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Plasma-based accelerators sustain accelerating gradients which are several orders greater than obtained in conventional accelerators.
Focusing of electron and positron beams by wakefield, excited in plasma, in electron-positron collider is very important. The
focusing mechanism in the plasma, in which all electron bunches of a sequence are focused identically, has been proposed by
authors earlier. The mechanism of focusing of a sequence of relativistic positron bunches in plasma, in which all positron bunches of
sequence are focused identically and uniformly, has been investigated in this paper by numerical simulation by 2.5D code LCODE.
Mechanism of this identical and uniform focusing involves the use of wave-length A, which coinciding with double longitudinal
dimension of bunches A=2Aw, the first bunch current is in two times smaller than the current of the following bunches of sequence
and the distance between bunches equals to one and a half of wavelength 1.5A. We numerically simulate the self-consistent radial
dynamics of lengthy positron bunches in homogeneous plasma. In simulation we use the hydrodynamic description of plasma. In
other words the plasma is considered to be cold electron liquid, and positron bunches are aggregate of macroparticles. Positron
bunches are considered to be homogeneous cylinders in the longitudinal direction. Positrons in bunches are distributed in radial
direction according to Gaussian distribution. It is shown that in this case only first bunch is in the finite longitudinal electrical
wakefield E-#0. Other bunches are in zero longitudinal electrical wakefield E.=0. Between bunches of this sequence longitudinal
electrical wakefield and radial force are not zero E.#0, F:#0. The focusing radial force in regions, occupied by bunches, is constant
along each bunch Fr=const. Between bunches the radial force is inhomogeneous Fr#const. All positron bunches of sequence are
focused identically and uniformly.

KEYWORDS: clectron bunch focusing, positron bunch focusing, plasma wakefield lens, particle acceleration, numerical
simulation.

Plasma-based accelerators sustain accelerating gradients which are several orders greater than obtained in
conventional accelerators [1-3]. Accelerating wakefield can be excited by single electron bunch [4, 5]. As plasma is
inhomogeneous and nonstationary it is difficult to excite wakefield resonantly by a long sequence of electron bunches
[6, 7], to focus sequence [8-12], to prepare sequence from long beam [13-15] and to provide large transformer ratio
[16-22]. In [7] the mechanism has been found and in [23-26] investigated of resonant plasma wakefield excitation by a
nonresonant sequence of short electron bunches.

Focusing of electron and positron beams by wakefield, excited in plasma, in electron-positron collider is very
important [8-10, 27-30]. The focusing mechanism in the plasma, in which all electron bunches of a sequence are
focused identically, has been proposed in [8-10]. However, investigations show that in a strongly nonlinear regime the
value and spatial distribution of wakefield, excited by sequence of positron bunches, are different in comparison with
the value and spatial distribution of wakefield, excited by sequence of electron bunches. Therefore this lens for
relativistic positron bunches is researched in this paper by numerical simulation by 2.5D code LCODE [31]. Code
LCODE treats plasma as a cold electron fluid and the bunches as ensembles of macro-particles. Electron beam is
represented by a sequence of 4 and 10 electron bunches.

The article deals only with the focusing process. This regime can take place in the following cases:

-before the meeting point of colliding beams;

- during beam transport;

-in conditions with spatially separated processes of acceleration and focusing.

We use the cylindrical coordinate system (7, z) and plot wakefields, plasma and beam densities at some z as
functions of the dimensionless value £=(z-Vt), Vb is the velocity of bunches.

Wakefield is normalized on Eq=cmm,/e, where m is the electron mass, e is the elementary charge, c is the speed of
light, and @,=(4mnee?/m)"? is the plasma frequency. Time t is normalized on w,."', longitudinal momentum of bunches
P, — on mey, radius of bunches on ¢/, beam current I, — on mc*/e, emittance of bunches © - on ¢*®,; plasma electron
density n. and bunch density n, are normalized on unperturbed plasma electron density no, radial r and longitudinal z
coordinates - on c/wy.

All bunches of sequence are focused identically and uniformly. By code LCODE we simulate the behavior of
positron bunches of finite dimension in uniform plasma. The code simulate plasma electrons, using the hydrodynamic
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equations. In other words the plasma electrons are considered to be cold electron liquid, and bunches are aggregate of
macroparticles.

Aim of paper is to show that all relativistic positron bunches of sequence can be focused identically and uniformly
and to derive conditions for achievement of identical and uniform focusing of relativistic positron bunches of sequence.

