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This paper describes the electromagnetic properties of the waves in a magnetized plasma-filled waveguide with one transverse
wavenumber being equal to zero. It was found, that despite zero denominators of the field expressions for such waves, the validity of
these expressions is not violated. As a result it was shown that the wave frequency and field change continuously when one of its
transverse wavenumbers crosses zero. It was also found, that the point of such crossing changes with the sign change of the wave
azimuthal index.
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BOJIHbI MATHUTOAKTHUBHOI'O IIVIASMEHHOI'O BOJIHOBOJIA C HYJIEBBIM 3HAYEHHUEM OJJHOI'O U3
JABYX HONEPEYHbIX BOJTHOBBIX YUCEJI
B.M. lllep6unnn’, B.A. Tkauenko ™
* Hayuonanvuwiil Hayynwlil yenmp «Xapokosckuil huzuxo-mexnuyeckutl uncmumym» HAHY
yn. Akademuueckas 1, 61108, Xapvros, Yxpauna
** Xapvrosckuil Hayuonanwuwlil yrugepcumem um. B.H. Kapasuna
ni. Ceoboow 4, 61022, Xapvkos, Yrpauna

B paboTe paccMOTpeHBI JIEKTPOMAarHUTHBIE CBOMCTBA BOJIH B MAarHUTOAKTUBHOM IIJIA3MEHHOM BOJIHOBOJE, Y KOTOPBIX OJHO M3 HX
MOTIEPEYHBIX BOJHOBBIX YHCEN paBHO Hymo. HaiineHo, 4To, HecMOTps Ha oOpalleHHe B HyJb 3HaMEHaTesled BhIpaKeHHUH Ui
MOTIEPEYHBIX TOJIEH TaKuX BOJIH, IPUMEHHMOCTh 3THUX BBIpaKEHMH He Hapymaercs. B pesynpraTe mokasaHo, YTO HENPEPHIBHBIMU
SIBIISTFOTCA M3MEHEHHS MOJISl M 9aCTOTHI BOJIHBI INIA3MEHHOTO BOJIHOBOJIA MPU MEPEX0/ie OJHOTO U3 €€ MONEePEUHBIX BOIHOBBIX YHCEI
Yyepe3 HyJIEBOE 3HAUCHHE. Y CTAaHOBIJICHO, YTO TOYKA TAaKOTO IEPeX0/a U3MEHSAETCS C M3MEHEHHEM 3Haka a3uMyTaJbHOTO HHIEKCA
BOJTHBL

KJIFOYEBBIE CJIOBA: mia3MeHHBI BOTHOBOJ, MATHUTOAKTUBHAS TIa3Ma, TUCIIEPCHOHHOE YpaBHEHUE, COOCTBEHHBIN YacTOTHI,
COOCTBEHHBIC TIOJIS

XBUJII MATHITOAKTUBHOI'O IIVIA3MOBOI'O XBUWJIEBOAY 3 HYJIBOBUM 3HAYEHHSAM OJHOTI'O I3 IBOX
HNOINEPEYHHUX XBUJIbOBUX YUCEJI
B.I. Illep6inin*, B.I. Tkauenko* **
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eyn. Axademiuna 1, 61108, Xapxis, Yrpaina
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nn. Ceoboou 4, 61022, Xapkis, Yrpaina

B po6oTi Oya0 pO3IJSIHYTO €ICKTPOMArHiTHI BIACTHBOCTI XBHJIb Y MAarHiTOAKTHBHOMY IUIa3MOBOMY XBHIICBO[i, y SKHX OJHE 3
MONIEPEYHMX XBUIBOBUX YHCEN JTOPiBHIOE HYJ0. Byso 3HalifeHo, 110, He3Ba)Kalo4uX Ha 3BEPHEHHS B HYJIb 3HAMEHHUKIB BUPA3iB IS
MOTIEPEYHUX II0JIiB TAKMX XBHJIb, 32CTOCOBHICTh LIMX BHUPA3iB HE MOPYLIYEThCA. Y MiICYMKY MOKa3aHO, 10 Oe3NepepBHUMH € 3MiHU
IOJIS TA YACTOTH XBHJII TUIA3MOBOTO XBMJIEBOJY IIPH MEPEXOAl OAHOTO 3 i MOMEPEeYHUX XBIJIBOBUX YHCENT Yepe3 HyJIbOBE 3HAUCHHS.
BcranoBiieHO, 10 TOYKA TAKOTO MEPEXO0Ty 3MIHIOETHCS 31 3MIHOKO 3HAKa a3MMYTAIBHOTO 1HIEKCY XBUIIL.
KJIFOYOBI CJIOBA: mna3MoBHii XBHJICBil, MATHITOAKTHBHA IIJIa3Ma, TUCIIEPCiiiHE PiBHSHHS, BIACHI YaCTOTH, BIIACHI ITOJIS

