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A method for calculation of the critical temperature of transition of a many-particle Fermi system into a superfluid or a
superconducting state at an arbitrary pair potential of the interparticle interaction is proposed. An original homogeneous integral
equation, that determines the critical temperature, is transformed into a homogeneous integral equation with a symmetric kernel that
enables application of a general theory of integral equations for calculation. Examples are given of calculation of the superconducting
transition critical temperature for the BCS potential with the Coulomb repulsion and the critical temperature of the superfluid
transition of liquid helium-3 into p -wave pairing state for the Morse potential.
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KPUTHYHA TEMIIEPATYPA INEPEXOQY ®EPMI-CUCTEMHU
B HAJIUIMHHUAMA CTAH IIPHA JOBLIbHOMYIIAPHOMY IOTEHIIIAJII
FO.M. IToayekroB, O.0. Copoka
Hayionanvnuii naykosuti yenmp “Xaprigcokuii ¢izuxo-mexuiunuil incmumym”
61108, syn. Akademiuna, 1, Xapxie, Yrpaina

3anporoHOBAaHO METOJ| PO3PaXyHKY KPUTHYHOI TeMIlepaTypu Iepexoly OaraTodacTHHKOBOI (epMi-cHCTeMH B HaJIUIMHHUI abo
HaJNPOBITHUI CTaH MPH JOBUIFHOMY ITAPHOMY MOTEHIiali MiXXYaCTHHKOBOI B3aeMoil. BuxigHe ogHopinHe iHTerpanbHe PiBHIHHS,
110 BU3HAYa€ KPUTHYHY TEMIIEPaTypy, IEPETBOPIOETHCS B OJHOPIAHE iHTErpaibHe PIBHAHHA 3 CUMETPHYHHUM SAPOM, IO JI03BOJIIE
3aCTOCYBATH JUISl PO3PAxXyHKY 3arajbHy TEOpil0 iHTerpanbHuX piBHAHb. HaBeleHi NpuUKiIaau po3paxyHKY KPHTHYHOI TeMIepaTypu
HaAmpoBigHOro mepexony ais moreHmiary BKIII 3 KynoHIBCBKMM BiAIITOBXYBAaHHAM Ta TEMIIEpaTypd IEpexXody Temis-3 B
HaJIUTMHHKI CTaH 3 p - CHAapIOBaHHAM JUIsl OTeHuiaty Mop3e.

KJIOUYOBI CJIOBA:kpuTH4Ha Temiiepatypa, HaAlpOBiAHICTh, HAAIUIMHHICTh, MApHHUN I[OTEHIial, OTHOPIAHE iHTEerpajbHe
PIBHSHHS, XapaKTEPUCTUYHE YHUCIIO

KPUTHYECKAS TEMIIEPATYPA NIEPEXOJA ®EPMU-CUCTEMbI
B CBEPXTEKYYEE COCTOSIHUE ITPU NPOU3BOJIbHOM IMAPHOM INOTEHLHHUAJIE
10.M. [ToayakTOB, A.A. Copoka
Hayuonanvnouii nayunwlii yenmp “Xapoko6ckuii (puzuxo-mexnuyeckuii uncmumym”’
61108, Axaoemuueckas, I, Xapvkos, Yxpauna

IpemnokeH MeETOJ pacdyeTa KPUTHYSCKOW TeMIlepaTyphl MepexoJa MHOrOYacTHYHOW (epMU-CUCTEMbI B CBEpXTEKydee WIIU
CBEPXIIPOBOASIIEE COCTOSIHUE HPH MPOU3BOJILHOM MAPHOM MOTEHIHANIE MEKYACTHYHOTO B3auMoeiicTBus. VICX0QHOE OAHOPOIHOE
HHTETpalbHOE ypaBHEHHE, ONMPEACISIONee KPUTHUECKYIO TEMIIepaTypy, Mpeodpa3yercst B OMHOPOJHOE HHTEIPaIbHOE YPaBHEHHUE C
CHMMETPUYHBIM SIIPOM, YTO TTO3BOJISIET IPUMEHHTH TS pacieTa OOIYI0 TEOPHIO HHTETPAIbHBIX ypaBHEeHHA. [IprBeIeHbI IPUMEPhI
pacueTra KpHTHUYECKOH TeMIIepaTyphl CBEPXIpOBOAAIIEro mepexona s morteHnuana BKII ¢ KylTOHOBCKMM OTTalKHBAaHHEM H
TeMIepaTypbl Iiepexo/ia reunsi-3 B CBepXTeKydee COCTOSHHE C P -CIIapuBaHUEM JUIs IToTeHIraxa Mop3e.

