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The runaway electron event is the fundamental physical phenomenon and tokamak is the most advanced conception of the plasma
magnetic confinement. The energy of disruption generated runaway electrons can reach as high as tens of mega-electron-volt and they
can cause a catastrophic damage of plasma-facing-component surfaces in large tokamaks and International Thermonuclear
Experimental Reactor (ITER). Due to its importance, this phenomenon is being actively studied both theoretically and experimentally
in leading thermonuclear fusion centers. Thus, effective monitoring of the runaway electrons is an important task. The synchrotron
radiation diagnostic allows direct observation of such runaway electrons and an analysis of their parameters and promotes the safety
operation of present-day large tokamaks and future ITER. In 1990 such diagnostic had demonstrated its effectiveness on the TEXTOR
(Tokamak Experiment for Technology Oriented Research, Germany) tokamak for investigation of runaway electrons beam size,
position, number, and maximum energy. Now this diagnostic is installed practically on all the present-day’s tokamaks. The parameter

v, / |v‘ ‘| strongly influences on the runaway electron synchrotron radiation behavior (v, is the longitudinal velocity, v, is the transverse

velocity with respect to the magnetic field B ). The paper is devoted to the theoretical investigation of runaway electron synchrotron
radiation spot shape when this parameter is not small that corresponds to present-day tokamak experiments. The features of the
relativistic electron motion in a tokamak are taken into account. The influence of the detector position on runaway electron synchrotron
radiation data is discussed. Analysis carried out in the frame of the nonlinear cone model. In this model, the ultrarelativistic electrons

emit radiation in the direction of their velocity v and the velocity vector runs along the surface of a cone whose axis is parallel to the
magnetic field B . The case of the small parameter v, / |VH| (v, / |VH| <1, linear cone model) was considered in the paper: Plasma

Phys. Rep. 22, 535 (1996) and these theoretical results are used for experimental data analysis.

Keywords: diagnostic of runaway electrons, ultrarelativistic electrons, synchrotron radiation spot shape, nonlinear cone model, large
tokamak safety operation.
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The generation of runaway electrons during disruptions poses a potential threat to the safe operation of large
tokamaks. The energy of these electrons can reach as high as tens of MeV, which could lead to a serious damage of
plasma-facing-component surfaces in large devices like ITER (under construction in France) (see, e. g. [1, 2]). Numerical
calculations for ITER suggest about 70% of thermal current may be converted into runaway current during a disruption
by avalanche mechanism [2]. Thus, effective monitoring of these high-energy runaway electrons is an emerging safety
issue of the tokamak operation. The most powerful diagnostic for runaway monitoring is diagnostic based on their
synchrotron radiation [3]. For the first time, this diagnostic was used in TEXTOR [4] to study the parameters of runaway
electrons (beam size and position, number, and maximum energy of runaways). Now it is a routine diagnostic for present-
day tokamaks: such as Joint European Torus (JET, Great Britain), Axially Symmetric Divertor Experiment (ASDEX
Upgrade, Germany), DubletllI-D and Alcator C-Mod (USA), Frascati Tokamak Upgrade (FTU, Italy), Tokamak a
Configuration Variable (TCV, Switzerland), Experimental Advanced Superconducting Tokamak (EAST, China), Korea
Superconducting Tokamak Advanced Research (KSTAR, South Korea). The first correct theoretical analysis of the
synchrotron radiation of runaway electrons with taking into account features of the relativistic electron motion in a
tokamak (motion along tokamak helical magnetic field with the longitudinal velocity v, , cyclotron gyration motion around

the guiding centre with the finite transverse velocity v, with respect to the magnetic field and the vertical centrifugal drift

of guiding centre motion with velocity v, ) and detector position was carried out in Ref. [5] where cone model was used.

Note, the finite value of parameter v, / |VH strongly influences on the runaway electron synchrotron radiation behavior but

in Ref. [5] only the case of v, / |VH| <1 was studied (linear cone model).
The highly relativistic particles emit radiation in the direction of their velocity vector [6], in this approximation, the

velocity vector v runs along the surface of a cone whose axis is parallel to the magnetic field B . Because of in tokamak
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experiments the inequality v, / |VH| >y takes place, the small uncertainty introduced by the angular broadening of

-1/2
radiation, ~ ', was neglected, y = (1 -/ cz) is the relativistic factor. This model demonstrates good agreement with

the full models [7]. Note that for the detailed investigation of runaway beam parameters both analysis of runaway electron
synchrotron radiation spot shape and synchrotron radiation spectra must be carried out [8, 9].

