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The composition of the neutron stars from its surface region, outer-core, inner-core, and to its center is still being investigated. One
can only surmise on the properties of neutron stars from the spectroscopic data that may be available from time to time. A few
models have suggested that the matter at the surface region of the neutron star is composed of atomic nuclei that get crushed under
extremely large pressure and gravitational stress, and this leads to the creation of solid lattice with a sea of electrons, and perhaps
some protons, flowing through the gaps between them. Nuclei with high mass numbers, such as ferrous, gold, platinum, uranium,
may exist in the surface region or in the outer-core region. It is found that the structure of the neutron star changes very much as one
goes from the surface to the core of the neutron star. The surface region is extremely hard and very smooth. Surface irregularities are
hardly of the order of 5 mm, whereas the interior of the neutron star may be superfluid and composed of neutron-degenerate matter.
However, the neutron star is highly compact crystalline systems, and in terrestrial materials under pressure, many examples of
incommensurate phase transitions have been discovered. Consequently, the properties of incommensurate crystalline neutron star
have been studied. The composition of the neutron stars in the super dense state remains uncertain in the core of the neutron star. One
model describes the core as superfluid neutron-degenerate matter, mostly, composed of neutrons (90%) , and a small percentage of
protons and electrons (10%). More exotic forms of matter are possible, including degenerate strange matter. It could also be
incommensurate crystalline neutron matter that could be BCC or HCP. Using principles of quantum statistical mechanics, the
specific heat and entropy of the incommensurate crystalline neutron star has been calculated assuming that the temperature of the star
may vary between 10°K to 107K . Two values for the temperature T that have been arbitrarily chosen for which the calculations
have been done are 1.7x10°K and 1.7x10"K . The values of specific heat and entropy decrease as the temperature increases, and
also, their magnitudes are very small. This is in line with the second law of thermodynamics.

KEYWORDS: terrestrial materials, incommensurate phase, incommensurate crystalline neutron star, superfluid, neutron-degenerate
matter

An incommensurate quantum solid or crystalline solid is one that need not to have an integer number of atoms per
unit cell [1]. For an HCP (Hexagonal Close Packed) lattice of volume V and lattice constant “a”, the number of lattice
sites N, is written as,

Ny =V— M
a

If in the ground state the crystal is incommensurate, then its number N of atoms differs from its number of sites
N, such that N # N_. To know how incommensurate the ground state actually is for the quantum solid, it is essential to

know or measure the density and lattice constant “a” precisely and simultaneously. If the incommensurability is denoted
by £, then it is defined as,
Ng—N
e=—"— (NY>N) 2)
N ‘
The quantity & is defined as the net fractional vacancy number. If &, is the value of & at absolute zero
temperature, and 8 is the change in the incommensurability away from its ground state value (s,) , then,

E=6+0 3

Staying at 7 =0, the incommensurability is changed away from its ground state value (g,) by changing the
number of lattice sites and consequently changes in lattice constant “a”. Thus, if E| is the ground state energy, then E
may be the harmonic increase in the crystal energy, when the crystal temperature stays at 7 =0. At the ground state,
(8,),0 =0, sinces =¢,.

If however, the ground state of the crystalline state is commensurate, then there will be exactly one atom per
lattice site (N =N S) , and hence ¢ =0. In fact, the value of € depends on the magnitude of the difference between the
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number of atoms (N) and the number of sites (N, ). It is well known that in the ground state of solid JHe, the

difference in N and N_ is around 1%, whereas in the neutron stars it could be as much as 10% since in the crystalline
state of the neutron stars, there could be roughly 10% protons and electrons, and the rest 90% could be neutrons. The
structure of crystalline solids is based on a periodic repetition of a certain basic arrangement of atoms. In many solids or
materials, this basic arrangement shows vibrations, which are also periodically repeated. If the periodicities of the
repetition of the basic (structure) arrangement and that of the variation of this arrangement are commensurate, a super
structure results. However, if there do exist solids where the periodicity of the repetition of the basic arrangement and
that of its variations are not commensurate, in that case one gets an incommensurate or modulated structure [2, 3, 4a,
4b].

Neutron stars have overall densities of 3.7x10"kgm™> to 5.9x10"kgm™ which means 2.6x10" to 4.1x10"

times the density of the Sun [5]. The density of 3.7x10" kgm™ derives from mass 2.68x10*" kg /volume of star of
radius 12km and 5.9x10"kgm™ is derived from mass 4.2x10% kg /volume of star of radius 11.9km . These densities
are comparable to the approximate density of an atomic nucleus which is of the order of 3x10" kgm™ . The neutrons

star’s density varies roughly from 1x10°kgm™ in the crust, then increases with depth to about 6x10'7 or 8x10' kgm™
(denser than the atomic nucleus) deeper inside the neutron star (the core of the neutron star) [6].

In terrestrial materials under pressure, many examples of incommensurate phase transitions have been discovered
[4a]. Hence, we decided to study the properties of an incommensurate crystalline neutron star. It is still not known
exactly whether the crystalline structure is BCC or HCP, and whether it is in the crust or interior (core) or both.
However, it will be easier to study experimentally the neutron star crusts as compared to the study of the core or interior
of the neutron star.