KJIFOYEBBIE CJIOBA: kputndeckass TEMIIEpaTypa, CBEPXIPOBOIUMOCTb, CBEPXTEKydYeCTh, MApHBII MOTEHLHAN, OJHOPOIHOE
HHTETpaIbHOE yPaBHEHHUE, XaPAKTEPUCTHIECKOE YHCIIO

Calculation of the critical temperature of a superfluid or superconducting transition in a Fermi system is a central
issue in the theory of superfluid Fermi systems. The importance of this problem has especially risen after the discovery
of high-temperature superconductivity [1,2]. In calculation of the critical temperature in the theory of conventional
superconductivity [3-5], it is assumed that the interaction between the electrons exists only in a narrow energy range of
the order of the Debye energy near the Fermi surface. This allows one to approximate the interelectron interaction
potential by a constant. But such approximation becomes fairly rough to account for the influence of the Coulomb
interaction[5-7], because in this case the region of interaction is not confined by a narrow energy range. The validity of
approximations, employed in calculation of the critical temperature in conventional superconductors, is broken in many
cases in high-temperature superconductors. Of special interest is calculation of the transition critical temperature in
superconductors with overlapping conduction bands [6-8], because such a model can be used for a theoretical
description of superconductivity both in the transition metals and high-temperature superconductors. A detailed analysis
of calculations of the superconducting transition critical temperature in different systems is given in the book [9]. It is
noted therein that the solving of an integral equation determining the critical temperature for in the least bit complex
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interaction “constitutes a well-known problem”.

Taking into account of interparticle interaction only in a narrow range near the Fermi energy in calculation of the
temperature of transition of *He into the superfluid phase [10] is also, generally speaking, inconsistent. In particular,
apparently this is responsible for a difference of some orders of magnitude in theoretical estimations of the *He critical
temperature in papers of different authors [11,12]. Besides that, the reason of such large discrepancies is connected with
sensitivity of the calculated temperature to a choice of parameters of the interparticle interaction potential.

The aim of this paper is to develop a consistent method for calculation of the critical temperature of transition of a
many-particle Fermi system into a superfluid or a superconducting state at an arbitrary pair potential of the interparticle
interaction. The essence of the proposed method consists in transition to a study of a homogeneous integral equation
with a symmetric kernel that enables application of the known results of the theory of integral equations. In principle,
the proposed method enables to calculate numerically the critical temperature for an arbitrary interparticle interaction
potential with a prescribed accuracy. As examples of use of the proposed method, the critical temperature in the BCS
model with a finite ratio of the Debye energy to the Fermi energy is calculated and the influence of the Coulomb
repulsion is taken into account. It is shown that the formula for the critical temperature [5,13] in the presence of the
Coulomb interaction, obtained earlier by means of an approximate consideration, is exact within the framework of the
selected model. The critical temperature of the superfluid transition of liquid *He into p -wave pairing state for the

Morse potential is calculated and its strong dependence on the value of one of parameters of this potential is shown. At
reasonable choice of parameters of the potential, the calculated critical temperature is close to the experimentally
observable one.

TRANSFORMATION OF THE EQUATION FOR THE CRITICAL TEMPERATURE
TO A HOMOGENEOUS INTEGRAL EQUATION WITH A SYMMETRIC KERNEL

The critical temperature 7. of transition into a superfluid or a superconducting state of a Fermi system is found

from the linearized equation for the order parameter A, [13]:

1 A, . &
A =——>SU, , —X th=2% 1
: V; Ko, 2T M

where Kk is the wave vector, & =h’k?/2m, —u, uis the chemical potential, m, is the effective mass. Fourier
component of the interaction potential has the form