RESULTS OF SIMULATION
Let us study focusing of positron bunches of sequence by wave, which wave-length coinciding with double
longitudinal dimension of bunches. This case is interesting, since at growth of bunch longitudinal dimension at fixed its
current the amplitude of wakefield reaches highest value at A=2A,. We apply the first bunch current is in two times
smaller than the current of the following bunches of sequence [,=1/2, I;=I, i=2, 3, 4 ..., spatial dimension from one
bunch to another coincides with 1.5A, A is used wave-length of wakefield. In this case the distribution of excited
longitudinal wakefield E,, radial wake force F; and magnetic field He are of the form, shown in Fig. 1 for four bunches.
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Fig. 1. Off-axis longitudinal wakefield E: (- - -), off-axis radial wake force F: (----)=E:-VpHe/c and off-axis magnetic field He (*****)
for z=3, yv=5, [=0.3x1073, 1=0.1, v is the relativistic factor of bunches, I is the maximal beam current. E., Fr, He have been
calculated for radius r=rp

In Fig. 1 one can see positions of bunches by positions He, because magnetic field is created by beam current. From
Fig. 1 it is evidently, that first bunch is in E#0 and it excites wakefield. All following bunches are in E,=0 and they do
not excite wakefield. Hence wakefield does not change from one bunch to another. However the sequence is focused
since amplitude of transversal wake force is finite F,#0 in areas of bunches.

It is necessary to list the distinctive characteristics of the lens of this mechanism:

1) radial wake force F; does not approximately depend on coordinate in regions, occupied by bunches (with the
exception of first bunch), Fi~const, i.e. lengthy bunches are focused identically;
2) only first bunch is decelerated;

3) identical focusing force effects on all bunches (with the exception of first bunch);
4) longitudinal wakefield equal zero E,=0 in regions, occupied by bunches (with the exception of first bunch).
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Fig. 2. On-axis plasma electron density ne (""" ) in wakefield, emittance of bunches & (------ ), on-axis longitudinal wakefield E: (- -
-) and <E;>=[dr r E.nv/[dr 1 (------ ) coupling rate of bunch with wakefield E, for z=3, yv=5, [,=0.3x1073, 1,=0.1

Such ideal focusing (Fig. 3) is realized due to formation of flat elevations of plasma electron density n. in areas of
bunches (Fig. 2). These flat elevations compensate charges of bunches but magnetic field of current of bunches focuses
them. In first bunch area (Fig. 2), the excited elevation of plasma electron density n. is not uniform. As a result first
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bunch nonuniform focusing is developed (Fig. 3). It is evidently from Fig. 2 that perturbation of density of plasma
electrons n. is periodic but non-sinusoidal: long elevations of n. (as opposed to area of first bunch) are alternated by
short decreases of n.. The bunches are located in the regions of the elevations of ne.
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Fig. 3. The spatial (r, &) distribution of electron density n» of bunches before focusing (near the boundary of beam injection,
z=3) and after focusing (into the plasma on the distance z=20 from the boundary of beam injection) for yv=5, Iv=0.3x1073, 1,=0.1.
Black corresponds to the maximum density, and gray— to zero

In linear approximation relation E,~0,E, for transversal and longitudinal wakefields is known. But in our case it is
erroneous (One can see Fig. 1). It is obviously from Figs. 1-2 that positive and negative perturbations of E, are
alternated, compensating each other. The latter leads to observed fact that along the final areas of dimension A/2 of
positions of bunches the longitudinal wakefield E, is compensated. But in these areas of positions of bunches the
transversal force F; is finite F,#0.

Fig. 4. The spatial distribution of electron density n» of ten bunches before focusing for z=3, y,=1000, 1,=0.3x10", r,=0.1. Black
corresponds to the maximum density, and gray — to zero

Fig. 5. Plasma electron density ne in wakefield, excited by ten bunches for z=3, ys=1000, [,=0.3x103, 1,=0.1
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Fig. 6. Change of longitudinal momentum of bunches P, at wakefield excitation for z=80, y=1000, [,=0.3x103, 1,=0.1, p~=P.-1

Let us show that similar behavior and dependencies are observed for another number of bunches. In particular, we
simulate the case of ten bunches (one can see Fig. 4). Similar to the case of four bunches, the first bunch current is in
two times smaller than the current of the following bunches of sequence 1,=1/2, I;=I, i=2, 3, 4 ..., spatial dimension
from one bunch to another coincides with 1.5A. One can see the plasma electron density n. perturbation, excited
longitudinal wakefield E,, radial wake force F,, magnetic field He, average wakefield <E,>, momentum of bunches P, in
Figs. 4-8. One can see that behavior and dependencies are identical to the case of four bunches. Namely, Fig. 7
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demonstrates that in the case of ten bunches also <E,> for only bunch on front of sequence is finite and hence only
bunch on front of sequence is decelerated (Fig. 6).

