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We calculated the mass spectra of charmonium meson by using matrix method to make the predictions of ground and radially excited
states of charmonium mesons via non-relativistic potential model. We compared our results with other theoretical approaches and
recently published experimental data. The predictions are found to be in a good accordance with the latest experimental results of
Particle data group and with the results of other theoretical approaches. Besides, we calculated the momentum width coefficients  of
charmonium meson. Since, there are no experimental data for the momentum width coefficients f of charmonium meson yet.
Consequently, our calculated coefficients § are compared with other theoretical studies and it is found to be in a good agreement with
our results. The obtained results of coefficients B have implications for decay constants, decay widths and differential cross sections
for charmonium system and generally for heavy mesons system. Our study is considered as theoretical calculation of some properties
of charmonium meson.
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Charmonium is a group of fundamental particles that are held to consist of a charmed quark-antiquark pair. The
lowest bound state of a charm and anti-charm quark is called the J/ip, whose mass is about 3.5 times greater than the
proton mass. The c¢C meson presents itself as an ideal system to test assumptions of QCD. By making precise
measurement of the masses, widths, and branching ratios of charmonium states important information about the
dynamics of quark anti-quark interaction can be extracted [1]. The charmonium systems may provide unique signs to
the non-perturbative behavior of QCD in the low-energy regime and have attracted a great deal of care from the
quarkonium physics community [2]. In 2007, the Belle Collaboration [3] reported the Y (4660) resonance, as the
heaviest state among the charmonium-like states at present for the first time. Its mass was determined to be M = (4664 +
16) MeV. In the past decade, the properties of the charmonium states were widely explored with various theoretical
methods. Reliable perturbative approaches, like lattice QCD [4], heavy quark effective field theory [5] and potential
models are trying to explain the phenomena of quark confinement and dynamics of QCD. Charmonium is produced in
various reactions, and subsequently decays into other particles. Studying its production mechanism will give a prolific
testing for the QCD. There are many potential models commonly used to study heavy quarkonium spectra [6-9]. One of
the most successful potential for such systems is the non-relativistic potential model [10-13]. We adopt the Cornell plus
hyperfine correction plus spin-dependent terms model [14] to accurately obtain the c¢ spectrum of quark interactions
for S and P states. Then, we compare our present work to other theoretical approaches [15, 16] and experimental results
[17] to stress the success of our model. On the other hand, the main motivation is to calculate the numerical values of
coefficient P that is related to the root-mean-square radius of quarkonium for different states of c¢ meson. Momentum
width parameter 3 can be used to calculate the decay widths [18], and differential cross sections [19] for quarkonium
states. The produced calculations of the momentum width parameter B are compared with published theoretical
calculations from [20, 21]. The main aim of this research is to study the spectrum of charmonium meson using the
matrix method [22]. Moreover, we compute the numerical values of coefficient p for conventional charmonium mesons
and compare the obtained results with recently published calculations. The chief advantage of our perspective method is
that all the computational process, requires a remarkably little time. Our method is overwhelmingly easy and fast, and it
gives very accurate results.

This article is organized as follows. In Section 1 we present some characteristics properties of charmonium
mesons which in turn depend on the potential model, details of the used methods in our present work are given in
Section 2. Results and discussion are given in Section 3. Finally, in the last section, we summarize our main results and
conclusions.

1. Characteristics of charmonium mesons
1.1 The constituent potential model

One of the most successful ways of describing the mesonic system is to solve the non-relativistic Schrodinger
equation for these quark-anti quark states with an appropriate potential model. In a non-relativistic constituent quark
model, the non-relativistic description with the Schrédinger equation gives acceptable results. We used the standard
color Coulomb plus linear scalar form, and also include contact hyperfine interaction then We treated the remaining
spin-dependent terms as mass shifts using leading-order perturbation theory. Thus, the potential model used here can be
written as [1]:
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and u is the reduced mass of the quark and anti-quark
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Here a; is the quark-gluon coupling, ( _?4 ) is the appropriate color factor and (b) is the parameter of the string tension,

and (r) is the distance between the quarks; m, is the mass of the charm quark, and the last term is for the spin-orbit
potential with where s is the total spin quantum number of the meson [24] and

= o _ S(s+1) 3
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The last term is for the spin-orbit potential with
(Zf) — U(]+1)-(L(L+1)-5(5+1))]' (5)
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The spin-orbit operator is diagonal in a |], L, S > basis with the matrix elements. The tensor operator T [25] has non
vanishing diagonal matrix elements only between L > 0 spin-triplet states, which are

L

_6(2L+3)J=L+1

T = +=)=L . (6)
L0 My iy
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For the charmonium mesons, the parameters a,, b, 6, and m, are taken from [26] to be 0.4942, 0.1446 GeV?, 1.1412
GeV and 1.4619 GeV, respectively.