U, = [drU(r)e™, )
where U (r) is a potential energy of the interparticle interaction. We will consider an isotropic system, and expand the
order parameter and the Fourier component of the potential in spherical functions

A =VAZY Y A, (K)Y, (), ®

1=0 m=-1
e /
U =47Y. Y U, (kK'Y (Q) Y, (2Y). 4)
1=0 m=-1

Supposing that the potential depends only on a distance U (r) =U (r) , we find for a component of the potential

U, (kK'Y = 4z [ drr°U (r), (k) (K7) s)

Ji(x)= /21 J , (x) are Bessel spherical functions. In the case of the singlet pairing, when A, = A_, , in the expansion
X l+E

(3) only components with even / remain, and for the triplet pairing, when A, =—A_, , only components with odd / .In
an anisotropic medium, for example in a crystal, the expansion of the order parameter and the potential should be made
in basis functions of the irreducible representations of a symmetry group of a crystal[14].

Equation (1) decomposes into equations for the separate components of expansions (3), (4) with different/ for the
order parameter and the potential, which after the transition in (1) from summation to integration acquire the form

A1<k>=—ﬁ [U, (b k) F (KT o, (R) R ©

]
where A, (k) = z a,, A, (k), a, are arbitrary coefficients, because the transition temperature does not depend on the

m=-1

index m . In (6) the designation is introduced

F(k)zF(k;Tc)zgltthk. ™
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Thus, calculation of the critical temperature comes to finding values of the parameter 7., at which the homogeneous
integral equation

A(k)= TR(k,k’)A(k')dk’ ®)

has different from zero solutions. The kernel of this integral equation

R(kK") =—ﬁU(k,k’)F(k';Tc)k'2, ©)

is, obviously, unsymmetrical R, (k,k') #R (k',k). The index [ of the order parameter and the potential here and in

what follows is omitted.
For subsequent analysis it is convenient to go over to an integral equation with a symmetric kernel, that will allow

us to use general results of the theory of integral equations. For this purpose we multiply equation (6) by k,/F (k) and
define the function ® (k)= k,/F (k)A(k) . As aresult we come to the homogeneous integral equation

® (k)= [ K (k, k3T, )@ (k') k', (10)
0
with the symmetric real kernel
kk'
(27)

K(k,k';T,)=K(k,k')=K(k',k)=— U(k,k")JF(k)F(k"). 1t

2
As opposed to the Fredholm homogeneous integral equation of the second kind [15]
b
o (x)=2[K (x.t)p(t)dt, (12)

in equation (10) a parameter, which role is played by the critical temperature here, enters not as a factor before the
integral, but is incorporated in a complicated manner into the kernel of the integral equation K (k,k'; T C) .

Note that the order parameter A(k) is, generally speaking, complex, so that it and the above defined function can
be presented in the form A(k)=A'(k)+iA"(k) and ®(k)=d'(k)+i®"(k). Because of the kernel (11) being real,
identical integral equations come out for the real and the imaginary parts of the function (D(k) .Therefore, in what

follows we consider this function real.
Despite the fact that equation (10) is not of the Fredholm form, finding of the critical temperature can be reduced
to finding of characteristic numbers A of the equation of type (12). To this end, let’s consider the auxiliary equation

B (k) = A(T) [ K (k. K5T) (K )k (13)

The kernel of this equation depends on the parameter 7', which in our case has the meaning of temperature.
Characteristic numbers of equation (13) 4 (T) (several numbers can exist) are functions of temperature. Equation (13)

coincide with equation (10) in the case when at some temperature one of characteristic numbers appears to be equal to unity, so
that the critical temperature has to satisfy the condition

A(T.)=1. (14)

From here on assuming eigenfunctions to be normed by the condition _[(Dz (k)dk =1, we get
0

A(T) = T(D(k)K(k,k';T)d)(k’)dkdk}l . (15)