NONLINEAR CONE MODEL EQUATIONS
We shall use the toroidal (7, 8, {) and Cartesian (x, y, z) coordinate systems, 8 and { are the poloidal and toroidal
angles (see Fig. 1), respectively. The tokamak confinement magnetic field was taken in the form:

— B, R
B(r,@)zM[iE[nL 4 EQJ, (1
q(r)R,

The circular transverse cross sections of the magnetic surfaces in a tokamak are assumed and the displacements of
the magnetic surfaces relative to each other are neglected, R =R, —rcos @, Ry is the major radius of the magnetic surfaces,

q(7) is the tokamak safety factor. The drift surfaces of runaways with small radius 7, strongly deviate from magnetic

e

surfaces with radius 7 because of the drift shift 0, [5]:

r=\r’=52sin> 6 -5, cos 6. )

In present day tokamaks the drift orbits are shifted to low magnetic field side. The runaway electrons on the same
drift surface in the low field side are located on a magnetic surface with a larger radius than electrons in the high field

side.
VA

Figure 1. The cross-sections (through the plane £ = 7/2) of the magnetic surfaces (dashed circles) with a center at the point O and the drift

surface with shift J, (solid circle) at a center Oa are plotted, 7,;, and 7,

ax are minimal and maximal minor radii of magnetic surfaces

corresponding to this drift surface. The x-axis is directed toward the detector. The direction of the poloidal magnetic field Ep is shown.

Radiation is recorded by the detector if the condition

[v x(R, -0, )} =0 3)
is satisfied. In Cartesian coordinates, the radius vector of the position of the detector is represented in the next way:
Qdet = Déx + Y:ietéy + Zdeléz H (4)

where D > 0 is the distance from the detector to the plane (= 7/2 (see Fig. 2).

Recall the main results of the linear cone model (see Ref. [5]). For the case of the small values v, / ‘VH‘

(v i / |v‘ ‘| < r/ q(r)RO) , when the detector is situated in the plane z = 0 (Z = 0) , the detector can record electrons for which

det
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tand~+D/q(r)R,, 5)

i.e., the detector records electrons only from a small part of the beam cross section, which has the shape of a curved strip
of varying width. If v / |VH| > r/q(r)R, , the detector records a large asymmetrical spot. Note that the influence of drift

orbit shift (see Eq. (2)) of high relativistic runaways on the camera record possibility is the main reason why an
asymmetrical synchrotron radiation spot can be observed in present day tokamak experiments. When the large orbit shift
of runaway electrons takes place, the synchrotron radiation in the low field side cannot be detected.

R,y D
B e
Y;](_:[
C

ol z
Figure 2. Relative positions of the runaway electrons beam and the detector are shown. For simplicity, case of the plane z =0 and

Zy, = 0 are presented, R, and R, are the inner and outer major radii of the beam in this plane, the cones of radiation emitted by

t

electrons are represented schematically.

The experimental observations of runaway electron synchrotron radiation spot shape (see, e.g. [7, 9, 10, 11]) are in
good agreement with the theoretical results of Ref. [5]. The observation of asymmetrical ring-like synchrotron radiation
spot shape from runaway electron beams in the EAST experiments has been explained by the large orbit shift [9]. The
theory of Ref. [5] may also be applied for data interpretation of a new RE diagnostic called the “Gamma Ray Imager”
(GRI) which is deployed on the DIII-D tokamak [12].

In present-day tokamaks during runaway discharge the parameter v, / v, may achieve the value of the order of 0.5

(see, e.g. [11]). The paper is devoted to the nonlinear cone model for the investigation of runaway electron synchrotron
radiation spot shape in such situations. For a magnetic field with small nonuniformity it is convenient to present the

electron velocity v and the radius vector R, in the following way [13]:

V=7, +v, (7 cosa+7,sina), (6)
R, =R, +r7, +v—i(f1 sina -7, cosa), (7)
B
where
é,=¢,cos{+ésind, amw,, ,(r0)=eB(r,0)/ymc (e>0). )

The right-hand triplet of the vectors is taken in the form:

0= g - s HaOR%, T, = [fz x z?0] =e, I,= [fo xT, ] = =% —(V/‘](”)Ro)ég . )

Ji+jaryy J1+(/qR,)?