-3 d T T T T T T T E ----EZ
soa0* ., T, TR T =
O A I I T z
:: n .: " |: T TET :u :" 1 n
Ny T L R TR TR
Ll ". T I I L B L T T ) )
Y RS I P
1 i 1 11
R HR R HE R R
R R R G
\ [l ! [} [ ] 1 'aJ
\ \ [ \ 1 i
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Fig. 8. Off-axis longitudinal wakefield E: (- - -), off-axis radial wake force F: (----) and off-axis magnetic field He (*****) for z=3,
y=1000, I,=0.3x10, 1,=0.1. E., Fr, Ho have been calculated for radius r=rs

Again one can see (Fig. 8) that only 1-st bunch is in finite E;#0. Other bunches are in zero longitudinal electrical
wakefield E,~0. Radial wake force F; in regions, occupied by bunches, is finite (Fig. 8).

CONCLUSION

It has been shown that in considered conditions all relativistic positron bunches unlike a bunch at the front of
sequence are focused equally and homogeneously (Fig. 3) similar to electron bunches. For this it is necessary that
wave-length coinciding with double longitudinal dimension of bunches, the first bunch current is in two times smaller
than the current of the following bunches of sequence, spatial dimension from one bunch to another coincides with
1.5A. From results of simulations one can conclude that only bunch on the front of sequence interacts with wakefield.
All next bunches are in areas, where longitudinal wakefield equals zero. Therefor only bunch on the front of sequence
excites wakefield. The next bunches do not excite wakefield. Hence value of wakefield does not increase along
sequence. Transversal force in areas of bunches is the same and homogeneous along bunches.
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OJHOPIJHE ®OKYCYBAHHS NOCJIIJOBHOCTI PEJATUBICTCBKUX MO3UTPOHHUX 3I'YCTKIB VY IIITA3MI
B.I. Macaos, [1.C. Bouaaps, LII. Jlepuyk, C.A. HikonoBa, .M. OHuIIIEHKO
! Hayionanonuti Haykoeuti Llenmp «Xapxiecokuii ¢izuxo-mexuiunuti incmumymy
61108, Xapxie,eyn. Akademiuna, 1
2 Xapxiscokuil nayionanonuti ynieepcumem imeni B.H. Kapasina
nn. Ceoboou 4, Xapxis, 61022, Vrpaina