In neutron stars, which are very high density systems, an essential new concept will be the Fermi energy E, . The

quantum mechanical way to think about it is in terms of the uncertainty principle [7], which is expressed as,
AxAp =H 4

and thus in a dense system, like the neutron star, there is a finite momentum, and hence there is the definite energy
associated with the confinement. Therefore, squeezing the neutron star increases its total energy, and hence the Fermi
energy Ep acts as the pressure — called the degeneracy pressure. Now at the densities of neutron star, i.e.,
p>6x10"gem™ or so, the electrons are highly relativistic, whereas the neutrons and protons are
(my =m, =1837m,) slightly less relativistic since these are heavy particles when compared to the electrons. At very

high densities, the neutron star has a smooth distribution of neutrons, plus a 5-10% smattering of protons and
electrons. Since the number of neutrons is comparatively very large, the neutron Fermi energy could become very high
enough such that the other particles like protons and electrons could appear as separate entities. The composition of the
super dense neutron star remains uncertain in the core of the neutron star. One model describes the core as superfluid
neutron — degenerate matter, mostly composed of neutrons, and a small percentage (10%) of protons and electrons.

More exotic forms of matter are possible, including degenerate strange matter [8a]. In the crystalline state, the neutron
star is assumed to be composed of some 90% neutrons, and 10% protons. It is also surmised that when the temperature

of the neutron star is 7 =100KeV =11.5942x10°K , the proton fraction (F,) could have different values at different

densities of the neutron star. It is proposed that F, increases as the density o of the neutron star increases [8a]. This
means that the neutron star in such a crystalline state is incommensurate, and this means that the number of sites (N, )

for the neutrons is more than the number of neutrons (N ) If the number of neutrons is 90% , then 10% of the sites will

be occupied by the protons. The incommensurability for neutrons and protons will be given by Eq.(2). Keeping this in
mind, a theory is developed for the incommensurate neutron star, and its thermodynamic properties, especially specific
heat (C,) and entropy (S) are calculated.

SIGNIFICANCE OF THE RESEARCH WORK

Although several equations of state have been proposed, the exact equation of state for neutron star is still not
known. Similarly, the exact composition of the neutron star from its surface region to the core is still not known. Some
models indicate that the matter at the surface of the neutron star is composed of ordinary atomic nuclei crushed into a
solid lattice with a sea of electrons flowing through the gaps between them, and there could also be some protons.
Nuclei with very high binding fraction such as iron could exist in the surface region. The structure of the neutron star
varies drastically and characteristically from the extremely hard and very smooth (with maximum surface irregularities
of approximately Smm) surface to the inner crystalline crust and core of the neutron star. Proceeding inwards, one can
encounter superfluid neutron-degenerate matter, mostly composed of neutrons, some protons and electrons. Although
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the inner crust and core have very high temperatures, of order of 10K to 10K ; extremely high density results in
extremely high gravitational field or stress, and extremely high pressure; and all put together can result in a crystalline
structure of the neutron star with 90% neutrons and 10% protons. It is also not known exactly whether the outer crust
and the inner crust are BCC or HCP and there are suggestions that the proton fraction could be more than 10%. Since
the neutron star assumed to be composed of 90% of neutrons, 10% protons, is very compact, has very large density, has
very large or extremely large gravitational stress and pressure; it can be safely assumed that it may be an
incommensurate crystalline structure. It was therefore decided that, the crystalline state of a neutron star with 90%
neutrons and 10% protons be studied to understand some thermodynamic properties of the neutron star, such as specific
heat and entropy. A crystalline structure of this type is called incommensurate, and in this, the number of sites and the
number of occupants of the sites are not equal, rather, the number of sites is more than the number of occupants [6, 8a,
8b, 8c, 8d].

The theory of quantum statistical mechanics; the method of calculating the activation energy of vacancy
formation in crystalline neutron star, have been used to study the problem and the principles of thermodynamics have
been used to calculate the specific heat (C,), and the entropy (S), of the incommensurate crystalline state of the neutron

star.

THE THEORY OF INCOMMENSURATE CRYSTALLINE NEUTRON STAR
A neutron star’s almost incompressible structure results in very large density, even more than nuclear density, and
this causes protons and electrons to combine into neutrons, the process that gives such stars their name. The
composition of the cores of the neutron stars is still not exactly known, but they may consist of a neutron superfluid or
some unknown state of matter, or have some crystalline structure [9, 10a, 10b].
It is possible that not all the neutrons may become part of the crystalline state of a neutron star. There may be some free
neutrons whose lifetime may be about 15 minutes, and they can decay as,

n—>pte +V, &)

where, 7= neutron, p = proton, e = electron or B-particle and V, = neutrino associated with negative electron

emission.

This shows that due to the B — decay, there will be electrons and protons in addition to the neutrons in the neutron
star. The electron number density and the proton number density are small compared to the neutron number density
[11]. The maximum number density of the protons cannot be more than 1/8 of the total number of density in the

neutron star [12]. Thus, it can be assumed that the crystalline state of a neutron star is incommensurate, i.e., the number
of sites N is not equals to the number of neutrons, and that Ng > N.

It is to be emphasized that in terrestrial materials under pressure, many examples of in-commensurate phase
transitions have been discovered [13]. Information so far indicates the existence of BCC structure in the crust of the
neutron star. It is still not exactly known whether in the interior of the neutron star, the structure is BCC or HCP.
However, it is easier to study experimentally the neutron star crust compared to the interior of the neutron star [14]. It
seems quite certain that both the crust and the interior of the neutron star are in the crystalline state such that there may
be 90% neutrons and 10% protons that may occupy the crystal sites, and hence the neutron star will be in the
incommensurate crystalline state. Hence, we consider a crystalline system composed of 90% neutrons and 10%
protons. For the lattice system for protons, only 10 out of 100 lattice sites will be occupied, the rest will be empty.
Similarly for the lattice system for neutrons, 90 out of 100 lattice sites will be occupied, the rest will be empty.
However, in the crystalline state, the difference between the neutrons and protons will be assumed to disappear, and
even if they are at the same lattice site, they can co-exist on the same lattice site without disturbing each other or the rest
of the system, or the particles on the rest of the lattice sites.