1.2 The Radial Wave Functions of Charmonium Mesons
Charmonium mesons can be described by the wave function of the bound state of quark-antiquark. This wave
function ¥(r) = r R(r)can be found by solving the time independent Schrédinger equation for a particle of reduced
mass (4 moving in a spherically symmetric potential with a position vector r ~ and it is can be expressed as:

[— %A + V(r)] Y(#,0,9) = EY(#,6,0). ™

In spherical coordinates the Schrodinger equation takes the form

[ —Eid—zﬁiiﬁ) +V(r)]zp(f’ 0,9) = EY(7,6,¢) ®)
2urdr? 2ur? 0,9 ,0,9),

where L is orbital angular momentum and (r) is the distance between the quarks.

Dividing the last equation into two parts, the first part is the radial kinetic energy and the second term is the potential
energy.
The radial part can be written as

Then
Y(r) =rR(r) (10)

The matrix method [27] is used to solve Schrédinger to get the spectrum of charmonium, the details of this method
could be found in the following section.
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1.3 The momentum width coefficient f§
The meson wave function is characterized by a momentum width parameter B that is depending upon the angular
momentum quantum numbers and related to the root mean square radius quark-anti quark separation 1,5 of the meson
by [28].

B=\/2(n—1)+(L)+§ i . (11)
Since, the root mean square radius 7;,; depends on the wave functions i (r), which results from solving
Schrodinger equation by using our method, it is expected that, the  values will be very accurate.

2. Matrix method for solving Schrodinger equation
Matrix method is a numerical approach for solving the Schrodinger Equation where the eigenvalues of a matrix
gives the total energies of the particle (spectra) and the Eigen functions are the corresponding wave functions. Let us re
write the Schrodinger equation in Eq. (9) using natural units.
Then it will be expressed as:

1 d%y 1(1+1)
— = v + 52w = By (12)
Next, the second derivate of 1 (r)function takes the form
d2P(r) _ Pr+h)—29p(r)+P(r—h) 2
= 2 + 0(h?), (13)

here,

_ Rmax—Rmin
h = — (14)
where h is our step between two points, R,,;, and R,,,,, are minimum and maximum values for the variable (r)
respectively with a given number of steps (N) all over the range.

We can rewrite the Schrodinger equation in Eq. (12) for r; as follow:

Y(ri+h) =29 )+ (ri—h) 1(1+1) _
- WY + [V(Ti) + Zuriz]lp(ri) = Eyp(ry), (15)
where, 1; = Ryyip +ih, i =1,2, ... ... ,N—1
Let us use a compact way of writing the previous equation as:
Yy =20+ 1(1+1)
LB 1 V() + 52 v = Bwy (16)
where, Y; = Y1), Y1 = YO+ ), P = P — h)
The last equation could be written as:
CiYYivr +dip; + cipiy = EVY; (17)
Where
1 1(1+1) 1
di= [5+VeD+53], a=-5m (18)

Where d; and c; represent the diagonal and non-diagonal elements, respectively.
Eq. (17) could be transformed into a matrix form. Thus, we can rewrite it as a group of linear equations as follows:

1Y, + diy + 1Y = EY,

CY3 + dyyp, + o0 = Ey,

C3y +  dsyp; + e3P, = Ey; (19)
cNUner + dydy + onn-r = Eyy



34
EEJP. 3 (2020) Tarek A. Nahool, A.M. Yasser, et al

Then the matrix takes the diagonal form as:

d ¢, 0 0 .. 0 Wy Wy

Cq1 dz C3 0 0 1/)2 1/)2

0 C2 d3 C4 lp3 — E lp3 (20)
dyo1 Ot e [\ WNe2 Yy-_z
Cn-1 dn-1 Cn Yn-1 Yn_1

This is a tridiagonal matrix of dimension (N — 1)x (N — 1), then this matrix can be solved as an eigenvalue
problem and yields (N — 1) eigenvalues. We implemented our method to solve eigenvalue problems.