Transition to a superfluid state is possible only for such potentials at which equation (13) has positive characteristic
numbers. From equation (15) and the form of function (7), it follows that characteristic numbers are large at high
temperatures and fall off with decreasing temperature. A phase transition takes place when condition (14) becomes
satisfied for one of numbers. If for a given potential condition (14) is not satisfied at any temperature, then a phase transition is
not possible. Dependence of the characteristic number on temperature for the potential of the BCS type (20) is shown in
figure 1. Qualitatively, dependence of absolute values of characteristic numbers on temperature has a similar form as well
for arbitrary potentials.
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Fig. 1. Dependence of the characteristic number on temperature in the BCS model
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CRITICAL TEMPERATURE FOR SEPARABLE POTENTIALS
Characteristic numbers of the integral equation (13) can easily be found if, for instance, its kernel can be
represented as a product of the two same factors

K(k,k")=vK(k)K(K'), (16)
wherev = +1. Such a representation takes place for potentials of the special formU (k,k') =vU (k)U (k') , called

separable potentials. In this case

K'(k):%U(k) F (k) (17)

and the integral equation has the single characteristic number
-1

A(1)=v|[K* (k)dk} . (18)

This number is positive if v =+1. In the opposite case the characteristic number is negative and a phase transition is
absent. Condition (14) leads to the equation determining the critical temperature for the case of the separable potentials

1
(27)
Note that the separable model potentials are widely used, for instance, in the theory of the nucleus [16].
The matrix element of the interaction potential in the BCS model can be represented as

(U2 (0)F (ks ) ok =1 (19)

U (k') = ~Uyyr (K)yr (). (20)
wherey (k) =0(k—k, —Ak)—0(k—k, +Ak), and k, = (37[211)1/3 is the Fermi wave number, 7 is the electron density,
6’(k) is the unit step function, U, >0. The width of the shell nearby the Fermi surface, in which fermions interact,is
determined by the Debye frequency @), , so that Ak =m, @, /hk, . As seen, the BCS potential is separable, withv =1and
U(k)=\U,w(k), and therefore the integral equation (13) has the single characteristic number. In this case
equation (19) can be represented in a standard for the BCS theory [3-5] form

U kp+Ak kz 5
—=o_ j —th[—kjdk:L 1)
(271') K~k Sk 2T,

In calculation of the transition temperature into a superconducting state one needs, generally, account for the two energy
parameters characterizing a system, namely the Debye energy e, = /%@, and the Fermi energy &, =h’k./2m,.
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In conventional superconductors the Fermi energy is by two orders higher than the Debye energy, so that . > &, . In

some cases, for instance in high-temperature superconductors [1,2], this strong inequality can be violated. In this
connection, let’s make calculation of the critical temperature, not assuming the ratio I' =¢, /¢, to be small, so that

equation (21) can be written in the form

&p/Te
U,N T
2 —ep/Te EF 2 y

N, =m.k, [2z*h* is the density of states at the Fermi surface. Usually, assuming that " < 1, the square root in formula
(22) is assumed to be unity. In addition, in further calculation in the BCS theory it is assumed that &, > T...

This condition is also violated in the HTSC. A standard BCS formula for the superconducting transition temperature,
calculated under the condition &,, > T, has the form [13]

2y 11
T.=—"¢,exp| ——— 23
cT % p|: U,N, J (23)
where y = e, C ~0.577 is the Euler’s constant. In general case, the critical temperature is determined by zero of the function
&p/T \
¥ [T FgJ_l—— [l Try-th(ld—y, (24)
¢p 2 0 €p 2)y

depending on the three dimensionless parameters7/e,, T'=¢,/¢, andg=U,N,. Dependence of the critical
temperature on the parameter” at a fixed value of gis shown in figure 2. At maximum possible valueI =1, the
critical temperature decreases by nearly 10%.
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Fig. 2.Dependence of the critical temperature on the ratio ofthe Debye energy to the Fermi energy

t.=T./e,=7.(T),g=03

CRITICAL TEMPERATURE IN THE CASE OF THE DEGENERATE KERNEL
If the potential can be represented in the form

U(k,k') Zv U, ( (25)
where v, =+1orv, =—1and N is a finite number, then the kernel in the integral equation (13):
K(k k) =3 vk, (KK, (k). 26)
i1
and besides

K, (k)=U, (k)zi,/F(k) : @7)