It is well known that in the crystalline state or a quantum solid, the system is intrinsically restless, and the energy it
possesses is the zero-point energy that is calculated using the Heisenberg’s Uncertainty principle [15,16]. In this
manuscript, the crystalline state is assumed to be incommensurate such that the number of neutrons N, is less than the

number of sites (N,) and also the number of protons (N ,)is less than N . Thus the ground state of the quantum state
is incommensurate such that N, <N, and N, < N . The energy of such a system is calculated in this manuscript using

the principles of quantum statistical mechanics.
Now we will write the incommensurability constant, &, for protons as,

Nv_Np
&, =——"
N

Ky

(6)

and the incommensurability constant, ¢, , for neutrons as,
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£, = )

By definition ¢, and &, #1, they are both less than 1 (¢, <1,¢, <1) . It is also assumed that there is no disorder

(in the crystalline state) and no inter site interaction in the crystalline state. This would mean that the particles and sites
can be freely permuted. The number of ways we can permute particles and sites will then be (N, + N, + N,)!. Since in

the crystalline state, the distinction between protons and neutrons is lost, permutation among them must be excluded by
dividing by (N, +N,)!.

Similarly, the permutations among identical sites must also be excluded by dividing by N, !. Thus the number of
ways in which neutrons and protons can be distributed among the sites is given by P , such that,

e (N,+N,+N,)

(NN, =) ®

Hence the statistical count, C, for the incommensurability of neutrons and protons in the crystalline neutron
matter in a neutron star is,

N, +N, +N
s (N)(N, +N,)!
Taking logarithms of both the sides, we can write,
N +N +N)!
logC = logHP: logn%
s s (NN, +N)!
= [log(N, + N, +N,)=log N, - log(N,, +N,)!] (10)
For large N , Stirling’s theorem gives,
logN!=NlogN-N (11)
Using Eq. (11) in Eq. (10) and simplifying, we get,
logC=Z[(N,+N,+N,)log(N,+N,+N,)=N logN —(N,+N,)log(N,+N,)] (12)

Now we assume that N, is uniquely determined for a given crystalline structure, and in that case, it will have only
one value. We denote this by 7, such that, 7, = N, , although we will continue with the notation N_ for the number of
sites. Hence, the summation over S in Eq. (12) will have only one value on the right hand side, and we get,

logC=(N,+N,+N)log(N,+N,+N,)-N logN —(N,+N,)log(N,+N,) (13)

Now from Eq. (6), we can write,

N, =2 (14)
1- g,
In addition, from Eq. (7), we can write,
N
N =L (15)
l-¢

Combining Egs. (14) and (15), we can write, for N_,
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(N,N,)"
[(l -g, )(1 -g, )]%

Using Egs. (14) and (15), we can write the values of (N + N, + N,)and (N, + N,)in Eq. (13), i.e.,
N, +N,+N, =N +N(1-¢,)+N(1-¢)=NGB-¢,-¢,) (17)

N, = (16)

and
N,+N,=N/(1-¢,)+N,(1-¢,) =N (2-¢,-¢,) (18)
Substituting Eqgs. (17) and (18) in Eq. (13) gives,
logC=N, {(3—6‘p —gn){logN_y +10g(3—gp -&, )} —log N, —(2—£p —gn){logNs +10g(2—5p -g, )}} (19)
Re-arranging terms in log N, and the other terms gives,

logC=N, {(3—é‘p —gn)log(3—5p —8,,)—(2—5[, —gn)xlog(Z—gp -&, )} (20)

Eq. (20) will be used to calculate the thermodynamic properties, especially specific heat C, and the entropy S of
an incommensurate neutron star. Thus we have to fix the values of the incommensurability constants ¢ ande, .

In general, a neutron star is divided into many regions. The outer crust is supposed to be solid, and has nuclei and
electrons. The inner crust is assumed to be solid-superfluid and composed of nuclei, neutrons and electrons; the outer
core is supposed to be superfluid — superconductor and composed of neutrons, protons and electrons; the constitution of
the inner core is still uncertain [17, 18, 19, 20, 21, 22, 23, 24, 25].The density of each region of the star also varies.
Depending upon the types of excitations, the specific heat expression also changes. In another calculation the specific
heat was also calculated in the different baryonic density conditions corresponding to the inner crust and in the

temperature range 100Kel (T =11.5942x10°K ) to 2MeV(T =2.3188x10"K ) . Different values for the proton
fraction against total baryonic density were obtained at 7 =100KeV" [26, 27, 28, 29]. However, we have assumed that

in the incommensurate crystalline state of the neutron star, the number of neutrons is 90% , and the number of protons
is 10%, and this will determine the values of ¢, and ¢, .

