion law proposed by Akarsu et al (2014) [26]. In
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Sect. “RESULTS AND DISCUSSION” we study cosmological dynamics of our model for§ = 1,1 < § < 2 and for
6§ = 2. Finally, we conclude the paper in Sect. “CONCLUSION” with a brief discussion.

METRIC AND FIELD EQUATIONS
We consider the spatially homogeneous and anisotropic Bianchi Type V space-time characterized by the line
element

ds? = —dt? + A%dx? + e?™(B%dy? + C%dz?) (1)

where 4, B, C are functions of cosmic time ¢ only and m is a constant.
We assume that the universe is filled with cold dark matter and non-interacting Tsallis holographic dark energy
(THDE) with energy-momentum tensors T;; and T;;resepectively

Tij = Pty (2)
Tij = (prupe + Prupe)Wily + gijPrupe (3)

where prypr and prypg are the energy density and the pressure of the THDE respectively.
Einstein’s field equations in natural units (87G = 1, ¢ = 1) are given by

1 —_—
Rij —59yR = —(T;; + Tij) “)
where R;; is the Ricci tensor, Ris the Ricci scalar andg;is the metric tensor.
The THDE density with Hubble horizon as the IR cutoff is
PTHDE = DH~20+4 (5)

where D is an unknown parameter.

For § = 1, the THDE density becomes the usual holographic dark energy density. For § = 2, prypg =constant, i.c.,
the dark energy behaves like cosmological constant.

Now, in comoving coordinate system the equations (4) with (2) and (3) for the metric (1) lead to the following
system of field equations:

B¢ BC m?

5T ¢ 5 Az~ “PrHDE 6)
5 é %_7:_22=_pTHDE @)
§+§+%_Tz_j=_pTHDE (8)
% i—i+%—%2=pm+pmg )
25-5-5=0 (10)

where an over dot denotes differentiation with respect to cosmic time t.
From equation (10), integrating and suppressing the constant of integration, we get

A% =BC (11)
The conservation of energy-momentum yields
Pm + Prupe + 3H(Pm + Prupe + Prape) =0 (12)
But the continuity equation for the cold dark matter is
Pm +3Hp, =0 (13)
And the continuity equation of the THDE is
Prupe + 3H(prupe + Prupe) = 0 (14)
The equation of state parameter for THDE is
WTHDE = LrHDE (15)

PTHDE
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Therefore, from (5), (14) and (15), we have

wTHDE = _1 - ( 26 + 4) 3H2 (16)
COSMOLOGICAL SOLUTIONS OF THE FILED EQUATIONS
From equations (6) - (9), we derive
B(t) = Myaexp (N [ a~3dt) 17)
C(t) = Myaexp (—N [ a~3dt) (18)

1
where M;, M, and N are relevant constants used in the derivation and a = (ABC)3 is the average scale factor.
In order to obtain a complete solution of the field equations, we consider the hybrid expansion law proposed by
Akarsu et al. (2014) [24] as

a(t) = a, (i)y ef%_l) (19)

where a,and ¢, are the present values of the scale factor and age of the universe respectively.

The value of y is in the range (0,1) and behavior of the universe at late time is determined by the value of €. In this
work we take y = 0.5 and investigate the behavior of the Tsallis holographic dark energy for different values of £.
Using (19) in (17) and (18), we get

B(t) =M, ( t3Ve to ) exp (NF(t)) (20)
3603
ct) =M, (kt”e to ) exp (—NF(t)) 21

3¢t
where F(t) = [(kt3Yeto)~1dt and k is a non zero constant.
Now, from (11) using (20) and (21), we get

1
3

3&t
A = (MM (Keveo ) 22)
RESULTS AND DISCUSSION
For the metric given in (1), the directional Hubble parameters are obtained as
A_(ry g
=d= () @)
B_(r %
E—(t+t)+NF(t) (24)
_ (v, £ '
= (; + 3) — NF'(t) 25)
Hence the mean Hubble parameter (H) is obtained as
1A B v,
H_3(A+B+C)_t+t0 (26)

The deceleration parameter and the jerk parameter are obtained as

__a _ _ vt
10 =2z = "1 G 27)
(2to—3§t-3yto)yt3
o= aH3 B (§t+rto)? (28)

From equation (27) and (28), it is obvious that the universe transitioned from decelerating to accelerating phase. The
scalar of expansion 8, the spatial volumeV, the shear scalar 62 and the anisotropy parameter 4,, for this model are
obtained as

0=30=3(*+%) (29)
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38t
3y, t
A 153 (HL_H)Z 2N? (kt ‘ 0)
m — 3 i=1 H2 - 3 £ 2
F+2)
Using (26) in (5) we get
3 v £ —26+4
Prupe =D (t + to)

Again using (26) in (13), we get
_ét
pm=C [t‘37’e ‘0]
where C is a constant of integration.

