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The solutions of the Schrodinger equation are obtained with an inversely quadratic Yukawa potential using the Nikiforov-Uvarov-
Functional-analysis method. The energy spectrum and wave function were obtained in closed form. The energy equation was used to
predict the masses of the heavy mesons such as charmonium (¢¢ ) and bottomonium ( 55 ) for different quantum numbers. The results
obtained agreed with other theoretical predictions and experimental data with a percentage error of 1.68 % and 0.50 % for charmonium
(cc) and bottomonium ( bb ) respectively.
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The solutions of the Schrodinger equation (SE) with spherically symmetric potentials are of foremost concern in describing
the mass spectra (MS) of the heavy mesons (HMs) such as bottomonium ( bb ), and charmonium (€€ ) [1-3]. In describing this
system an interaction potential is used to simulate the system. The Cornell potential (CP) which includes a short-range Coulomb
term and a linear confinement term is generally used [4]. More so, in solving this SE with any chosen potential, an analytical
method is employed, such as, the Nikiforov-Uvarov (NU) method [5-8], the NU Functional Analysis (NUFA) method [9,10],
the series expansion method (SEM) [11], Laplace transformation method (LTM) [12], WKB approximation method [13], exact
quantization rule [14,15], proper quantization rule [16,17], group theory approach [18] and so on [19]. The study of MS with
CP has gained remarkable attention and has attracted the attention of many scholars [20-23]. For instance, Kumar et al. [24]
used the NUFA method to solve the SE with generalized Cornell potential. The result was used to determine the MS of the
HMs. Using the vibrational method (VM) and supersymmetric quantum mechanics, Vega and Flores, [25] obtained the
analytical solutions of the SE with CP. The eigenvalues were used to calculate the MS of the HMs. Also, Mutuk [26] solved the
SE with CP using a neural network approach. The bottomonium, charmonium, and bottom-charmed spin-averaged spectra were
calculated. Furthermore, Hassanabadi et al. [27], used the VM to solve the SE with CP. The eigenvalues were used to calculate
the mesonic wave function. In recent times, the study of MS of the HMs with exponential-type potentials has aroused the
interest of scholars [28,29]. Potential models such as Yukawa potential [30], Varshni [31], screened Kratzer potential [32],
Hulthen plus Hellmann potential [33], and so on [34] have been used in the prediction of the MS of the HMs. For instance,
Purohit et al [35] combined linear plus modified Yukawa potential to obtain the masses of the HMs. Also, Al-Jamel [36], studied
the MS with Coulomb plus inverse quadratic term. It was found that the MS exhibit a saturation effect. Furthermore, in 2019
Al-Jamel, solved the SE with a combination of a cotangent with a square co-secant function using the NU method. The energy
equation was used to predict the MS of heavy quarkonia [37].

The SE for most of the potentials with spin addition cannot be solved analytically; hence, numerical solutions such as
Runge-Kutte approximation [38], Numerov matrix method [39], Fourier grid Hamiltonian method [40], and so on [41] are
employed. Also, adding spin enables one to determine other properties of the mesons like decay properties and root mean
square radii. However, we have considered our mesons as spinless particles for easiness [1, 25, 42-44]. The potential of
interest is the inversely quadratic Yukawa potential (IQYP) suggested by Hamzavi et al [45]. The IQYP is a short-range
potential, Onate [46] studied the Klein Gordon equation and SE with the IQYP. Since then, researchers have carried out
many studies on relativistic and non-relativistic regimes with this potential [47-49]. The potential model is of the form [45]:

—20r

Vir)=-5, (1

where p is potential strength and @is the screening parameter.

To the best of our knowledge, no report has been made in the literature using this potential to predict the MS of the
HMs, hence this study.
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This study aims to solve the SE with IQYP, using a newly proposed method called the NUFA method. The obtained
energy equation will be used to predict the MS of the HMs. This paper is organized in the following order. In section 2,
the solutions of the SE with the IQYP are presented. In section 3, the results and discussion are presented. Finally, the
conclusion is presented in section 4.

THE SOLUTIONS OF THE SE WITH IQYP
The SE reads [50]

2 I(I+1
LD | 2 (5, -7 ()- (; Hyin-o, ©

where l//(r) is the eigenfunctions, E, is the energy eigenvalues, £ is the reduced mass of the system, 7 is the reduced

Planck's constant and 7 is the inter-nuclear separation.
The exponential term in Eq. (1) is subjected to series expansion, to model the potential to interact in the quark-
antiquark system, this yields:

vi=2-2.cp. ®)
rroor
where
A=-p, B=20p )
C=-1.33p8°, D=2pb’
Plugging Eq. (3) into Eq. (2) gives
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To solve Eq. (5), we introduced the Greene-Aldrich approximation to deal with the inverse square term, valid for
small screening parameter values [51-54].
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Substituting Eqgs. (6) into Eq.(5), gives Eq.(7) as
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Transmuting the coordinate of Eq. (7), we set, ¥ = e and Eq. (7) is rewritten as follows:
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Expanding Eq. (8) and neglecting higher degree polynomials of }greater than two [55], we have
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Linking Eq. (10) and Eq. (A2), gives the following:
B=B=B=LE=6+3),,&,=2—y,+31,.& =+ -1 +;(2+7/} ) (11)
Inserting Eq. (11) into Egs. (A8) and (A9), gives
1
A= Me+ =2+ 2+7). (12)
and
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Substituting Egs. (4), (9), (12), and (13) in Eq. (A11), we obtain the energy spectrum of the IQYP as
2 2
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Inserting Eq. (11) into Eq. (A12) the corresponding un-normalized wave function is given as
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RESULTS AND DISCUSSION
The prediction of the MS of bottomonium and charmonium is carried out using the relation [56,57]