Now in the case of incommensurate quantum solid, vacancies can occur such that the number of particles that
occupy the sites is less than the number of sites. In general, vacancies occur naturally in all crystalline materials. At any
given temperature, up to the melting point of the material, there is what is called equilibrium concentration (ratio of
vacant sites to those containing atoms [15, 16], is also called vacancy concentration). At the melting point of some
metals, this ratio can be roughly 1:1000. Now the temperature dependence of the vacancy concentration, N, can be

modeled by,
Y
N,,:NS(e "TJ 21

where, O, - energy required for vacancy formation, k - Boltzmann constant, 7 - Absolute temperature, N, -

concentration of atomic sites.
Here Njis given by,

(22)

where o - density, 4 - atomic mass, and N, - Avogadro’s number.

Vacancies are formed during solidification due to vibrations of atoms, plastic deformation, BCC and HCP.
To make the calculations more explicit, we write,
N, = vacancy concentration,

N, = number of sites,
N, = number of protons

N, = number of neutrons
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Now for protons, vacancy concentration, v, is the ratio of vacant lattice sites to those containing protons [27]

ie.,

y = 23)

Similarly, the vacancy concentration, v, , for the neutrons is the ratio of vacant lattice sites to those containing

neutrons [17], i.e.,

v, = (24)

Now if @, is the energy required for proton vacancy formation, and Q, is the energy required for neutron vacancy

formation, then from Eq. (21), we can write,

v, =— : (25)
P Np
(%
v, = —Nf]; N Ne o (26)
Combining Egs. (25) and (26), we can write,
1 [Qp‘*'Q,,]
N, =(vv,)re (27)
Substituting for N_from Eq. (27) in Eq. (20), gives,
L 58]
logC = [(3—@ —8’,)10g(3—5p —5n)—(2—5p —5n)><10g(2—8p -&, )J(Van)z et (28)

Eq. (28) depends on the essential parameters of the incommensurate crystalline state of the neutron star in such a way
that the N is eliminated. Now we can write,

logC =[4 —B](van )% e( K ] (29)
where,

A:(3—€p—5n)log(3—5p—gn) (30)

B=(2-¢,-¢,)log(2-¢,-¢,) 31

The Gibb’s free energy of the incommensurate crystalline neutron star can be written as, G, i.e.,
G =—|klogCdT (32)

Substituting for log C from Eq. (29) into Eq. (32) and integrating gives, Gas,

2 7 T’ (Q,;;Z]
G=2k’[4-B](v,v,) {Q,,+Qn]e (33)
&3
G=nT?e (34)

where,

n=2k2[A—B](van)%(Q i QJ (35)
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THE ENTROPY (S)
The entropy, S, of the system is given by,
oG
S=—] = 36
& (36)
0,+0,
0,+0, ) |%%)
S=p| —L—"-2T|e 37
77( oy (37
Eq. (37) is obtained by substituting the value of G from Eq. (34) in Eq.(36).
THE SPECIFIC HEAT (Cy)
The specific heat C, is given by,
oS
C =T|—= 38
(2] o
Substituting the value of S in Eq. (38) from Eq. (37), we obtain,
2 0,+0, 0,+0, 0,+0,
+ +
Cv __ Qp Qn l e( 2kT ] —277Te{ 2kT ] +277 Qp Qn e[ 2kT ] (39)
2k T 2k

CALCULATION OF THE ACTIVATION ENERGY OF VACANCY FORMATION IN CRYSTALLINE
NEUTRON STAR

In the incommensurate crystalline neutron star, there will be activation energy(Qn) for vacancy formation for
neutrons and the activation energy(Qp) for vacancy formation for protons. From Eq. (26), the vacancy formation
activation energy, O, , for neutrons can be written as,

0, = —kTlog~= (40)
N,

s

Similarly the activation energy, Q , , for the vacancy formation for protons can be written from Eq.(25) as,

v
0,= —leogN—” (41)

Thus in the crystalline neutron star in which 90 9/ of the sites are assumed to be occupied by the neutrons, and
109 are occupied by protons, v, =1/9 and v, =9 .Now, to get the values of the entropy S and specific heat C, , we
have to calculate the values of O, and @, from Egs. (40) and (41), and to get the values of O, and Q,, we need the

value of N that is obtained from Eq.(22). To know the value of N_, we need to know the value of the density o of
the neutron star, and this is assumed to be,

p=3.7x10"kg/m’ to 5.9x10" kg /m’ (42)

Now we have to calculate the activation energy for vacancy formation by first calculating the number of sites N

given by Eq. (22). The general expression for the activation energy, O, , for vacancy formation is given by,

QO =—-kT log(]]\if” j =kT log (Nij (43)

v
4

Knowing the temperature 7' of the star, O, can be calculated by knowing N, which is the equilibrium number of
vacancies at the temperature of the star. Thus, for neutron star with 90% neutrons, the vacancies at equilibrium will be
10%, and for on-site protons, which are 1()%; , the vacancies at equilibrium will be 90% . Hence for neutrons on-site,

I= % = % , and for protons on-site, N/ = % N = % N . Now we can calculate Q" for neutrons on-site, and

Q7 for protons on-site. Using Eq. (43) we get, for 7=10°K,

Q! = kT log10 = 2.3kT =198.375¢V (44)
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Similarly, we can write for Q7 as,
o :leog%:kT[zs()—z.w]=0.11kT:24.30eV (45)

Eq. (44) gives the activation energy for the vacancy formation in the case of neutrons, and Eq. (45) gives the activation
energy for vacancy formation in the case of protons when the temperature of the neutron star is 7 ~ 10° K . However, in
literature different values for the temperature, 7', of neutron stars are given. For instance in one calculation [26], T
Variation is taken as T =100KeV =11.5942x10°K toT =2MeV =2.3188x10""K , and the specific heat was
calculated for the inner crust of the neutron star. They also calculated the variation of the proton fraction with baryonic
gas density at T =100KeV . Since there are large variations in the density, composition and temperature of the neutron
star as we go from the core to the crust, all the values of different physical parameters will be approximate or
speculative. In general thermodynamic calculations of the inner crust neglect temperature variation of the proton
fraction since the chemical potentials of neutron (,) , proton (u,) and electron (x,) depend on the temperature via an

equilibrium condition [27],
w1, (T) =, (T) = pu,(T) (46)

Thus in our calculations, we have assumed that N and N7 will remain constant even if the value of 7' changes, and
the value of 9’ and Q7 given in Eqns. (44) and (45) will be used to calculate the values of entropy S and specific heat
C, for different values of 7' that may vary between10°K to 10” K .