Hence, the total energy density and EoS parameter are

t

_§t
-3y, to Y & \-26+4
Clt e +D(t + to)

Q= Qp + Qrypg =

3(l;+%)2

_ _ yts
(I)THDE - 1 + ( 26 + 4’) 3(yf0+ff)2
Cosmology for 6 = 1:
For § = 1, the THDE density, total energy density and EoS parameter become

Prupe =D (% + i)2

to
t
C[t‘3ye fO]
D
Q= 3 + 2
3(F+ 5)
2yt
w =—-14+—"—
THDE 3(yto+ét)?

0
2 4 t6 8 10

Figure 1. The plot of THDE density vs. cosmic time t with D = 3,y = 0.5and § =1, 0.5, 0.1
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The Figure 1 exhibits that the Tsallis holographic dark energy density decreases for any value of & while for smaller

value of ¢, the THDE density decreases rapidly.

From Figures 2 and 3, we observe that the holographic dark energy dominates the universe and approaches flat,
isotropic universe at late times for large value of &. For small value of £ (K 1), the dark energy dominates the universe

lately and the universe never reaches isotropic background.
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Figure 2. The plot of total energy density vs. cosmic time t Figure 3. The plot of EoS parameter vs. cosmic time t
withD =3, =1,t, =138, y=05and ¢ =1, 0.5,0.1 with t, =13.8, y =0.5and ¢ =1, 0.5, 0.1

Cosmology for 1 < § < 2:

In this case the value of § lies between 1 and 2. We choose § = 1.3 and plot the graphs of the total energy density
Q versus the cosmic time t for £ = 12,14, 15 (Fig. 4).

From the graph, it is obvious that the total energy density approaches the present isotropic background for & = 14
and for smaller value of § it never approaches isotropic background. However, for relatively larger value of &, the total
energy density will tend to 1 not at present time but at late time.

Hence we draw the graph of THDE density and EoS parameter vs. cosmic time t for & = 14 (Fig. 5).

2 15
15
10
01 E PTHDE
5
5
0 20 060 80 100 0 10 20, 30 40 50

Figure 4. The plot of total energy density vs. cosmic time t with Figure 5. The plot of THDE density vs. cosmic time t with
D=3C=1t,=138,=13, y=05and ¢ =12,14,15 D=3C=1t,=138,6§=13, y=05and ¢ =14

Like the previous case (6§ = 1), here also THDE density decreases but it never tends to zero at late times (Fig. 6).

L 5 10 15

t

-2

Figure 6. The plot of EoS parameter vs. cosmic time t with t; = 13.8,§ = 1.3, y =.5and { = 14

From the above graph we see that the dark energy started to dominate the universe from the early era and behaves
like cosmological constant at late times.

Cosmology for § = 2 :
For § = 2, the Tsallis holographic dark energy becomes constant throughout the evolution, and the universe is highly
anisotropic at late time. The expression of THDE density, total energy density and EoS parameter for § = 2 are obtained as
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Prupe =D (40)
_ét
clt=3Ye to|+D
Q= 41
3(%+%)2 1)
wrypp = —1 (42)
From the Figure 7, it is clear that in this case the universe approaches flat and isotropic background for & = 14.
6
— f=5
— =10
4 — =1
Q
2
0 5 10 15 20 25

t
Figure 7. The plot of total energy density vs. cosmic time t with t, = 13.8,6 =2, y = 0.5and £ = 14,10,5

CONCLUSION

In this paper, we study a spatially homogeneous and anisotropic Bianchi Type V universe filled with cold dark
matter and non-interacting Tsallis holographic dark energy with Hubble horizon as the IR cutoff. Exact solutions of the
Einstein field equations are obtained by considering the hybrid expansion law proposed by Akarsu et al. (2014) [24]. We
study the cosmological dynamics of our model for § = 1,1 < § < 2 and 2. We find that

= For § = 1, the THDE density (usual holographic dark energy density) decreases for any value of ¢ and decreases
rapidly for relatively smaller value of &. Also, the universe approaches a flat and isotropic universe at late times for any
value of ¢ while the universe approaches dark energy dominated era lately for & « 1.