T

For such kernel (26), which is called degenerate, finding of the characteristic numbers A or the corresponding
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eigenvalues o =1/ is reduced to finding of roots of the algebraic equation [17]

vK,-o v,K, VK
A(o-) _ v, K, wK,,—-o ... Vv,K,, —o. 28)
v, Ky, v,Ky, ... "WwKyy—-0o
where
K, =K, ELIU[(k)Uj(k)F(k)kzdk. (29)

T ()
It is obviously that K, > 0. As noted above, a phase transition occurs when, at decreasing temperature, one of the roots

becomes unity in the transition point. If for a given potential that does not take place, then no phase transition exists.
Let’s consider in more detail the simpler case N =2, when the potential is represented in the form

U (k.K) =—wU, (K)U, (K') = w,U, (K)U, (K). (30)

Then, according to (28), the characteristic numbers are determined from the quadric equation

o’ _O—(VIKII +V2K22 ) Wy, (K11K22 _Klzz)

0, €2))

having the solutions

O

+

1
- E[(VlK“ +1,K,,) iD] , (32)

where D = \/(VIK“ -v,K,, )2 +4v,v,K, . For solutions (32),there are obvious relations

o,-o_=D>0, o, +to_=vK, +v,K,,

2 2 _ 2 (33)
o,-0_= (V1K11 +v,Ky )D’ 0.0_=WV, (KuKzz - Klz)’

so that o, > o . Hence, if VK, +Vv,K,, <0 andv,v, (K“K22 —Klzz) >0, then both eigenvalues are negative and a phase

transition into a superfluid state is not possible. Whereas ifv, K|, +v,K,, >0, then for v, (K“K22 —Klzz) <0 one

eigenvalue is positive o, >0 and another is negative o <0, and forv,v, (K”K22 —Klzz) > 0both eigenvalues are

positive. In both latter cases the critical temperature is determined by the condition A, (7,.) = 1/ o, (T.)=1, so that the

equation for 7. is the following

WK, (T.)+v, K, (TC)+\/[V1K” (To) v, K, (T.)] +4vy, K3 (T.) =2. (34)
This equation can be written as well in the form
|:V1K11 (TC)+V2K22 (TC ):| WY, [Ku (TC)KZZ (Tc)_K122 (TC )] =1. (35)

As a concrete example, let’s consider calculation of the critical temperature when, besides the attraction described by
the BCS model, there is also repulsion in a certain shell around the Fermi surface. Then v, =1, v, =-land

U (K)=JUyw,(k),  U,(k)=Uc.w,(k), and  besides v, (k)=0(k—k.—Nk)-0(k—k.+Ak),
v, (k)=0(k—k, —Ak,)—O(k—k, +Ak,), Ak =m,@, [k, , Ak, =m,o.[lk, . Herew, ~ &, [h, so that Ak, > Ak, .

This model approximately describes the influence of the Coulomb repulsion on the superconducting transition
temperature. From equation (35) it follows

K122 (TC )

Kn(Tc)=1+ma (36)

where in the present case
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U UN, “f [T 3\ dy
K, (T)= U_ZKIZ(TC):# .[ 1+i)"th£—j7,

—ep/Te (37)

e [Te
U.N T.
K, (T.) ==+ J’ /1+—‘y-th(1jﬂ.
2 ~&r [T SF 2 y

As shown above, even for maximum T =¢, /¢, =1at replacement of the root under integrals (37) by unity the
difference from the exact result is no more than 10%. From this approximation it follows

&
K = 2,0, Ky =gc (®+IHS_FJ> K, =88 O, (38)
D
where g, =UN,, g.=U.N,, ©= ln% . Then from (36) the equation for the critical temperature follows
C
&c
O|lgy———F—— =1, 39
[go 1+gcln(gF/,9D)} (39)

which coincides exactly with the one obtained in the model under discussion earlier [5,13]. Note, that in [13] it is
stressed that the integral equation determining the critical temperature is very difficult to solve even for a simple interaction,
and therefore the consideration carried out in [13] proves to be “quite approximate”. However, as shown above, formula
(39) is exact for the selected model interaction.