In tokamaks, the change of nonuniform magnetic field is small in comparison with the Larmor radius of the ultra-
relativistic electron with tens of MeV energy. Hence to investigate Egs. (3, 6, 7) the well-known asymptotic methods [13]
may be used. The changes of variables (Egs. (25.32) from Ref. [13]) are used (see appendix). With the triplet of the
vectors (9) these changes of variables take the form:

_ 1 v, sina cosf 7 L cosasin 0
W=y +—— = > = R TR -
@y \1+(7/qR,)* | J1+(F/qR,) (qR,)
B (10a)
v 7/qR, cos 2@ cos 6

- sin2asind F

40,R 1+ (7/qR, )’ J1+F/qRr,) |




21
Nonlinear Cone Model for Investigation of Runaway Electron Synchrotron Radiation... EEJP. 3 (2021)

1 V”2 sina (cos 0 r j cos&sin 6
v, =V, —— - - | +
@y \1+(7/qR, )’ [\/1+(F/qR0)2 R (4qR) R

B (10b)

VW, 7/qR, . A . =_ cos2acosf

sin2a sin F —————— |,
40, R \[1+(F/gR,)’ VI+(7/qR,)’
_ 1 1 _ \7”2 sinagsing 1 cosa [ cos@ 2 (1 (F/qR,)) cosd
a=a-—— F— +— v - S|V = ||t
0y JI+(F/qR,) | V. R Vv, J1+(F/qR,)* R (qR) r R
v 7/qR, _ . - sin2a&cos@ v, — __ sinfsina
cos2asinf * - cosfcosad F—=|— (10c)
40,R 1 +(7/qR, )’ [ JI+(F/qR,) | @R JI+(7/qR,)’
v, 7/qR,

cosa.

© @,qR, 1+(F/qR,)’

2z
Here averaging of variables is determined in the usual way: f = (1/ 27[)." fda .
0
For simplicity below the line over averaged variables is omitted. After substitutions of these changes of variables
(10a, b, ¢) in Eq. (6) the components of electron velocity take the form:

2 2
\ v,V v,V
v, =CosA| Fy +vlLsina— L cos@-—"Lsin(@+a)+—= " sina+—2—costa |+
qR, @R qR, @y R @yqR, 4R, @zqR,
2
v AL v
+sinA| -y ——sin@+v cos(@+a)F— Lsin9¢ I Lsin(ﬁia)siné’i I Lcosai (11a)
I 1
qR, @qR, gR, @R qR, 4w,R 4R,
2 2
e sin(@+a)cosa + L cos(fta)sin(f+a) |,
Wyt W, R
2
v vV AL
v, =CosA| v, L sin 0—v, cos(0*ta) " g HiLLsin(ﬁi a)sin&iLLcosa +
qR, @yqR, 4R, @R qR, 4w,R qR,
2 2
+ sin(@ta)cosa F L cos(Hia)sin(Hia)}+ (11b)
w,r Wy
2 2
v AV AL
+SInAl Fv +v, L sing——! Lcosl9—Lsin(t9ir ) + " Gna -2 costa ,
qR, R qR, @R qR, qR, yqR,
2 2 2
v, +0.5v v AY AY
v, :v”Lcos@+vLsin(Hir0:)Tr I ! Lcost9irLLsin(6’iroc)costé’iLLsinoc
4R, R @yqR, qR, @R qR, 4R qR, (11¢)
2 2
- cos 200+ a)+ Vi cos(@+a)cosa
W R Wyt
and components of coordinates (from Eq. (7)):
X, =—(R,—rcosf)sinA, Y, =(R,—rcosf)cosA, ZE:rsinﬁiv—Lcos(Hia), (12)