CALCULATION OF ENTROPY (S)

In physics, entropy is defined as a mathematical function that describes the thermodynamic macro state of a
physical system constituted from the statistical description of the system. Entropy describes the thermodynamic
evolution of the system in time, and hence entropy plays a key role in any process in Universe, and this is particularly
so in astrophysical objects in nature such as stars, neutron stars etc. Same is true of the specific heat since both specific
heat and entropy are related to each other via a fundamental thermodynamic relation

TdS = du + pdv (47)

The expression for entropy, S , is given by Eq. (37). In the expression for entropy, the values of 9 and Q7 (or O,
and QO , ) are given by the Eqns. (44) and (45). We have to calculate the value of n, which is given by Eq. (35). For

9 1
g, =—and £, =7, and v, = 9 and v, = — . The value of 7 will be written as,
10 10
1
=2k*(1.386 48
g ( )(198.375eV+24.3er (48)
Thus the expression for entropy, S, is,
1.7x10°
s 2_1'9;25 xlOlﬁerg(e r ] (49)

Now if we arbitrarily decide that the temperature 7 of the neutron star is 1.7x10°K , and this is being done for
convenience of calculation (7 can vary from 10°K to 10K ), we get,

S =2.4435x102erg/ K (50)

We can go on increasing the value of 7 as, 2x1.7x10°K, 3x1.7x10°K, and so on to 10* x1.7x10°K and we find

1.7x10°
that (e T ]keeps decreasing such that for 7 =10*x1.7x10°K its value will be roughly 1.00007757, which can be

approximated as unity. Hence, for T =1.7x10' K , the value of the entropy will be,
S =2.4435x10"erg/ K sh

CALCULATION OF SPECIFIC HEAT (Cy)
In the same manner, the specific heat ¢ can be calculated from Eq. (39). For T =1.7x 10°K ,C, is,

C, =2.875x10 erg /K (52)
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and for 7 =1.7x10" K , it will be,

C,=2.875x10"%erg /K (53)

The values of entropy (S) and specific heat (C,) obtained in Eqgs. (51) and (53) respectively, are very small for an
incommensurate crystalline structure of the neutron star.

RESULTS AND DISCUSSION
When the neutron star is formed, the proton — neutron phase is assumed to have a temperature of 7 =10" K , and
this is called hot phase. Later a stationary hot phase gets established whose temperature T =10° K. After a few hours of

the formation of the neutron star, the final cold stationary phase is established and has a temperature 7 =1x10" K. All
these temperatures have approximate magnitude [28, 29]. The change in entropy with time is a consequence of the very
process of evolution of the star, and this is due to the attempt of the gravity of the system to sustain the star in a state of
quasi — hydrostatic equilibrium. Distant observers on the Earth can only surmise or anticipate or do some approximate
calculations about the properties of the neutron star from whatever data they can collect on the Earth. No actual
experiments can be done, at least as of to — day, on the surface of the neutron star. Hence the data used and the results
obtained in the calculations will be approximate or possible results.

Now the present understanding is that a neutron star has a mass of the order of 1.4M , where M, is the mass of

the Sun. This huge mass is contained in a comparatively (when compared to the size of the Sun) smaller radius of the
order of 10km , hence the density of the neutron star is very large and very strong gravitational force exists in the
neutron star. The composition of the neutron star with 90% neutrons and 10% protons is assumed to be a crystalline
state resulting in incommensurate crystallization of the neutron star. Using these parameters, in this manuscript,
calculations have been done for the entropy and specific heat of the neutron star. The state of crystallization is
immensely rigid under very strong gravitational forces and hence the numerical values of the specific heat and entropy
obtained in this paper are very small. Hence, we can write that very small specific heat means that the neutron star in
the incommensurate crystalline state does not absorb heat or absorbs very small heat. Similarly, very small entropy
means that there will be no disorder (except the zero-point-energy disorder) in the incommensurate crystalline state of
the neutron star, and this again, could be due to very large density (more than the nuclear saturation density) and very
strong gravitational force. Calculations show that both the specific heat (C,) and entropy (S) , decrease with increase in

temperature of the neutron star.

Prevalent models suggest that the crust of the neutron star is extremely hard, but very smooth with maximum
surface irregularities of the order of Smm, and it is surmised that this is due to very large gravitational field [30]. The
crust may be composed of very heavy elements like platinum, gold, uranium, iron etc. There Q values can be

calculated by the methods outlined in this manuscript. Assuming that the neutron star is composed of these elements,
the entropy and the specific heat can also be calculated. We will have to know or assume the comparative abundance of
these elements to calculate S and C, [31].