It is known [1] that microwave devices and particle accelerators with plasma-filled electrodynamic structures have
several advantages as compared to their vacuum counterparts. However, if the structure is placed in an external
magnetic field, a plasma filling can substantially complicate its dispersion properties and the spatial field distribution.

In the smooth empty waveguide waves of two types can propagate independently. A separation of the waves into
the transverse electric (TE) and transverse magnetic (TM) types is due to the differences in the topography of their
fields. Besides, the type of wave (and also its transverse indices) can be determined, if the value of the transverse
wavenumber for this wave is known.

When the waveguide is filled with magnetized plasma, the waveguide modes are hybrid. Each of them is
characterized by two values - k, and £, . Similar to the vacuum case, these values are also often called the transverse

wavenumbers. In the general case, the separation of the hybrid waves into special types is quite arbitrary. Traditionally,
they are separated into HE and EH waves depending on their cutoff frequencies. For these frequencies fields of HE
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waves become transverse electric and those of EH waves - transverse magnetic.

Of special interest is the case of the hybrid waves of a plasma-filled waveguide, for which one of the transverse
wavenumbers (k, or k, ) is zero. It is not difficult to show that these waves satisfy the dispersion relation of the right-
polarized or left-polarized waves in unbounded magnetized plasma with immobile ions. In this case, the denominators
in the expressions [2] for the transverse field components are equal to zero, and the direct numerical calculation of the
field distribution as well as a numerical solution of the dispersion equation become impossible. For the first time E.G.
Alexov has addressed this issue in [3]. This paper studies the case of k, =0 for a waveguide partially filled with a
magnetized plasma.

A conclusion about the singular nature of the fields can only be obtained by considering their form in the
neighborhood of the singular point. An analytical treatment is required to do this rigorously. Despite the fact that such
treatment was not presented in [3], the case of k, =0 was attributed to one with infinite values of the transverse fields.
Thus the well-known expressions [2] for the waveguide fields were declared to be invalid in this case. It is worth noting
that the validity of these expressions does not have any other known restrictions by now. In [3] the field expressions
were redefined. For the waves with &, =0, an additional relation between the longitudinal components of the electric
and magnetic fields was introduced. This relation allowed one to eliminate the zeros in the denominators of the field
expressions.

For the waveguide completely filled with magnetized plasma, the case of k, =0 was studied in [4]. This paper
also contains the statement that the field expressions [2] are singular in this case. New expressions for the longitudinal
field components of the waves with k, =0 were obtained. It was shown, that they contain a quasi-static part. This

feature differentiates these waves from other waves in a plasma-filled waveguide. With these longitudinal field
components the nonsingular expressions for the transverse fields and also the dispersion relation in the case of &, =0
were determined. However, it remains unclear how these expressions are related to the results in [2]. Moreover, the
domain of applicability of the expressions in [2] is not completely understood by now, since the statement that they are
singular in the case of k, =0 is also used in [4] without proof. This situation has motivated the present study of waves
with £, =0.

The main aim of the study is the investigation on continuity of electromagnetic properties for waveguide modes in
the point &, = 0. This is quite important for their potential application in powerful electronics.

EIGENFREQUENCIES AND EIGENFIELDS OF THE WAVEGUIDE FILLED WITH MAGNETIZED
PLASMA

Let us consider a metallic cylindrical waveguide completely filled with plasma. The waveguide is placed in an

external magnetic field of finite magnitude B,. The direction of the magnetic field coincides with the waveguide axis.