3. Results and discussion

In this article we have calculated the spectra of S and P wave states of charmonium meson by solving the
Schrédinger equation numerically using matrix method. Coulomb plus linear plus hyperfine plus spin-dependent terms
potential model are considered. By taking N = 200, R, = 20 fin , as(c) =0.4942, b = 0.1497 GeV2, 0 =
1.1412 GeV and the charm quark mass = 1.4619 GeV for S-states and for P-states, the spectra were summarized in
Tables (1, 2). We predict the masses of the twenty states of cC meson where we compared our theoretical predictions
with those from [15, 16, 17]. By comparing present work with the recently published experimental data, we found that
the maximum errors are 0.03 GeV for S-states and the maximum errors for P-states are 0.044 GeV. Similarly, we found
that the maximum errors between our work and [15] are 0.03 GeV for S-states and P-states. In the same way, we
calculate the maximum errors between our work and [16] and it was 0.02 GeV for S-states and 0.03 GeV for P-states.
Hence, it can be seen that our calculated spectra are in close accordance with the PDG results and with the results of
other theoretical studies, thus it can be concluded that this method gives satisfying results for predicting charmonium
spectra. The normalized radial wave functions for charmonium mesons are graphically represented in Figures (1) and
(2) respectively.
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Figure 1. Charmonium S-states reduced radial wave functions.
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Figure 2. Charmonium P-states reduced radial wave functions.
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In Figure (3), the present potential has been plotted for S and P states of charmonium. The predictions about the
values of momentum width (Coefficient B) for charmonium S and P States in comparison between our results and those
obtained in previous calculations [20, 21] are reported in Tables (3, 4) respectively.
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Figure 3. The present potential of charmonium meson for S and P States.
(a) - The present potential of charmonium meson for S States, (b) — The present potential of charmonium meson for P States
Table 1.
Mass spectrum for cc meson of S- states (in GeV) using matrix method.
State Matri
atrix
method [15] [16] PDG [17]
n L S J JPe Meson
1'So 0 0 0 0 n:(1s) 3.017 2.9816 3.004 2.9810+0.0011
13S, 0 1 1 1~ Iy 3.113 3.0900 3.086 3.096916 + 0.000011
218, 0 0 0 0 n:(2s) 3.637 3.6303 3.645 3.6389 +£0.0013
23S, 0 1 1 1~ y(2S) 3.678 3.6718 3.708 3.6861+ 0.000012
3'So 0 0 0 0~ 1:(3s) 4.047 4.0432 4.124
33S, 0 1 1 1~ v (4040) 4.076 4.0716 4.147 4.040 £ 10
4'S, 0 0 0 0~ Nc:(4s) 4.388 4.3837 4.534
43S, 0 1 1 17" v (4415) 4411 4.4061 4.579 4415+6
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Mass spectrum of radially excited states (P-States) of cC meson (in GeV) using matrix method. fable 2
State Matrix method | [15] [16] PDG [17]
n L S J JPe Meson
1'Py 1 0 1 1 £, (1P) 3.545 3.5156 | 3.496 | 3.52541+0.00016
1°P, 1 1 1 | X1 (1P) 3.524 3.5054 | 3.492 | 3.51066 + 0.00007
1°P, |1 1 2 AN Xe2(1P) 3.543 3.5490 | 3.511 3.556 +0.009
2Py | 1 0 1 | Z,(3900) 3.958 3.9336 | 3.991
2P |1 1 1 I xc1(3872) 3.94 3.9249 | 3.984
2P, |1 1 2 AN Xc2(3990) 3.959 3.9648 | 4.007 3.927 £0.026
3Py | 1 0 1 ) X(4020) 4.303 42793 | 4410
3P |1 1 1 | Xc1(4140) 4.285 42707 | 4.401
3P, |1 1 2 AR Xc2(3P) 4.306 43093 | 4.427 4.350 +0.007
4'p, 1 0 1 | Z,(4430) 4.61 45851 | 4.784
4P |1 1 1 | Xc1(4274) 4.592 45762 | 4.771
4P, |1 1 2 AN Xc2(4P) 4.613 4.6141 | 4.802
Table 3.
Momentum width (Coefficient ) of ground states of charmonium mesons using matrix method.
State Our work [20] [21]
n L S J Jee Meson
1'Sy 0 0 0 (I nc(1s) 0.633 0.615 0.6642
1°S, 0 1 1 1 Iy 0.562 0.596 0.5666
2'Sy 0 0 0 0 N:(2s) 0.436 0.435 0.4456
23S, 0 1 1 1 y(2S) 0.421 0.431 0.4249
3'Sy 0 0 0 0 1:(3s) 0.38 0.38 0.3858
33S, 0 1 1 1 v (4040) 0.373 0.378 0.3763
4'S 0 0 0 ([ N (4s) 0.351 0.351 0.3555
48, 0 1 1 1 v (4415) 0.347 0.35 0.3499
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Table 4.
Momentum width (Coefficient ) of radially excited states of charmonium mesons using matrix method.
State
Our work [20] [21]
n L S I e Meson
1'P, 1 0 1 1 £, (1P) 0.437 0.458 0.3487
1°P, 1 1 1 1 X1 (1P) 0.455 0.471 0.3487
1°P, 1 1 2 2" Xe2(1P) 0.432 0.439 0.3487
21P; 1 0 1 1"~ Z,(3900) 0.379 0.389
23p, 1 1 1 1 Xc1(3872) 0.387 0.394
23P, 1 1 2 AN Xc2(3990) 0.376 0.38
3'Py 1 0 1 1~ X(4020) 0.35 0.356
3’P, 1 1 1 1 Xc1(4140) 0.356 0.359
3°P, 1 1 2 2 Xc2(3P) 0.348 0.351
4'p, 1 0 1 1 Z.(4430) 0.331
43P, 1 1 1 1+ Xc1(4274) 0.336
43P2 1 l 2 2+ + XCZ (4?) 033