Wy

where {=a/2+A. The terms that are proportional to small parameter (r/ q(r)R,)* <<1 are omitted.
By inserting equations 11(a, b, ¢) and 12 into Eq. (3), the expressions that allow analysis of the synchrotron
radiation emitted by runaway electrons in tokamaks are obtained (v, / |v‘ ‘| >>r/q(r)R, ). From expression

(Z,=Zy)v, =(X,=D)v, (13)
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we get:

+ rsiné’iv—icos(ﬁia)—Zdet}[cosAisinAv—lcos(é’ia) =

@, v,
(14)
+0.5
:[D+(R0—rcos0 smA]{—cos0+—sm(0 )+i¥_v—iv—icos(0ia)cosa .
qR, Yi v @R, Vi @gr
From expression
(Xe _D)vy _(Y Ydel) (15)
we get:
Y, A—(R, — 0
sinA[li&V—icos(ﬁia)} e 90 (DO reos )icosALcos(Bia). (16)
Yi Yi

In Egs. (14) and (16) the small terms that are of the order of (vHZ/a)BqRO) (r/qRy) , (v,v, J®,qR)(r/ gR,) and
v, / @y R are omitted. The solution of Eq. (16) has the next form:

{1+an ~cos (0 ):l{[H(Ydﬂ/D) J[1+(Vl/v) cos” (0+ )] (R/DY }1/2+(§j{%$“}cos(€ia)_

cosA = ! I 1 a7

’ [1+(ch1 /D) :||:l+(Vi /v“)2 cos’ (Hia)] 17
{%T—‘; cos(O+ ):I{[l+(cht/D) }[l+(vi/v”) cos’ (6 )} (R/D) }]/Z—Eg){li%‘:}cos(ﬁia)_

sinA ! | 1 ag

(14t /DY 14 (v /) cos* (0:4.1)|

The synchrotron radiation of runaway electron may be detected by the camera only if the next inequality holds
(solution of Egs, (17), (18) exists):

(14X /DY ][ 14 (v, /) 0s? (02 @) |2 (R/ DY (19)

DISCUSSIONS
For v, / |vH| < 1the equations (14, 16) correspond to the linear cone model equations of Ref. [5]:

1 v +0. 5v .
*(rsinf-2Z,, )~ —cost9+—s1n(€+a)+—— (D+RsinA), (20)
4R, i Y R,
Y. —R
sinAziLsin0¢Lcos(€ia)+“‘—, cosAx1. (@3]
qR, v D

The upper signs in the equations of the paper correspond to the case when the magnetic field B is directed away from
the detector, and for the lower sign field is directed toward the detector. For the electron moving toward the detector the
longitudinal velocity v, is negative for upper sign (v, < 0) and positive for lower sign (v, > 0). Hence:

{I_Yglrfos(ﬁ )}{[1+(ch /D) J[l+(vl /v, )2 cos’ (6“_r0t)}—(R/D)2}”2 +[gj{%‘ +|‘;l|cos(6’ia)]
[1+(Ydm/D) :||:1+(VL/VH)2 cosz(Gia)J

COsA = , (22)

{YdD“ +|‘;i|cos(91ra)1 {[1+(Ydst /D)z}[1+(vl /vH)2 cos’ (6“_r0t)}—(R/D)2}”2 —[gj{l— Yo |vi cos(&ia)}

Il L(23)
[1+(YGlcl /D)’ :||:1+(Vl /v, )2 cos’ (Hia)}

sinA =
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First situation when Yae/D > 1 is considered. If 1-(Y,,, / D)(v, /|vH |) cos(@£a)=0,then cosA >0 and

et

sinA2 0, if [ (¥, / D)+ (v, /|y eos@+a) | 2 (R D), (24)

sinA<0, if [(Ydet I D)+ (v, /|y cos(o+ a)T <(R/D). 25)

If 1-(Y,, /D)(v, /|v”|)cos(9ia)SO,then sinA>0 and

et

cosAZ 0, if (Y, / D)(v, /|y [yeos@+a)-1] < (R/ D), (26)
]

cosA <0, if [(Ydet /D)(vl/|vH|)cos(6’ia)—l > (R/ D). 27

Second situation is when Ye/D < 1. If (¥, /D)+(v, /|vH|)cos(6'J_ra)20, then cosA >0 and sinA>0 or
sin A < 0if inequality (24) or (25) holds, respectively.