It is not known [31] what exactly is at the centre of the neutron star. Since Pressure is greatest at the centre, it may
be composed of hyperons, kaons and pions. The outer 1 km is assumed to be solid although its temperature is of the
order of 10°K or 10’K. There exists a very strong magnetic field of the order of 10"’ gauss (the Earth’s magnetic field is
0.5 gauss). In some cases the magnetic field could be 10" and 10"°gauss. The gravity on a neutron star is roughly
2 billion times stronger than gravity on Earth. It is so strong that it can even bend radiation from the star, and this
process is called gravitational lensing. There exist staggering pressures and incompressible density, and this may lead to
a neutron superfluid, or an incommensurate crystalline state of the neutron star. It is this state that has been studied in
this manuscript [32]. In fact, the entropy of cold crystallized and incommensurate lattice has been studied, and our
calculations show that the entropy decreases with increase in temperature of neutron star, and this is in agreement with
the second law of Thermodynamics.

In neutron stars, there is decrease of entropy due to gravitational contraction, and this is at the expense of increase
in the entropy of the whole environment due to the release of very high — energy radiation (neutrinos) during the life of
the stars in the main sequence.

Cumming [33] and his collaborators calculated that the core temperature after the accretion outburst constraints
the core specific heat. It was found that the larger the specific heat, the smaller the rise in core temperature during the
outburst. Alternatively, if the core temperature is large, the specific heat will be smaller, and this is the result of the
calculations done in this manuscript. It may be a good idea to do the calculations by considering the existence of gold,
platinum, uranium and silver as part of the lattice. (As a rule the existence of these heavy elements as a part of the
incommensurate crystalline structure should lead to reduction of the specific heat Cj and entropy S).

In spite of high temperature of the core (z 10°K ) , due to large gravity stress and very high density in the core of

the neutron star, the specific heat C, and the entropy S are very small. This is due to the fact that the core is not able
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to vibrate, and this also means the absence of conventional restlessness in the crystalline state, irrespective of whether
we deal with the crystallization of the core or the crust of the neutron star. The study of incommensurate quantum

crystal by Anderson [34] for systems on the Earth, C, = AT’ + BT, whereas the temperature variation for C, for

neutron stars as obtained in this paper is (1/ T ) .

There is a marked difference between the study of thermodynamics of an incommensurate quantum crystal by
Anderson and his collaborators [34] and the study of incommensurate crystallization of neutron matter in neutron stars
in this manuscript. In the phenomenological thermodynamic description of low temperature incommensurate quantum
solid, Anderson et.al developed a theory in which the lattice constant and density can change independently. In the
temperature range considered by them (T = OK to T= 1.4K), the vacancies and interstitials are assumed to be
incorporated in a highly correlated quantum state of the system. The temperature dependence is a consequence of the
existence of only low frequency modes called phonons. Considering a given mass of helium at a fixed volume, they

used the expansion of free energy at low temperature and obtained an expression for the specific heat; C, = AT” + BT .

The problem of incommensurate crystallization of neutron matter in neutron stars is quite different. Here the system is
composed of 90% neutrons and 10% protons. The 90% neutron sites are considered as vacant sites for protons, and 10%
proton sites are treated as vacant sites for neutrons. Both neutrons and protons are fermions and there are no such thing
as low frequency modes of the type of phonons. The density of the helium system is very low, whereas a neutron star
has very large density, more than the saturation nuclear density, and hence has extremely high gravitational stress. The
core of the neutron star is said to be an isothermal system. The internal structure is extremely compact and strong that it
does not permit any disorder. Due to these factors, our calculations lead to very small specific heat and entropy. The

variation (1/ T ) means that, as T increases, there is a very small variation in specific heat and entropy in line with the

second law of thermodynamics.
The gravity stress, the very high density and the very high temperature at the core of the neutron star result in the
lowering of the specific heat and the entropy compared to the values of C, and S at the crust region of the neutron

star. Although the core of the neutron star is extremely dense such that the core is not able to vibrate, it still sustains
very high temperature, of the order of 10° —10">K . However, the exact structure, density, gravitational stress and
temperature of the core of the neutron star is open to discussion. Physicists cannot agree on what exactly happens inside
the neutron star.

Once the neutron star is cooled from a temperature of the order of IOMeV(E 10°K ) which is the temperature of
the neutron star when it is born and cooled by the emission of huge amount of energy via neutrino emission to
temperatures of the order of O.IMeV(E 10° to IOSK) or less, it becomes cold and crystalline. Due to very large

density, even more than the density of nuclei, there is a huge gravitational stress in the crust to the core of the neutron
star. The very large gravitational stress leads to the incommensurate structure of the neutron star. The crystalline
structure may be such that, it will not permit any disorder and that means accepting no heat, which means very little
entropy and specific heat. This is exactly the result of the calculations done in this manuscript.

