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The paper presents the simulation results of heat transfer in single-crystal lithium niobate (LiNbO3) in the form of cylinder of diameter 

40LND  mm and height 60H  mm in interaction with continuous-wave laser radiation with the output power of 50P  W and the 
wavelength of 1064  nm. The density of the LiNbO3 crystal is ρ 4659 kg/m3; the thermal conductivity along the [001] direction 
is 4.61k  W/(m×K); the thermal conductivity in the (001) plane is 4.19k  W/(m×K); the specific heat at constant pressure is 

601pc  J/(kg×K); the absorption coefficient is 0.1  %/cm @ 1064 nm. The laser beam propagates along the optical axis of the 
crystal. The laser beam intensity profile is represented as a Gaussian function, and the absorption of laser radiation of the single-crystal 
lithium niobate is described by Beer-Lambert’s law. The numerical solution of the non-stationary heat conduction problem is obtained 
by meshless scheme using anisotropic radial basis functions. The time interval of the non-stationary boundary-value problem is 2 h 30 
min. The results of numerical calculations of the temperature distribution inside and on the surface of the single-crystal lithium niobate 
at times 10, 100, 1000, 7000t  s are presented. The time required to achieve the steady-state heating mode of the LiNbO3 crystal, as 
well as its temperature range over the entire time interval, have been determined. The accuracy of the approximate solution of the 
boundary-value problem at the n-th iteration is estimated by the value of the norm of relative residual 


r . The results of the numerical 

solution of the non-stationary heat conduction problem obtained by meshless method show its high efficiency even at a small number 
of interpolation nodes. 
Keywords: heat transfer, lithium niobate, anisotropic thermal conductivity, laser radiation, non-stationary heat conduction problem, 
meshless method. 
PACS: 44.10.+i, 77.84.Ek, 02.60.-x 
 

INTRODUCTION 
Lithium niobate (LiNbO3) is a rhombohedral ferroelectric crystal. Lithium niobate is a phase of variable 

composition, which allows growing single-crystals with different [Li]/[Nb] ratios. Nominally pure LiNbO3 crystals are 
usually grown from a congruent melt ([Li]/[Nb] = 48.6/51.4) by Czochralski method [1,2]. 

As any ferroelectric, LiNbO3 crystal displays nonlinear optical effects, the piezoelectric effect, the photoelastic effect 
as well as the Pockels effect. The exclusive feature of lithium niobate is that it has excellent physical properties such as high 
electro-optic, piezoelectric and nonlinear optical coefficients, which makes it a popular material for various applications. 

Due to its high electro-optic coefficients, LiNbO3 crystal is used to create Pockels cells [3], electro-optic 
amplitude/phase modulators [4,5] and Q-switched lasers [6]. The nonlinear optical properties of lithium niobate make it 
possible to use it to create optical parametric oscillators [7,8] and parametric amplifiers for wide wavelength range [9,10], 
as well as for second harmonic generation of laser radiation with wavelength of > 1 μm [11-13]. 

It is known that the interaction of laser radiation with crystals in a wide range of luminous-flux densities is well 
described by the thermal model, according to which the whole process can be conditionally divided into several stages: 
1) light absorption and energy transfer to thermal vibrations of the crystal lattice of a solid; 2) heating the crystal without 
destruction; 3) destruction of the crystal; 4) cooling of the crystal after the end of the interaction. 

LiNbO3 crystals are widely used in lasers, therefore, issues related to the study of the resistance of these crystals to 
laser radiation are of considerable interest. 

Purpose of this work is simulation of heat transfer in single-crystal lithium niobate in interaction with continuous-
wave (CW) laser radiation by meshless method. 

Unlike grid methods, such as the finite element method (FEM) and the finite difference method (FDM), meshless 
schemes are devoid of complex and laborious process of constructing an interpolation grid within the considered domain 
of the boundary-value problem, which makes them computationally efficient and relatively easy to implement. 

 
PROBLEM FORMULATION 

Consider LiNbO3 crystal in the form of cylinder of diameter 40LND  mm and height 60H  mm with the 
following physical properties: density is ρ 4659 kg/m3; the thermal conductivity along the [001] direction is 
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 4.61 W mk K  ; the thermal conductivity in the (001) plane is 4.19k  W/(m×K); the specific heat at constant 
pressure is 601pc  J/(kg×K). The optic axis of the LiNBO3 crystal is directed along the z-axis. 