M=2m+E, (19)

where m is quark-antiquark mass and E, is eigenvalues.
Putting Eq. (14) into Eq. (19) gives

22 2
M = 2m—2p0 - up6 12h 2 (20)
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The reduced mass (RM) is defined as ;1 = ? For bottomonium and charmonium, the numerical values are

m, =4.823GelV and m,=1.209GeV, and the corresponding RM is 44, = 2.4115GeV and M, =0.6045 GeV
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correspondingly [58]. In other to obtain the potential parameters. Equation 20 is fitted with experimental data (ED). The
ED is taken from Ref. [59].

We observed that the results obtained from the prediction of MS of charmonium and bottomonium for different
quantum states are in agreement with ED and other theoretical predictions with different analytical methods as shown in
Tables 1 and 2.

Table 1. Mass spectra of charmonium in (GeV) (7.=1.209 GeV, u = 0.6045 GeV, 6 =0.05, p =-234.2385GeV, h=1)

State  Present work [NUFA] AIM[1] NU[57] SEM [32] Experiment [59] Absolute Relative deviation (ARD)
1S 3.096 3.096 3.096 3.095922 3.096 0.000
2S 3.686 3.686 3.686 3.685893 3.686 0.000
1P 3.327 3214 3.433 - 3.525 0.198
2P 3.774 3.773 3.910 3.756506 3.773 0.001
3S 4.140 4.275 3.984 4.322881 4.040 0.100
48 4.364 4.865 4.150 4.989406 4.263 0.101
1D 3.761 3.412 3.767 - 3.770 0.009
2D 4.058 - - - 4.159 0.101

Table 2. Mass spectra of bottomonium in (GeV) (74,=4.823 GeV, 1

=2.4115GeV, p =-333.87617,GeV, 6=0.05, h=1)

State Present work[NUFA] AIM[1] NU[57] SEM[32]  Experiment [59] Absolute Relative deviation (ARD)
1S 9.460 9.460 9.460 9.515194  9.460 0.000
2S 10.023 10.023 10.023 10.01801 10.023 0.000
1P 9.841 9.492 9.840 - 9.899 0.058
2P 10.160 10.038 10.160 10.09446 10.260 0.100
3S 10.341 10.585 10.280 10.44142 10.355 0.014
4S 10.422 11.148 10.420 10.85777 10.580 0.158
1D 10.142 9.551 10.140 - 10.164 0.022

The absolute percentage deviation in the predicted results and ED is calculated using the following relation

62@ Ty =Ty,
N T,

EXP.

, @n

where T}, isthe ED, T, is the predicted results and N is the number of ED and also the percentage error is computed
with the given relation [60]

error = Z@ x100% . (22)
ZTEXP,

The absolute percentage deviation was calculated using Eq. (21) and the values for charmonium and bottomonium
are 1.644 GeV and 0.487 GeV respectively. Also, the percentage error (PE) of the predicted results to the experimental
data, was calculated using Eq. (22) and the results show that for charmonium we have 1.68 % while that of the
bottomonium is 0.50 %.
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Figure 1. Mass spectra of bottomonium with a principal
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Figure 1 shows the variation of MS of bottomonium with a principal quantum number (PQN) for different angular
quantum numbers (AQNs). It was observed that the MS increases with an increase in PQN for different AQNs which is
in agreement with the ED. In Fig. 2, we plotted the MS of charmonium with PQN for different AQN. It was noticed that
the MS increases as the PQN increase. This indicates that the binding energy increases with an increase in PQN.

CONCLUSION
In the present study, the solutions of the SE with IQYP using the NUFA method were solved. The energy spectrum
and un-normalized wave function were obtained. The obtained energy equation was used to predict the MS of the HMs
for different quantum numbers. The results obtained agreed with other predictions and with ED. The PE shows that the
IQYP is fitted in the prediction of the MS of the HMs since the PE is less.
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APPENDIX A: NUFA METHOD

The NUFA method proposed by Ikot et al. [10] is a simple and elegant method for solving a second-order differential

equation. The method is a combination of the NU [61], parametric NU [62], and Factorization [63] methods. The NU is
well-known for solving a second-order differential equation of the form:

o]}
—_
<
SN—

v(y)=0, (A1)

where 6'( y) and U( y) are polynomials of the maximum second degree and f( y) is a polynomial of the maximum first

degree? Tezcan and Sever [70] later introduced the parametric form of the NU method in the form