CRITICAL TEMPERATURE FOR PAIR POTENTIALS OF GENERAL FORM
If we have such a potential that the kernel of integral equation (13) cannot be represented in the form of (16) or
(26), then there exists an infinite number of characteristic numbers. In this case we have to employ approximate
methods for finding characteristic numbers of the symmetric kernels [17-19]. Reasonably efficient is the Ritz method,
and we will employ it for finding eigenvalues (characteristic numbers) of the non-degenerate kernels. Since in the
problem under study eigenfunctions are defined on the half-axis 0 < k < oo, it is convenient to expand them in the functions

I (k/k.)=exp(—k/2k, )L, (k/k,) which are expressed through the Laguerre polynomials L, (k/k; ) [20]:

0

(k)= B, (k/k;.). (40)

n=0

Since the orthogonality relation holds for the introduced functions, |7, (k)Z,(k)dk =3, , then the coefficients of the

nm

S ey 8

expansion(40) are defined by formula
B, =kljcb(k)zn (k/k,.)dk . (41)
F 0

From the normalization condition it follows Z Bj =1. Expansion (40) holds for functions satisfying the requirement of
n=0

square integrability [20]:

j @2 (k)e ™ dk <o . (42)
0
Then, the integral equation (13) is reduced to the system of an infinite number of homogeneous linear equations
z[agmn _Kmn]Bn :O’ (43)
n=0
where
1 0 00 7(k+k') k k;
K, =K, =——[[U(kK)e " L, [—] L {—J F(k)F (k') kk'dkdk' . (44)
(27T ) 00 ki ky

The eigenvalues are determined by the condition of the determinant equaling zero

det[o5,, - K,,]=0. (45)

mn

In the Ritz method the infinite determinant is replaced by the determinant of the finite matrix. Since a phase transition
takes place under satisfaction of the condition O'(TC) =1 (T C) =1, then the equation for the critical temperature of a

phase transition takes the form



38
EEJPVol.1 No.4 2014 Yu.M. Poluektov, A.A. Soroka

det[émn -k, (T. )] =0. (46)

If in expansion (40) only two main terms withn = 0 andn =1 are left, then from (45) it follows the quadratic equation
for approximate determination of the two highest by absolute value eigenvalues

0'2—o-(KOO+K“)+KOOK”—K(fl =0. 47)
Hence
1
o, :E(KOO +K,, iD) s (48)

where D = \/ (Ko — K, )’ +4KZ . From obvious relations for solutions (48)
o,—o_=D>0, o, +o =K,+K,,
O'f—O'f =(K00+K11)Ds 0,0 =K00K11_K§1
it follows that, if K, + K|, <0 and K, K,, — K, > 0, then both roots (48) are negative and a phase transition is absent.
Whereas ifK,, +K,, >0, then one (for K, K, —K;, <0) or two (forK, K, —K,, >0) positive roots exist, and the

(49)

transition temperature is determined from the condition o, (T C) =1, so that

Koo (TC)+ K (Tc)+\/|:Koo (Tc)_Kn (Tc ):|2 +4K§1 (Tc) =2, (50)

or
|:K00 (Tc)+K11 (TC )]_I:Koo (TC)KII (TC)_Kgl (Tc)] =1. (51
Consider one more method of approximate determination of the critical temperature not requiring use of the

eigenfunctions. For a symmetric kernel under the normalization condition J.(D,. (k)®, (k)dk = 5, the bilinear expansion
0

holds [15]:
N (k)D, (k'
K(k,k’): E_l—’( )/1 ’( ) ) (52)

Here the number of characteristic numbers N can be finite for degenerate kernels and infinite in general case. It is
assumed that the following conditions are satisfied for the kernel

[ K (kKT )didk' <40, [K? (k,K'3T, ) dkdk' <+o0, (53)
0 0

i.e. the integral equation is of Fredholm type. If kernel (52) is continuous and its characteristic numbers are all positive,
or there is only a finite number of negative characteristic numbers, then the bilinear series of this kernel converges
uniformly (Mercer’s theorem) [15,17]. Assuming in (52) & = k' and integrating both sides by k , we obtain the formula

for the trace of the continuous kernel K (k,k')

® N
jK(k,k)dk:Zi. (54)
0 s
Squaring both sides of equation (52) and integrating by £ and k', we come as well to the relation
00 00 , , N 1
j K? (k,k") dkdk :Z?. (55)
00 j=1 7%