Considering a uniform neutron matter inside the crust of the neutron star, calculations showed that the specific
heat increases [35]. Whereas for an incommensurate crystalline structure of the neutron star, calculations in this
manuscript show that the entropy S and the specific heat C, are quite small.
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HEPO3MIPHA KPUCTAJIIBALIA HEUTPOHHOI PEUOBAHU Y HEUTPOHHUX 3IPKAX
Kamnia M. Xanna, Jleig K. Kanni, I:xoexn K. Tonyi, Xe3ekis K. Uepon
Disuunuil paxyremem, Yuisepcumem Endopem
P.O. Box 1125-30100, Enoopem, Kenis
Cknan HEHTPOHHMX 3IpPOK BiJ HOro MOBEpPXHEBOI 0O0JIACTi, 30BHINIHBOTO S/Ipa, BHYTPINIHBOTO sIpa i JO HOro IEHTPY BCe IIe
JOCIIDKY€ThCsl. MOXKHA TUIBKH 3/[0TaTyBaTHCs PO BIACTHBOCTI HEHTPOHHUX 3IPOK IO CIEKTPOCKOMMYECKHM JaHUMH, SIKI MOXYTh
OyTH IOCTYIHI Yac Bix yacy. Y psii Mojelne nepeadayaeTsesl, o peuoBUHA B TOBEPXHEBIH 001aCTi HEHTPOHHOT 3ipKU CKIIAIAa€ThCS
3 aTOMHUX sJiep, SKi PyWHYIOTBCS IIPU HaJ3BHYAHO BEMKOMY TUCKY 1 IpaBiTalifHOMy Hampysi, i Ile IPU3BOAUTE J0 CTBOPCHHS
TBEP/IOi PELIITKH 3 MOPEM EJICKTPOHIB, 1, MOXKIIHBO, [IEIKOT KIIbKOCTI MPOTOHIB, 10 MPOTIKAIOTh Yepe3 MPOJIOMH B peruitui. Sapa 3
BHCOKHM MAacOBHM YHCJIOM, TaKi sIK 3aii30, 30J0TO, IUIaTHHA, ypaH, MOXYTb iCHyBaTH B 00iacTi moBepxHi abo B obumacti
30BHIIIHBOTO siApa. BeTaHOBIIEHO, IO CTPYKTYpa HEUTPOHHOI 3IpKU Jy’Ke CHIBHO 3MIHIOETBCS MPH MEPEXOAl Bi MOBEPXHi 10 Aapa
HelTpoHHOT 3ipku. [loBepxHs AyXe >KOpCTKa 1 ayke rianka. [loBepxHeBI HEPIBHOCTI UM CTAHOBJIATH OJIM3BKO 5 MM, TOZi SIK
BHYTPIIIHS YacTHHA HEHTPOHHOI 31pKM MOKe OyTH CBEpXTeKydel i CKIQJaTHCS 3 BUPOPKEHOTO HEHTPOHHOrO pedoBHHH. OmHAK
HEWTpOHHA 3ipKa € My’kKe KOMIIAaKTHI KpPHCTalidHi CHCTEMH, 1 B 3eMHHX Marepiajax, IO 3HAXOAATHCS I THCKOM TaKOX Oyio
BUSIBJICHO 0araTo MNpUKJIAAIB HEBINOBIIHMX (a30BUX mepexoiiB. B pesynbrari Oynn BHMBYEHI BJIACTMBOCTI HEBIIIOBIIHOIO
KpPHUCTATIYHOI HEHTpOHHOT 3ipku. CKilag HEHTPOHHMX 3IPOK B CBEPXIUIOTHOM CTaHi 3aJIMIIAETHCS HEBH3HAYCHUM B SIIPi HEHTPOHHOT
3ipku. OfiHa MOJIENb ONUCYE SAPO SK HAAIUIMHHY HEUTPOHHO-BUPOJUKEHY MATePil0, B OCHOBHOMY CKJIAJIA€ThCS 3 HEUTPOHIB (90%) 1
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HEBEJIMKOI Bi/ICOTKA MPOTOHIB 1 €NEKTPOHIB (10%). MoxmBi Ginbl ek30TH4HI POpMM MaTepii, BKIIOYAIOUH BUPOJUKEHY MBHY

marepito. Lle Takox Moxke OyTH HEBIMOBiHA KpUCTaliYHa HEHTpOHHA MaTepis, sika Moxke Oyt BCC abo HCP. BukopucTtoByrouu
NPUHLIMIN KBAaHTOBOI CTATUCTHYHOI MeXaHiku, OyJia po3paxoBaHa IUTOMA TEIUIOEMHICTb i €HTPOIs HEBIANOBIJHOI KPUCTAIIYHOT
HEHTPOHHOI 3ipKM BHUXOASYM 3 TIPHUITYIIEHHS, IO TEMIepaTypa 3ipKd Moke 3MiHIOBaThCS Big n0 Bynm moBinmeHO oOpaHi aBa
3navenns ansa remnepatypu T - 1.7x10°K i 1.7x10"°K nns axux Gymnu 3po6ieHi oGumcienns. 3HaueHHs TUTOMOT TEMIOEMHOCTI i
CHTPOIIi 3MEHILYIOTBCS 3 POCTOM TEMIIEPATypH, @ TAKOXK IX BEIMYUHH Tyske Maii. Ile BiANoBigae Apyromy 3aKoHy TepMOJHHAMIKH.
KJIIOYOBI CJIOBA: 3emui Marepianu, Hepo3MipHa (asa, Hepo3MipHA KPHCTATIYHA HEHTPOHHA 3ipKa, HAATEKYJiCTh, BUPOKEHA
HEHTpOHHA MaTepis.