[Tna3moBi nmpuckoproBadi 3a0e3MeuyIoTh MPUCKOPIOIOYH OIS, SIKi Ha KilbKa ITOPSIKIB OLIbIIe, HIK Y 3BUYaiHUX IMPHCKOpIoBayax. B
CNICKTPOH-TIO3UTPOHHKUX KOJUIaiiiepax Iy’ke BaxiuBe (OKyCyBaHHS CJICKTPOHHUX 1 IIO3UTPOHHHMX IIy4yKiB 3a OMOMOTOIO
KIUJIbBaTEPHOTO MOJIs, 30y/IKEHOro B riasmi. MexaHi3m (GoKyCyBaHHS B IUIa3Mi, IPU SKOMY BCI €IEKTPOHHI 3TYCTKH MOCTiZOBHOCTI
(OKYCYIOThCS OHAKOBO, OyB 3ampoOIOHOBaHW aBTOpaMH paHimie. MexaHi3M (DOKYCYBaHHS MOCHTIOBHOCTI PEISTHBICTCHKHUX
MO3UTPOHHUX 3TYCTKIB B IUIa3Mi, NpH SIKOMY BCi NO3MTPOHHI 3TYCTKH IIOCITIJJOBHOCTI (POKYCYIOTHCS OIHAKOBO 1 OIHOpIiJHE,
JOCHIKY€ETHCS B JaHIl poOOTi IIISIXOM YHCIOBOTO MOJIENFOBAaHHA 3 BUKopucTaHHaM 2.5D xoxy LCODE. V miii cxemi GpokycyBaHHS
HEeOoOXiHO, MI00 JOBXHHA KOXKHOTO 3TYCTKY JOPIBHIOBala MOJOBHHI JAOBXHHH XBWII E=A/2, 3apsil MEPLIOTO 3TYCTKY IOPiBHIOE
TIOJIOBHHI 3apsiy IHIIMX 3TYCTKIB MOCIIZIOBHOCTI, @ BiICTAHb MiX 3I'YCTKaMH JOPIBHIOE IiBTOPH NOBXHUHU XBHIi 1.5A. YucnoBum
MOJIETIOBAHHSAM JIOCHIIKYETBCSI CaMOY3ro/DKeHa pajiajbHa JAWHAMIKa JIOBTUX 3TYCTKIB ITO3UTPOHIB B OJHOpPimHINA rmasmi. [pm
MOJIC/IIOBaHHI MM BHKOPHCTOBYEMO TiAPOJMHAMIYHMH ONMKMC IUIa3MH. [HIIMMH CJIOBaMH, IUIa3Ma BBAaXAEThCSA XOJOIHOIO
SJICKTPOHHOIO PiANHOIO, @ MO3UTPOHHI 3TYCTKH SIBIAIOTH COOOI0 CYKYNHICTh MaKpOYaCTHHOK. 3TYCTKU MO3UTPOHIB PO3IIISAIAOTHCS
OJTHOPITHMMH B MO3JJOBXHHOMY HANpSMKY LUTIHApaMU. [103UTPOHU B 3TyCTKaxX pO3MOAIISIOTHCS B palialIbLHOMY HANpsIMKY 3TiTHO
raycciBcbkoMy posnofiny. ITokasaHo, o B I[bOMY BHIIQAKY TUIBKH MEPIINH 3TYCTOK 3HAXOAUTHCS B KIiHIIEBOMY ITO3JJOBXXHHOMY
enextpuyHomy noni E;#0. Pemra 3rycTkiB 3HaXOAWUTHCS B HYJHOBOMY IO30BXXHBEOMY €JIEKTPHYHOMY KiigbBaTepHOMy mouti E,=0.
Misk 3rycTKaMu Li€i MOCIiIOBHOCTI T03/I0BXHE EIEKTPHYHE KiTbBATEPHUX TI0JIE 1 pajiajibHa cuiia He JopiBHIOI0Th Hymo E.#0, Fi0.
doxkycyroua pagiajgbHa CHIa B 00JIACTAX, 3aHATUX 3TYCTKaMH, € MOCTIHHOIO y3OBXK KOXKHOTO 3rycTKy Frconst. Mixk 3rycTkamu
panianbHa cuiia HeoaHOpiAHA. Bei HO3UTPOHHI 3TYCTKH MOCTiJOBHOCTI (OKYCYIOTHCS OTHAKOBO i OXHOPIJHO.

KJIIOYOBI CJIOBA: ¢okycyBaHHS 3TyCTKIB €JIEKTPOHIB, (pOKyCyBaHHS 3IYCTKIB ITO3UTpPOHIB, IIa3MOBa KiTbBaTepHa JIiH3a,
MPUCKOPEHHS YaCTHHOK, YHCEbHE MOJICTIOBaHHS.
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OJHOPOAHAS ®OKYCHUPOBKA IHEITOYKH PEJIATUBUCTCKHUX ITO3UTPOHHBIX CI'YCTKOB B IIVIA3BME
B.A. Macaos, 1.C. bounaps, UL.IIL. JleBuyk, C.A. HukonoBa, U.H. OHuienko
! Hayuonanvuoiii Hayunwiii Lenmp «Xapbko6ckutl pusuko-mexHudeckuti uHCmuntymy
61108, Xapvkos, yn. Akademuueckas, 1
2 Xapvkoseckuii nayuonanvwiii yuueepcumem umenu B.H. Kapasuna
nn. Ce0600v1 4, Xapvkos, 61022, Vkpauna