4. Conclusion

The non-relativistic quark model is one of the most powerful frameworks to investigate the heavy meson spectra.
The mass spectra of ¢ mesons were calculated in that framework based on the matrix method. Predictions from our
method are found to be in good agreement with the PDG results and available theoretical results. Our results in
comparison with the experimental data and other theoretical approaches results are reported in Tables (1, 2). It can be
noticed that our calculated mass spectra are in close resemblance with the latest PDG results and also with the results of
other theoretical studies, thus it can be concluded that this method gives satisfying results for S and P wave
spectroscopy. On the other hand, we used the matrix method to obtain the radial wave functions of charmonium meson
to calculate the coefficient B. Then, we compare our results with available published results which obtained from other
studies and it was nearly commensurate. Our calculated coefficient f in comparison with other theoretical studies are
reported in Tables (3, 4). As a remarkable result, we can point out that it is recommended to use the obtained values of
coefficient B to calculate the decay widths and differential cross sections for charmonium system. Overall, the obtained
results from the present study are reasonable when compared with the latest experimental results and available
theoretical results which obtained from other approaches for the mass spectra of c¢ meson.
Finally, we may notice that the calculated values of coefficient B are the newer outputs where we did not find
experimental data for comparison. So, we are looking forward to taking these data in consideration by other
experimental and theoretical researchers.
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BJACTHUBOCTI YAPMOHIIO
Tapek A. Harya?, A.M. Slcep®, Moxamman Ausap?, Famannb A. SIxbs?
“Jlenapmamenm ¢pizuxu, Hayxosuii ¢haxynemem, Acyancokuil ynisepcumem, €zcunem
bTenapmamenm ¢hisuxu, Hayxkosuti paxyromem Kenu, Ynisepcumem ITieoennoi donunu, €Caunem

Mu po3spaxyBain Mac-CHEKTPH ME30Ha YapMOHIIO 32 JJOIOMOIOI0 MaTPUYHOTO METOAY, 100 3poOuTH mependadeHHs OCHOBHOTO i
pazianbHO 30YIKEHOTO CTaHIB ME30HIB YapMOHIIO 32 JONOMOTOI0 HEPEIATHUBICTCHKOI MOTEHIitHOT Moaeni. Mu MOpIBHSIM HarIi
pe3yAbTaTH 3 IHIIUMH TCOPETHYHHMH IIIXOJaMH 1 HEIaBHO OMyOJIKOBAaHMMH CKCIIEPUMECHTAIBPHHMHU NaHUMH. BuUsBIEHO, 10
nepe10aueHHS 3HAXOAATHCSI B XOPOIIOMY BiJIIOBITHO 0 OCTAQHHIX €KCIIEPUMEHTAIBHUMH pe3yJIbTaTaMH IPYITH JaHUX YaCTHHOK i 3
pe3yJIbTaTaMy HIUX TeOpeTHYHMX HigxofiB. Kpim Toro, Oynm po3paxoBaHi Koe(illieHTH NIMPUHM IMITYJIECY 3 ME30HA YapMOHIIO.
OCKiJIbKM E€KCHEePUMEHTAJIbHUX IaHUX Ul KOe(illi€HTIB NIMPUHM IMIOyJNbCy [} Me30Ha YapMOHIIO IIOKM HEMae, TOMY Hami
po3paxoBaHi KOeQilieHTH [3 MOPIBHIOIOTHCS 3 IHIIUMH TEOPETHUYHUMH JTOCIIKCHHSIMH, 1 TOKa3aHO, 1110 BOHH JA00pE y3TOKYIOThCS 3
HamuMH pe3yibrataMu. OTpuMaHi pe3ynbTaTé 3a KoedilieHTaMu B MaloTh 3HAYSHHS IJIsi KOHCTaHT PO3Maiy, LIMPUH po3many i
nudepeHIiaIbHIX Tepepi3iB IUIsl CHCTEMH YapMOHIIO 1 B IIJIOMY AJIs CHCTEMH BaKKHX Me30HIB. Hale 1ociiiKeHHs po3risaacTbest
SIK TEOPETUYHUH PO3PaxyHOK AESKUX BIACTHBOCTEIl ME30HA YaPMOHIIO.