= For § = 1.3, the universe approaches present isotropic background for & = 14. At this value, the THDE dark
energy density decreases but does not tend to 0 at late times. Also, the dark energy dominates the universe from very
early era.

= For § = 2, the THDE density is constant throughout the evolution of the universe and the dark energy behaves
like cosmological constant. In this case also, the universe approaches isotropic background for ¢ = 14.
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T'OJOTrPA®IYHA MOJEJIb TEMHOI EHEPTTI BIAHYI TUITY V HAJLIICA
3 'BPUJHUM 3AKOHOM PO3HIUPEHHSA
Mamnamw Ilpartim lac, Yanapa Pexxa Maxanrta
Daxynemem mamemamuxu, Yuisepcumem I'ayxami, I'veaxami (Inois)

Kinpka OCTaHHIX KOCMOJOTIYHHX CIIOCTEPEKEHb HaJald Bce OUIbIIE JOKa3iB TOro, mI0 B JaHWH yac BcecBiT mepexwuBae ¢asy
MPUCKOPEHOT0 PO3LINPEHHS, HEPLIOIPHYMHOIO SKOTO, K MPUITYCKAIOTh, € eK30THYHUH KOMIIOHEHT BCecBiTy 3 BENMKMM HEraTHBHUM
THCKOM, SIKHH Ha3UBA€THCSl TEMHOIO SHEprielo. 3 pi3HUX KaHAWAATIB TEMHOI CHeprii, 3alpOOHOBAHUX Y JiTeparypi, ronorpadidna
TEeMHa EHEpris, sKa BUHMKJIA 3 ToJorpadidyHOro MpUHINITY, NPUBEPTAE BEIUKY yBary B Taly3i JOCHiIKEHb. Y I CTAaTTi MU
JIOCJTIJPKY€EMO TIPOCTOPOBO OJHOPIIHUIA Ta aHI30TPOITHUN NPOCTip-yac b’ sHki Tumy V, 3amoBHEHHIA HEB3a€MO/IIF0UOI0 roJorpadiyHoO0
temuoro eHeprieto [lammica (THDE) 3 ropuzontom Xa06ma sk Mexero iH)PadyepBOHOTO BUIIPOMIHIOBAHHS Ta XOJOIHOK TEMHOIO
Marepiero 6e3 THCKY B paMKax 3arajibHol Teopii BimHocHOCTi. OTpUMaHO TOYHI PO3B’s3KU PiBHAHB mojs EifHinTeliHa, po3risaanydn
cepenHiit MaciTaOHUIT KOC(DIIliEHT @ K KOMOIHAI[II0 CTEMIEHEBOrO Ta EKCIOHCHINIAILHOTO 3aKOHIB, TaK 3BAHOTO TiOPHIHOTO 3aKOHY
PO3IIUPEHHsI, BIEpIIE 3anporoHoBaHoro Akapey Ta iH. (2014). Mu BUBuUaEMO KOCMOJIOTIYHY THHAMIKY Pi3HUX MOZENE Ui pi3HHX
3HAa4eHb HEAJUTHBHOTO HapameTpa O, sSKuil 3’sBUBcA B eHTpomii Llammica, 1 ms & sxuii 3°sBUBCS B €KCIIOHCHUIANBHIN (yHKII
riOpUaHOTO 3aKOHY PO3IIMPEHHS. MU BUABWIIN, IO HAIIIA MOJENb IEMOHCTPYE MOTOYHUNA KOCMOJIOTIYHHHN CLIEHAPIH.
Kurouosi cioBa: ronorpagiuna Temna eneprist Lamrica, tun b’sHKi V, 3aK0H riGpUIHOTO PO3MIMPEHHS, IPUCKOPEHE PO3MINPEHHS