A laser beam with radiation power 50P  W and radius 0 5r  mm passes through the crystal as shown in Fig. 1. 
The wavelength of laser radiation is 1064  nm and the absorption coefficient of LiNbO3 is 0.1  %/cm @ 1064 nm. 

 
Figure 1. Passage of a laser beam through LiNbO3 crystal. 

When CW laser radiation interacts with a LiNbO3 crystal, light is absorbed and the absorbed energy transforms into 
thermal energy. 

The non-stationary heat conduction equation for an anisotropic solid in a closed domain can be written as follows: 

 ρ div gradp
uc K u g
t


 


 (1) 

where u  – temperature, K  – symmetric positive definite tensor of the second rank, which determines the thermal 
conductivity of the crystal, g  – internal heat source. 

At the initial moment of time, the LiNbO3 crystal is at a temperature 0 25 Cu   . Heat exchange with the 
environment occurs on the surface of the crystal. The boundary conditions for this case can be written as follows: 

 eq h u u    (2) 

where uq






 – heat flux in anisotropic medium, 10h  W/(m2×K) – heat transfer coefficient, 25 Ceu    – ambient 

temperature. 
The intensity of the internal heat source at depth z  is described by Beer-Lambert’s law: 

   
2 2

2 2
0 0

2, , exp 2 expP x yg x y z z
r r
 


  

       
 (3) 

where , ,x y z  – cartesian coordinates, P  – radiation power, 0r  – radius of the laser beam,   – absorption coefficient. 
Fig. 2 shows a visualization of the intensity of internal heat source at a depth of 0.03z  m. 

 
Figure 2. Visualization of the intensity of internal heat source at a depth of 0.03z  m. 
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NUMERICAL RESULTS 
The numerical solution of the considered non-stationary heat conduction problem is obtained by meshless method 

described in [14]. In this scheme, the dual reciprocity method (DRM) [15] with anisotropic radial basis functions (RBFs) 
[16] and the method of fundamental solutions (MFS) [17] are used to solve the heat conduction problem. The DRM with 
anisotropic RBFs is used to obtain particular solution, and the MFS is used to obtain a homogeneous solution of boundary-
value problem. The time discretization of equation (1) in this method is obtained by θ-scheme [18]. 

The number of interpolation nodes inside and on the boundary of domain of the heat conduction problem for all 
calculations is 7393dN   and 7808,bN   respectively. The time interval of the non-stationary boundary-value problem 
is 2 h 30 min.  

Fig. 3 and Fig. 4 show the simulation results of the temperature field on the surface the LiNbO3 crystal in interaction 
with CW laser radiation at different times. 

(a) (b) 
 

Figure 3. Visualization of the temperature field on the surface the LiNbO3 crystal at times 10t s  (a), 100t s  (b). 
 

(a) (b) 
Figure 4. Visualization of the temperature field on the surface the LiNbO3 crystal at times 1000t s  (a), 7000t s  (b). 

 
Fig. 5 and Fig. 6 show the simulation results of the temperature field inside the LiNbO3 crystal in interaction with 

CW laser radiation at different times. 
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(a) (b) 
Figure 5. Visualization of the temperature field inside the LiNbO3 crystal at times 10t s  (a), 100t s  (b). 

(a) (b) 
Figure 6. Visualization of the temperature field inside the LiNbO3 crystal at times 1000t s  (a), 7000t s  (b). 

As one can see in Fig. 5 and Fig. 6, with time of irradiation of the crystal, the heated zone inside of the crystal 
expands and its temperature increases. This process continues until a steady-state thermal regime is reached. Fig. 7 shows 
the plot of the heating process of the LiNbO3 crystal in time. 

As it was shown Fig. 7, at first the temperature of the crystal increases very fast, and then the rate of increase slows 
down, and after about 2 h 30 min it goes into a steady-state. The time 35 min, when the crystal temperature reaches 63.2% 
of the steady-state value is the thermal time constant .  