HECOPA3MEPHASI KPUCTAJIIM3AIIAA HEUTPOHHOT'O BEIIECTBA B HEMTPOHHBIX 3BE3JIAX
Kanua M. Xaunna, [uja K. Kanau, ko031 K. Tonyn, Xezexus K. Uepon
Qusuueckuil paxynomem, Yuusepcumem Inoopem
P.O. Box 1125-30100, Drnoopem, Kenus
CocTaB HEHTPOHHBIX 3BE3 OT €ro IOBEPXHOCTHOH 0O0JIaCTH, BHEIIHETO S/pa, BHYTPEHHETO sJpa M K €ro IEHTPY BCe elle
uccienayercst. MOKHO TOJIBKO JOTaJbIBAaTHCS O CBOMCTBAX HEHTPOHHBIX 3BE3J MO CIIEKTPOCKONMYECKHM JAHHBIM, KOTOPBIE MOTYT
OBITH JTOCTYNHBI BpeMsi OT BpeMEHH. B psie Mozeneil mpexanonaraercs, 4TO BEIIECTBO B ITOBEPXHOCTHOW 00JAaCTH HEHTPOHHOI
3BE3/IbI COCTOMT M3 aTOMHBIX siJiep, KOTOPbIE Pa3pylIaloTcs IPH YPE3BEIYAHHO OOJIBIIOM JIaBICHUH U IPaBUTALIOHHOM HAIPSDKCHUH,
U OTO IPUBOAUT K CO3JAHUIO TBEPJIOH PEIIETKH C MOPEM O3JIEKTPOHOB, W, BO3MOXKHO, HEKOTOPOTO KOJMYECTBAa IPOTOHOB,
MIPOTEKAIOMNX Yepe3 Operiu B pemieTke. Sapa ¢ BHICOKMM MacCOBBIM YHCIIOM, TaKHM€ Kak *eje30, 30J0TO, IUIaTHHA, YpaH, MOTYT
CYILECTBOBATh B 00ONACTH MOBEPXHOCTU MM B OONACTH BHEIIHETO SiApa. Y CTAHOBIIEHO, YTO CTPYKTypa HEHTPOHHOH 3BE3/bl OUYEHb
CHJIIBHO MEHSETCS NPU NepexXofe OT IOBEPXHOCTH K SApPY HEHTPOHHOH 3Be3nbl. [IOBEpXHOCTH OUECHB JKECTKAas W OYEHb TIIAJKas.
TToBepxHOCTHBIE HEPOBHOCTH €/1Ba JIM COCTABILIOT MOPSIAKA 5 MM, TOT/a KaK BHYTPEHHSS 9acTh HEHTPOHHOH 3BE3IBbI MOXKET OBITh
CBEpPXTEKyUYel M COCTOATh M3 BBIPOXKJEHHOTO HEUTpOHHOrOo BemecTBa. OfHAKO HEHTPOHHAS 3Be3la IMPEACTABISCT COOOH OYEHb
KOMITAaKTHBIE KPUCTAJUTMYECKUE CUCTEMBI, 1 B 3¢MHBIX MaTepHaiax, HaXOJIIIUXCs IO/ JaBIEHHEM Takke ObIII0 0OHApYKEHO MHOTO
NPUMEPOB Hecopa3MepHBIX (a3oBBIX IepexooB. B pesymbraTe ObUIM H3Yy4eHBI CBOICTBA HECOPa3MEPHOM KPUCTAILINYECKOM
HeWTpOHHOH 3Be3bl. CocTaB HEHTPOHHBIX 3BE3]l B CBEPXIUIOTHOM COCTOSIHMH OCTAeTCsl HEOIPEACNICHHBIM B spe HEHTPOHHOM
3Be3fbl. OfiHA MOJENb OMHCBIBAET SAPO KaK CBEPXTEKYUyl0 HEHTPOHHO-BBIPOXKIECHHYIO MATEpPHUIO, B OCHOBHOM COCTOSIIYIO U3
HEHTPOHOB (90%) 1 HEOOJIBLIOTO MPOLEHTA NMPOTOHOB U JIEKTPOHOB (10%). Bosmoxkubl Gosee sk3oTvueckne (GopMbl MaTepuw,

BKJIIOYAsl BBIPOXKICHHYIO CTPAHHYIO MaTepHI0. DTO TaKKe MOXKET ObITh HECOpa3MepHas KpHCTaIIMdecKas HEHTpPOHHAs MaTepws,
kotopast MoxeT ObiTe BCC mm HCP. Mcnonbs3yst mpUHIMITEI KBAHTOBOW CTaTUCTUYECKOW MEXaHWKH, ObIIa paccuMTaHa yIeTbHas
TEMJI0EMKOCTb U SHTPONHMS HECOPa3MEPHON KPUCTAJUINYECKOW HEHTPOHHOM 3BE31bl UCXOS M3 MPEANOI0KEHUS, YTO TEMIepaTypa
3BE3/IHl MOYKET U3MeHAThCs 0T 10°K 1o 10 K. BhUTH MpOM3BONBHO BHIGPAHHI ABA 3HAYEHHS Mis TemmepaTypsl T — 1.7x10°K u

1.7x10"°K ans KOTOPBIX GBLIM CIENAHBI BEIYUCICHHS. 3HAUCHHs yIENbHOH TEIUIOEMKOCTH U DHTPOIHH YMEHBIIAIOTCS C POCTOM
TEMIIepaTyphl, a TAK)KE UX BEINYHHBI O4€Hb MaJbl. DTO COOTBETCTBYET BTOPOMY 3aKOHY TEPMOIMHAMHUKH.

KJIOUEBBIE CJIOBA: 3emHble Marepuanbl, Hecopa3MepHas (asza, Hecopa3MepHas KpUCTaJUIMYecKass HEWTpOHHas 3Be3la,
CBEPXTEKYU€ECTb, BBIPOXKACHHAS HEHTPOHHASI MaTEPHSI.