KJIFOYOBI CJIOBA: BaxkKi ME30HH, MATPUIHUI METO/I, YapMOHiH, IIUPHUHA IMITYJIbCY

CBOICTBA YAPMOHUS
Tapek A. Harya?, A.M. Slcep®, Myxamman Ausap?, Famaiub A. SIxbs?
“Jlenapmamenm Qusuxu Hayunwiii paxynomem, Acyanckuil ynusepcumem, Ecunem
b lenapmamenm ¢pusuxu, Hayunwiii paxyromem Kenu, Yuusepcumem IOoucnoii Oonunvl, E2unem

MpI paccuuTany Macc-CIeKTPhl ME€30HA YapMOHHUS C ITOMOIIBI0 MaTPHYHOTO METOZA, YTOOBI CAENaTh MpeJICKa3aHus OCHOBHOTO U
paguanbHO BO30YKICHHOTO COCTOSTHUI ME30HOB YapMOHUSI C TIOMOIIBIO HEPEIATHBUCTCKOMN MOTEHIIMAILHON Moaenu. MBI cpaBHHIN
Hallli Pe3yJbTaThl C APYTUMU TEOPETHYECKMMH ITOJXOAaMH U HENAaBHO OIyOJIMKOBAaHHBIMH OSKCIIEPUMEHTAILHBIMHU JaHHBIMU.
OO0HapyXeHO, 4TO NpeACcKa3aHusl HaXOAATCS B XOPOILIEM COOTBETCTBUY C ITOCIIEAHIMH SKCIICPIMEHTAILHBIMY Pe3yIbTaTaMU TPYIIIBI
JaHHBIX YacTUIl M C pe3yJIbTaTaMH JAPYTHX TEOPETHYECKUX MOoAxoaoB. Kpome Toro, ObUIM paccUuTaHbl KOI(MPUIMEHTHI IIMPUHBI
umIyibca B Me30Ha 4apMOHHs. ITOCKONIBKY SKCIIEPUMEHTAIBHBIX AAHHBIX JUIT KO3((GHLIUEHTOB IIMPUHBI MMITylbca [} Me30Ha
YapMOHUS I1I0Ka HET, O3TOMY HAlllM pacCUMTaHHbIC KOA()(HIMEHTBI B CPABHUBAIOTCS € APYTUMH TEOPETUUECKUMH HCCIICA0BAHUSIMH,
U NOKa3aHO, YTO OHM XOPOIIO COIVIACYIOTCSA C HALIMMHU pe3yibTaTamu. IlodyuyeHHbIE pe3ynbTaThl M0 KO3(QUIHMEHTaM 3 MMEIoT
3HaUEHHUE I KOHCTAHT paclaja, MIMPUH pacnana u JuddepeHuanbHbIX CeIeHNH U CUCTEMbl YapMOHUS U B LIEJIOM JUISL CHCTEMBI
TSDKENBIX Me30HOB. Hame nccnenoBanne paccMaTpuBaeTcsi Kak TEOPETHIESCKHH pacdeT HEKOTOPBIX CBOMCTB ME30HA YAPMOHUSL.
KJ/IFOYEBBIE CJIOBA: Tsxeinble ME30HbBI, MATPUYHBIN METO, YAPMOHUM, IIUPUHA UMITYJIbCA