[Ina3meHHbIe yCKOpUTENH OOECHEeYMBAIOT YCKOPSIOMIME IO, KOTOphIe HAa HECKOIBKO MOPSAAKOB OOIbIIe, YeM y OOBIYHBIX
ycKkopuTenei. B 3IeKTpOH-NO3UTPOHHBIX KOJaiiiepax O4YeHb BaXKHA (POKYCHPOBKA 3JIEKTPOHHBIX M MO3UTPOHHBIX ITyYKOB C
TIOMOIIBIO KMJIBBATEPHOTO TOJIS, BO30YKAEHHOIO B I1a3Me. MexaHu3M (OKyCHPOBKH B IIa3Me, IPH KOTOPOM BCE DIICKTPOHHBIE
CTYCTKH TIIOCIIENOBATEIBHOCTH (OKYCHUPYIOTCS OJMHAKOBO, OBLT TpPEMJIOKSH aBTOpaMH paHee. MexaHM3M (OKYCHPOBKH
MIOCJICIOBATEIbHOCTH  PEATHUBUCTCKUX IIO3UTPOHHBIX CTYCTKOB B IUIa3Me, MpPH KOTOPOM BCE IIO3UTPOHHBIE CryCTKH
IIOCJIEZI0BATEILHOCTH (OKYCHUPYIOTCS OIMHAKOBO U OJHOPOJHO, UCCIIELYEeTCs B JaHHOH paboTe IyTeM YMCICHHOTO MOJCIUPOBAHUS
¢ ucnonp3oBanueM 2.5D xoma LCODE. B stoii cxeme (OKyCHpOBKHM HEOOXOAMMO, YTOOBI JJIMHA Ka)IOr0 CryCTKa ObUla paBHA
TIOJIOBHHE JUIMHBI BOJHBI &=MA/2, 3aps] MEepBOTO CTYCTKAa paBeH IOJOBHHE 3apsia OCTAJBHBIX CTYCTKOB IIOCJIEIOBATEIBHOCTH, a
pacCTOSIHHE MEXAy CryCTKaMH paBHO IIONyTOpa MIMHBI BONHBL 1.5A. UHCIEHHBIM MOJEIHMPOBAHUEM HCCIEIyeTCs
€aMOCOTJIaCOBaHHAs pajuaibHasl AWHAMHKA JUTHHHBIX CTYCTKOB IMO3UTPOHOB B OJHOpPOAHOM miasme. Ilpu MomennpoBaHMU MBI
HCIOJB3YyeM THIPOANHAMUYECKOE ONUCAHUE MJIa3Mbl. Jpyrumu cinoBaMy, IIa3Ma CYUTAETCS XOJIOAHOM JIEKTPOHHON XKUIKOCTHIO, &
TIO3UTPOHHBIE CI'yCTKH MPEJICTABIISIOT COO0H COBOKYMHOCTh MakpodacTHll. CryCTKH HO3UTPOHOB PacCMAaTPUBAIOTCS OJXHOPOJHBEIMHU
B IPOJOJHFHOM HANpaBIeHWH NWIHHApPaMHU. [I03UTPOHBI B CryCcTKax paclpemensioTcs B pPaAnaIbHOM HANpaBICHUH COTIACHO
rayccoBCKoMy pacmpenenenuo. IlokazaHo, 9To B 3TOM cIydae TOJBKO IEPBBIA CTyCTOK HAXOAUTCS B KOHEUHOM IPOAOTBHOM
anexrpudeckoM mnone Ez#0. OcranpHble CTYCTKH HAaXOIATCS B HYJIEBOM IIPOJOIBHOM 3JIEKTPUYECKOM KHibBaTepHOM mone E.~0.
Mexy cTycTKaMH 3TOi MOC/Ie10BaTENbHOCTHU MPOJOTBHOE NEKTPHUECKOE KIMIIBBATEPHOE TIOJIE U PaJNAIbHAS CUJIAa HE PABHBI HYITIO
E-#0, Fi#0. ®oxycupyromas paguaibHas CHia B 00NacTsX, 3aHATHIX CTYCTKaMHM, SIBIISICTCSI IIOCTOSHHON BIONIb Ka)KAOTO CIyCTKa
Fr#const. Mexnmy crycrkamu paguaibHasi cila HEOZHOPOIHA. Bce MO3UTPOHHBIE CTYCTKH HOCIENOBATENBFHOCTH (DOKYCHPYIOTCS
OJIMHAKOBO M OJJHOPOJHO.

KJIIOUEBBIE CJIOBA: ¢okxycupoBKa CryCTKOB 3JEKTPOHOB, (DOKYCHPOBKA CTYCTKOB MO3HUTPOHOB, IJIa3MEHHAsl KUIbBAaTepHAs
JIMH3a, YyCKOPEHHE YacTHUL, YHCICHHOE MOAEIUPOBaHHUE.