"+ﬂ1_ﬂ2y '+ 1

| &0 - =0 A2
y(l_ﬂ3y)l/l yz(l—,B3y)2|- Sy &y 53]1//()/) ) (A2)

7

where [ and & (i =1, 2,3) are all parameters. It can be observed in Eq. (A2) that the differential equation has two

singularities at y -0 and y —1 , thus we take the wave function in the form,

v =y (1-By) f()- (A3)

Replacing Eq. (4) with Eq. (3) leads to the Eq. (A4),

y(1-82) 1" 0+ Br2a-(2a v 208+ 8)y] 1 )

-5, ﬂ+v+&—1+ [&—1] +i
ﬂ3 ﬁ} ﬂ}
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A+v+2 14 || 21| 421
e [/:z ] WA
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A(A-1)+BA-¢, +ﬂ2v_ﬂ‘ﬂ3v+v(v_l)ﬂ3_E+§2_§3ﬂ3

y (1_:83)’)

f(»)=0.

Equation (A4) can be reduced to a Gauss hypergeometric equation if and only if the following functions are gone,

AA-1)+BA-& =0, (A5)

and
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ﬂzv_ﬂlﬂ3v+v(v_l)ﬂ3 _%"'é _§3ﬂ3 =0. (A6)
3
Thus Eq. (A4) becomes
V(=2 O Br2a-(2ap v 28,4 8)v] £ )
(A7)
ﬁ3[l+v+%l+ [%—1} +%13} [l+v+%l+ (%—1} +ﬂ%] f(»)=0.
Solving Egs. (A5) and (A6) completely give,
1—
- f)i% (1-4) +45, (A3)
(183 +151:B3 _ﬂz)i\/(ﬂ3 +151:B3 _ﬂz)z +4[§1+ﬂ3§3 _éng
B,
V= . (A9)
2
Equation (A7) is the hypergeometric equation type of the form,
y(1-2) " )+ e-(a+b+1)y] 1 () -abr(m =o. (A10)

The energy equation and the related wave equation for the NUFA method are obtained using Egs. (A3), (A7) and (A10),

as follows:

Z2+2ﬂ{v+%—l+%]+{v+%—l+\/%] —[%—IJ —ﬁ%:o,

(1-8)+yJ(1-B) +4¢,

2

w(y)=Ny

(ﬂz +ﬂ1ﬁ3 _ﬂ2)+\/(ﬂ3 +ﬂ1:33 _ﬂz)z"'[’g]z"'ﬂsfz_éz]

(1-5y)
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where a,b,and ¢ are given as follows;
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(A13)

(Al4)
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KBAPK-AHTUKBAPKOBE JOCJIA)KEHHS 3 OBEPHEHO-KBAJIPATUYHUM ITOTEHIIAJIOM IOKABHU
3 BUKOPUCTAHHSIM METOY ®YHKIIOHAJBHOI'O AHAJII3Y HIKU®OPOBA-YBAPOBA
Erizgo I1. Inbsiur®P, Mpinc K. Isyaxi®, Txozed E. Hrioi®, E. Omyroe©,
Edionr A. I6anra?®, Exai C. Biabam®
“@izuunui paxyromem, Hayionanonuii ¢ioxpumuii ynieepcumem Hizepii, /[ocabi-A6yooca, Hieepis

bTpyna meopemuunoi gisuxu, paxyromem gizuxu, Yuisepcumem Kanabapa, P.M.B 1115 Kanabap, Hizepis

c@isuunuil paxyromem, Dedepanvhuii ynisepcumem nagpmosux pecypcie, Epgypyn, wmam [envma, Hicepisn
Meroznom ¢yHKuioHansHOro ananizy Hikidoposa-YBapoBa orpumano BupinieHHs piBHsHHs llpeninrepa 3 o0epHeHO-KBagpaTHIHUM
noteHuianioM lOkaBu. Enepreruununii crexTp i XBHIbOBa (YHKIISI OTPUMAaHO B 3aMKHYTOMY BUIIIsiAi. PiBHAHHS eHeprii Oyio
BUKOPHCTAHO JUISl TIepeI0aueHHsT Mac BAKKHX ME30HIB, TAKMX K YapMOHill ((C ) i GOTOMOHIH (bb ) Ms Pi3HUX KBAHTOBUX YHCEIL.
OtpuMaHi pe3y/bTaTH Y3rO/LKYBAJIHMCS 3 iHIIMMHM TEOPCTHYHUMH IPOTHO3aMM Ta €KCHEPUMEHTAJIBHUMHU JAHHMH 3 BiJICOTKOBOIO
noxu6koro 1,68 % 1a 0,50 % 1151 yapMoHilo ( ¢C ) Ta 60TOMOHiI0 ( bb ) BiAMOBIAHO.
KuarouoBi cioBa: piBasaHs Llpeninrepa; meron ¢ynkmionamsHOro aHamizy HikidopoBa-YBapoBa; 00CpHEHO KBaIpaTHIHHN
noreniian FOkaBu; Baxki ME30HH