Taking into account that 4, (TC) =1lin the transition point, formulae (54) and (55) can be used for both an approximate
calculation of the critical temperature and checking self-consistency of calculations of the critical temperature by other
approximate methods. If the maximum eigenvalue o, =1/4, is positive and o, >> |02| > |(73| > ..., then the equation

[ K (kI T, ) ke =1, (56)
0

following from (54), can be used for calculation of 7,.. However, this approximation is by no means always valid. It

can turn out that, in addition to the maximum positive eigenvalue, a substantial contribution is made by another
eigenvalue which, if negative, can even exceed by absolute value a contribution of the positive eigenvalue. Therefore,
for obtaining more accurate equation for 7., at least the two maximum by absolute value eigenvalues o, and o, should

be taken into account. From (54) and (55), the system of algebraic equations follows for these eigenvalues
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o, +0, =K, ETK(k,k)dk=— L [U(kk)F (k) Rk (57)
e
ol +ol =K, j j K (k, k") dkdk' = (k, k') F (k) F (K"K dkdk' . (58)
The solutions of this system of equations are:
o1, =%(1<1 +D), (59)

where D = /2K, — K] . Here the subradical expression 2K, — K > 0, because all characteristic numbers of an integral
equation with a symmetric kernel are real. The obvious relations hold
1
o,-0,=D, o’-0:=KD, o0, =5(1<12 -K,). (60)
IfK, <-Dand K} > K, , then both roots are negative and a phase transition is absent. IfK, >—Dand K — K, < 0, then

o, >0ando, <0, and besides, if in this case K, <0, then|c72| >o0,.IfK, >-DandK; - K, > 0, then both roots are

positive and o, > o, . Thus, with account of the two characteristic numbers the equation for the critical temperature has
the form

Il
S}

+2K, (1) - K (T
K (T,) =1+ K, (T.)-1. (62)

In the latter formula the plus sign should be taken if X’ — K, >0, and the minus sign if K} - K, <0.

, (e1)
or, equivalently,

For estimation of value of the minimum (by absolute value) characteristic number A, (TC) (i * 1) , the method of

i

iterated kernels [15,17,19] can be used, for instance. The iterated kernel is defined by the relation

= jK(k,k,)K(kl,kz)...K(an,k')dk,dkz .dk, (63)
0
and its trace by the relation
S, =K, (kk)dk=> —. (64)
.([ ( = 111

In the transition point

5, (1) = [ K, (kT )k =143 /1»1( Tt

Formula (65) enables to estimate the value of the minimum different from unity characteristic number |/12 (T )| If

(65)

|/”L2 | )|>1, then

o ()| =[Js. (7)1 (69
And if |4, (T,)| <1, then

~1/m
(7 ) =], (7)) (67)
Formulae(66), (67) can be used for checking self-consistency of calculation of the critical temperature by approximate
methods.

TEMPERATURE OF TRANSITION INTO HELIUM-3
SUPERFLUID PHASE FOR THE MORSE POTENTIAL
Now we apply the proposed calculation methods to evaluate the critical temperature of the superfluid transition of

liquid *He into p -wave (l = 1) pairing state, using the known Morse potential
U(r)=u, {exp[—Z(r—rO )/L]—Zexp[—(r—ro)/L]} , (68)
which is widely used for modeling of interactions between atoms and has the three parametersu,, 7,, L . The parameters

r, andu, define the minimum point of the potential (a distance between atoms and a depth of the potential well in this
point) and the parameter L characterizes a scale of potential variation. Fourier component of potential (68) has the form
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, L 2 kL k'L ,
U, (k,k ):%{exp(%j1(7,7j—16exp£%°jl(kL,kL):| : (69)
where
(1+x2+y2) 1 ]+(x+y)2

In

I(x,y)= xy|:1+(x—y)1[1+(x+y)1_4x2y2 1+ (x=y)

(70)

In this case the kernel

’ 0L3 2O kL k,L 0 ’ ’ ’
K (kk')= —”8” {exp(%)l(;,T)—Mexp(%]I(kL,kL)}kk JF(k)F (k) 1)

is not degenerate and approximate methods should be used for calculation of the critical temperature.
For numerical calculation of the *He superfluid transition the following values of the potential parameters are used:

1, =2.95-10"%cm, u, / k, =10.0 K. The parameter L is chosen from such a criterion that the calculated scattering length

e

should be close to the average adopted in the literature value a, =-8.2 A [21]. It gives for the dimensionless parameter

a, e J.U(r)dr:%ﬁez (eL —16] (72)

L= L/, the value L=0.386. The following parameters of the liquid helium are chosen: the density of atoms
n=1.8-10" cm™, that corresponds to the mass density p, =0.08 g-cm™, the Fermi wave number and the Fermi
temperature k, = 0.81-10°cm™, T, =1.71K . Numerical calculation by the Ritz method in the approximation of two
characteristic numbers gives the value 7. =6.604-10", that corresponds to the critical temperature 7. ~1.1 mK.Note
that experimentally observable transition temperature increases from the value T, = 0.9 mK at zero pressure to the
value 7. =~ 2.6 mK at the maximum possible pressure [11]. Calculation by formula (48) of the second eigenvalue gives
the value o_(r,.)=-12.8. In order to check self-consistency of the result obtained above by the Ritz method, let’s
compare the value of the characteristic number A (z.)=0c (z.)" =-0.078 with the value of this number calculated
independently by the trace method (67). Result of calculation by the trace method converges rather rapidly with
increasing a number of iterations m, and for m =3 gives the value 4 (z.)~-0.082. This result differs from that

one obtained above by the Ritz method by nearly 5%, that indicates good accuracy of this approximation with regard to
the Morse potential.

Let’s calculate the critical temperature of the phase transition by another method based on using the relations (54),
(55) with account of two eigenvalues that leads to equations (61), (62). For the same set of parameters of the system and

the potential as that used above, we get 7. =1.43-107and 7. ~ 24.5 mK. The second eigenvalue, obtained by formula
(59), 0,(z,)=-16.4 and the corresponding characteristic number 4,(z.) = o,(z.)"' =—-0.061. Calculation by the trace
method gives 4, (z,.) ~—0.077 form =3.In this case the characteristic numbers obtained by different ways differ by
nearly 20%. Therefore, the second method gives a less accurate result than the Ritz method and leads to the overestimated
value of the superfluid transition temperature.

It should be noted that the value of the critical temperature proves to be very sensitive the value of the
dimensionless parameter L. As shown in table 1, variation of this parameter by only 0.001 (x0.25%) leads to
variation of the critical temperature by two-three times. Such strong dependence can be connected with the fact that the
parameter L of the Morse potential defines the relation between quantities of the attractive and the repulsive parts of the

potential. With increasingithe role of the repulsive part of the potential falls and of the attractive part rises
exponentially, and this presumably causes high sensitivity of the transition temperature to this parameter.

Table 1.
Dependence of the critical temperature and the scattering length on the parameter L= L/ r, of the Morse potential
L 0.385 0.386 0.387
T, mK 0.35 1.1 2.3
a, A -7.9 -8.2 -8.5
CONCLUSIONS

A method for calculation of the temperature of a phase transition of a many-particle Fermi system into a superfluid
or a superconducting state, based on transition to a homogeneous integral equation with a symmetric kernel, is
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proposed. For potentials bringing to a degenerate kernel of an integral equation the problem of determination of the
critical temperature is solvable exactly, and for potentials of general form approximate methods of finding eigenvalues
of homogeneous integral equations with symmetric kernels can be employed. The developed method enables to
calculate the temperature of transition into the superfluid state for an arbitrary pair potential with a desired accuracy. As
examples of use of the method, the results of the BCS model with account of a finite ratio of the Debye energy to the
Fermi energy are reproduced and the influence of the Coulomb interaction on the critical temperature is analyzed. It is
shown that the known formula [5,13] for the critical temperature in the BCS model accounting for the Coulomb
interaction is exact for the selected model. The temperature of the superfluid transition of liquid *He into p -wave

pairing state for the Morse potential is calculated. It is shown that the calculated temperature depends strongly on the
value of one of parameters of the potential and at reasonable choice of parameters calculation gives the value of the
critical temperature close to the experimentally observable one. The developed method of calculation can be employed
for determination of temperatures of phase transitions in other physical systems.
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