The thermal time constant is calculated as follows: 

ρ p

s

Vc
hA

   (4) 

where ρ  – crystal density, V  – crystal volume, pc  – specific heat at constant pressure, h  – heat transfer coefficient,   

sA  – crystal surface area. 
To estimate the accuracy of the approximate solution at the n-th step, we calculate the norm of relative residual: 

1,...,
max ii N

r
 
r  (5) 

where d bN N N   – total number of interpolation nodes, ir  – relative residual of the approximate solution at the i-th node. 
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Figure 7. Plot of the heating process of the LiNbO3 crystal, where maxu  – maximum temperature of the crystal, minu  – minimum 
temperature of the crystal,   – thermal time constant. 

Fig. 8 shows plot of the change of the norm of relative residual of the approximate solution of the considered 
boundary-value problem. 

 
Figure 8. Plot of change of the norm of relative residual 

The total estimated simulation time for a non-stationary heat conduction problem is 2303 s, which is comparable to 
the simulation time when using other numerical methods for solving boundary-value problems. 

 
CONCLUSIONS 

This paper presents the simulation results of heat transfer in single-crystal lithium niobate in interaction with CW 
laser radiation with the output power of 50 W and the wavelength of 1064 nm. The time interval of the non-stationary 
boundary-value problem was 2 h 30 min. It is defined, that after about 4  the temperature of the crystal goes into a 
steady-state, and is in the range of 27.74 to 28.24 C . The results of numerical calculations of the temperature distribution 
inside and on the surface of the single-crystal lithium niobate at times 10, 100, 1000, 7000t  s are presented. 

The numerical solution of the non-stationary heat conduction problem is obtained by meshless scheme using 
anisotropic radial basis functions. The accuracy of the approximate solution of the boundary-value problem at a specified 
time interval is estimated by the value of the norm of relative residual, and in the worst case is 31.74348 10 . The lower 
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values of the norm of relative residual are in the range from 142.05119 10  to 91.25433 10 . The numerical simulation 
results obtained using the meshless method are in good agreement with the results obtained using the FEM, which 
indicates the high efficiency of the meshless scheme even at a small number of interpolation nodes. 
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МОДЕЛЮВАННЯ ТЕПЛООБМІНУ В МОНОКРИСТАЛІЧНОМУ НІОБАТІ ЛІТІЮ ПРИ ВЗАЄМОДІЇ 
БЕЗПЕРЕВНИМ ЛАЗЕРНИМ ВИПРОМІНЕННЯМ 

Денис О. Протектор, Денис О. Лісін 
Харківський національний університет імені В. Н. Каразіна 

м. Свободи, 4, Харків, Україна 
У статті представлені результати моделювання теплового процесу, який протікає в монокристалі ніобату літію (LiNbO3) у 
формі циліндра діаметром 40LND  мм та висотою 60H  мм при взаємодії з безперервним лазерним випромінюванням 
потужністю 50P  Вт та довжиною хвилі 1064  нм. Щільність кристала LiNbO3 ρ 4659 кг/м3; теплопровідність вздовж 
напрямку [001] 4.61k  Вт/(м×К), теплопровідність у площині (001) 4.19k  Вт/(м×К); питома теплоємність при 

постійному тиску 601pc  Дж/(кг×К); коефіцієнт поглинання 0.1  %/см @ 1064 нм. Лазерний пучок проходить вздовж 
оптичної осі кристала. Профіль інтенсивності лазерного пучка представляється у вигляді функції Гауса, а поглинання 
лазерного випромінювання кристалом ніобату літію описується законом Бугера-Ламберта. Чисельний розв’язок 
нестаціонарної задачі теплопровідності здійснюється за безсітковою схемою з використанням анізотропних радіальних 
базисних функцій. Часовий інтервал, на якому розв’язується нестаціонарна задача теплопровідності, становить 2 год 30 хв. 
Наведено результати числових розрахунків розподілу температурного поля всередині та на поверхні кристала ніобату літію 
в моменти часу 10, 100, 1000, 7000t  с. Визначено час, протягом якого досягається сталий режим нагрівання кристала 
LiNbO3, а також його температурний діапазон на всьому часовому інтервалі. Точність наближеного розв’язку крайової задачі 
на n-му кроці оцінюється за величиною норми відносної нев’язки 


r . Результати чисельного розв’язку нестаціонарної задачі 

теплопровідності, отримані з використанням безсіткового методу, свідчать про його високу ефективність вже на невеликій 
кількості інтерполяційних вузлів. 
Ключові слова: тепловий процес, ніобат літію, анізотропна теплопровідність, лазерне випромінювання, нестаціонарна задача 
теплопровідності, безсітковий метод. 