If (Y, /D)+(, /[|)cos(0+a)<0, then sinA<0 and cosA>0 or cosA<0if inequality (27) or (26) holds,
respectively.

In Egs. (14), (16) the parameter v, / |vH| is not small, the solution of Eq. (14) exists only if |sin(6?ia)| <<1 and

et

|cos(6ia)| ~1 (r << D, Z,, ~7). Very important conclusion: for each poloidal angle 0 the synchrotron radiation of

runaway electron is detected by the camera for certain values of « only.

CONCLUSIONS
The analytical expressions that allow analysis of the synchrotron radiation emitted by runaway electrons in tokamaks

have been obtained, the finite ratio v, / v, the order of 0.5, the tokamak safety factor g(r), the horizontal displacement o,

of the drift surfaces of electrons with respect to the magnetic surfaces, and the position of the detector are taken into
account. This situation corresponds to present-day tokamak runaway electron experiments.

It has been shown that besides the parameter v, / |v‘ ‘| , the ratio Y, / D is also a key parameter for the analysis of the

synchrotron radiation spot shape. It should be noted that for each poloidal angle § the synchrotron radiation of runaway
electron is detected by the camera for certain values of a (cyclotron rotation angle) only.

APPENDIX
For readers convenience the equations that corresponds to Eqs. 25.32 of Ref. 13 are presented:

e Wi s m s i = = = =
W= [7,(7, V)7, sina - 7,(7,V)7, cos @ |+
’ (A1)
{[fl(flV)fo—fz(fZV)fo]sin2§—[fl(f2V)fo+fz(fIV)fO]cos2&},

=2
v

+
4

1
wB
‘72
v, =V, +——[7,(7,V)F, cos@ — 7,(7,V)7, sina | +
’ (A2)

WML [7(7,9)8, + 5, (V) |cos 28 ~[7 (2 V)7, ~ 7,(7,V)z, |sin 2},

+

Wp

S L B T S R U S SR, B
a=a ——{_—[vzrl V)7, —vfrz(z'ZV)z'lJcosa —_—[vfrl (7V)7, —VHZT2(TOV)TO:|SII’1 a}—
B VL vl

(A3)

Vi (1= mons = = ons e mons = mons Taonml V(s = = =
" {[7. V)7, - 7,(£,V)7, |cos 2a +[7,(7,V)7, + 7, (7, V)7, |sin 2a | ——-(7, cos @ + 7, sin @ ) Vv,
wB B

= S VL _
R, =Ré, +77, +—(7 sina -7, cos ). (A4)
B
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JOCJIAKEHHS ®OPMU IVISIMUA CUHXPOTPOHHOI'O BUITPOMIHIOBAHHS EJIEKTPOHIB-BTIKAYIB
B MOJIEJII BUITPOMIHIOBAHHSI CIIPSIMOBAHOI'O Y3JIOBXK IIOBEPXHI KOHYCA iX IIBUIKOCTEM
I.M. Iankparos®’, B.IO. Bouko®
“Xapxiecvruil Hayionanvhuil yHisepcumem imeni B.H. Kapa3sina, m. Ceoboou 4, 61022 Xapxis, Yxpaina
bIuemumym pizurxu nnazmu, HHI] “Xapxiscoruil pizuxo-mexuivnuii incmumym”’
6yn. Axaoemiuna 1, 61108 Xapxis, Yxpaina

Enexrponun-Brikaui — ne gyHaamMeHTansHe (Gi3udHe SBHUILE, a TOKAMAaK — HaHOUIBII MPOCYHyTa KOHIETIisi MarHiTHOTO YTPHMaHHS
iasmu. EHeprist enekTpoHiB-BTiKaviB, SIKi YTBOPIOIOTHCS MijJ Yac 3pUBIB PO3PSIY, MOXE JOCATAaTH JNECATKIB MEraejleKTPOHBOJBT,
MOTPAIUISHHS SIKMX Ha KOHCTPYKLIHHI €JIeMEHTH Cy4aCHHUX BEJIMKUX TOKAMAKIB i CIOPY/IXKyBaHOI0 Mi>KHAPOJHOI'O TOKaMaKa-peakTopa
ITER moxe mpu3BecTH 40 KaTacTpodidHUX HACHIAKIB. BHACITOK akTyabHOCTI, JaHe SIBULIE aKTUBHO TOCIIIXKYEThCS SIK TEOPETUUHO,
TaK i eKCIIEPUMEHTAIBHO y IPOBITHUX TEPMOSACPHUX eHTpaxX. EQekTHBHUI MOHITOPHHT eNEKTPOHIB-BTiKAaYiB € BAKIIHBOIO 331a4€I0.
HiarHocTrka, mo 0a3yeTbcss HAa CHHXPOTPOHHOMY BHIIPOMIHIOBAaHHI €JIEKTPOHIB-BTiKa4iB, MO3BOJSE SK Oe3mocepeqHe ix
CIIOCTEPEXKEHHS, TAaK 1 aHaNi3 IapaMeTpiB IHUX ENEeKTPOHIB, MO crpusie Oe3nedHiii pobOTi Cy4acHMX TOKaMakiB Ta MaiOyTHBOTO
tTokamaky-peaktopa ITER. B 1990 poni naHa qiarHOCTHKa moka3aiia cBOr eekTuBHICTh Ha Tokamari TEXTOR mns nocmimkeHHs
paziycy my4ka, po3TallyBaHHs, KiTbKOCTI Ta MAKCHUMAIIbHOT €HEprii eeKTPOHIB-BTiKauiB. LIs JiarHOCTHKA BCTAHOBIICHA HA O1BIIOCTI

cydyacHuX Tokamakis. ITapamerp v, / |vH| BUSBJISIE CWIBHUH BIUIMB HA MOBEJIHKY CHHXPOTPOHHOIO BHIPOMIHIOBaHHS €JICKTPOHIB-

BTiKa4iB (V| - HO3MOBXKHS, & v, - [OLepeyHa IBUIKICT 10 BIIHOIICHHIO IO MArHITHOIO IIOJIs B). B cTarTi TEOPETUYHO BUBYAETHCS

(dhopma IsIMHA CHHXPOTPOHHOTO BHIIPOMIHIOBAHHS €IICKTPOHIB-BTIKAaYiB, KOJIH LIEH MapaMeTp HE MaJiid, 0 BiAMOBiAE TENEPilIHIM
eKCIIepUMEeHTaM Ha TOKaMakKaX. YpaxoBaHI OCOOJHMBOCTI pPyXy PelISTHBICTCBKOTO €JIEKTPOHA B Tokamari. IIpoaHanizoBaHO BILIHB
pO3TaNTyBaHHS JETEKTOPA HA CIIOCTEPEKEHHSI CHHXPOTPOHHOTO BUITPOMIHIOBAHHS €JICKTPOHIB — BTIKa4iB. AHAJI3 IPOBEJCHO y MEXaxX
HEJiHIIiHOT MoOJeN MOBEpXHI «KOHyca IIBHIKOCTEi». B mili Moneni BHIIPOMIHIOBAaHHS YJIbTPApPENSITUBICTCHKUAX EJIEKTPOHIB

CIIPAMOBAHO Y3[0BXK BEKTODY IX MIBHMAKOCTI V, a BEKTOP MBHAKOCTI COPAMOBAHO Y3IO0BXK MOBEPXHi KOHyCa 3 BiCCIO MapanenbHii
MarHiTHOMy nosto B . Panilie BUMazok Majgoro mapamerpy v, / |VH| (v, / |VH| < 1, ninifiHa MOzenb) PO3TISIHYTO B cTarTi: OU3nKa

ia3mel, 22, 588 (1996), 1i TeopeTHUHI pe3yIbTaTH BUKOPUCTOBYIOTHCS IS aHAITI3Y eKCIIEPUMEHTAIBHIX JaHUX.
KuiouoBi cjioBa: fiarHOCTHMKAa €JEKTPOHIB-BTIKauiB, YJIBTPApPEIATHBICTCHKI €JNEKTPOHM, (OopMa IUISIMH CHHXPOTPOHHOTO
BUIIPOMIHIOBAHHSI, HENiHIMHA MO/IENIb MOBEPXHI KOHYyCa MIBUAKOCTEH, Oe3mexa poboTH ToKaMakxa.