The plasma is assumed to be homogeneous, cold and collisionless with immobile ions.
The derivation scheme for the dispersion equation of such a waveguide is well known [2]. Assuming that in

cylindrical coordinates {r, o, z} , the wave quantities have the form A(r,?) = A(r)exp(iot —ik_ z —il¢) , the expressions

for the field components can easily be obtained from Maxwell's equations:

Ez(r)zzl:AiJ,(kl.r), (1)

1 iAi {aikiJ,' (ki”)_B"STZZJI (k,.r)}, “

&,k.C*

E (r):—

¢

where ® is the wave frequency, &k, and [ are the axial and azimuthal wavenumbers,

2e,k? =kl —(-1) sign(o-o, ki —4e,e ke == (& +&, +&,b), v =k—¢gk’, b=e,k* [y,
=yt -kt =5t (1-0)(1+0), o, =(kke,)’ +x'n,, B, =k’ +k'n), n, = (&0 +ek}), € = 1—0)?7/((02 -, ) ,
g, = —coio)H/[(o(coz -, )J , &,=1 —o)i /002 , ®, = (47te2ne /me)l/2 is the electron plasma frequency, w, =eB,/m,c
is electron cyclotron frequency, e, m,, n, are the charge, mass, and density of the plasma electrons, k = w/c is the
wavevector in free space, 4, and 4, are the amplitudes of the waveguide eigenfields. The relation between these

amplitudes can be found from one of the following boundary conditions at the perfectly conducting waveguide surface:
E| =0,E| =0. 3
Zlr=R ¢

r=R

With this relation and also with the second boundary condition, the dispersion equation for a waveguide
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completely filled with a magnetized plasma can be obtained:

D(w,k.)=1/C* {a,®, (k,R)J, (kR) - o®, (kR)J, (k,R)} =0, o

where @, (k,R)=kRJ/(k,R)—IbJ,(k,R), indices i,/ are non-coincident and can take the either value 1 or 2. The
dispersion equation (4) (see also [5]) can be reduced to the standard form [2-4] using the identity
(o, —0,) = /K* (B, —B,) =&’ (k' = K3 ).

It should be noted that a factor 1/¢* in the dispersion equation is usually assumed to be insignificant and is hence
omitted. Obviously this is true only if ¢* # 0. For the same reason, a product &,k. is assumed below to be nonzero and
is not introduced in equation (4). Condition £* =0 is fulfilled for those solutions of the dispersion equation (4) that also

satisfy the dispersion equation for the right-polarized (b=1) or left-polarized (b=-1) waves in the unbounded
magnetized plasma.
If there is a singularity {* =0 in (2), it can be formally removed by multiplying the amplitudes 4, and 4, by a

factor proportional to ¢* [3]. Obviously such multiplication of both amplitudes is consistent with the waveguide
problem, since the dispersion equation uniquely determines only their ratio 4, / 4, . However, such multiplication also

reduces the longitudinal field components [3], and the dispersion equation to identical zeros when * =0 .Therefore,
such formal removal of the singularity does not allow to define the frequencies and fields for waveguide modes
satisfying the relation £* =0 .

WAVES OF MAGNETIZED PLASMA-FILLED WAVEGUIDE WITH £, =0
Let us investigate the validity of equations (2) and (4) when (' =0. As follows from the form of k,, one of the
transverse wavenumbers is equal to zero for those waveguide waves whose frequencies co(kz) satisfy the relation
¢*=0 or o= ®, (& =0) (see, Fig. 1). Without taking into account the case that ®=w,, conditions k, =0 and
¢* =0 are assumed below to be equivalent. If condition ¢* =0 is fulfilled, the denominators of functions E, (r) and

D(w,k_.) in equations (2) and (4), respectively, become zero. Hence these equations cannot directly be used in the
numerical calculations. However, a conclusion about the validity of these equations can only be drawn if their form at

small |(;4| is known.

5 b=+1
=
S’o 3
‘;‘ 1 2
° 24 K >0
N Y42 >0
([ &, =k,
0 T T T T i T '
0 1 2 3 4

kz, 1/ecm
Fig. 1. Domains of real, imaginary, and complex values of £, , , and also the solutions of the

dispersion equations for right-polarized (5 =1) and left-polarized (b = —1) waves in unbounded
magnetized plasma (o, =3x10" rad/s, , =4x10" rad/s)

If |§4 / X4| << 1, some functions present in (1), (2), and (4) can be simplified to read
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The derivation of (5) implies that k; is not small. As is evident from (1), (2), k; is small only in a close

neighborhood of frequencies satisfying the relation €, +¢€, =F¢,, when b= *1. With the exception of these regions
condition |C4 / x4| <<1 leads to k7 <<1.

In the case that & <<1, for />0 one has

1(kRY
Ji(kR) = ﬁ[?j : ©)
(kz‘R)J/,(kiR)~ __ 2 (k,_Rjz 7
J(kR) — (+nl 2 )7 @
Considering that
@, (k,R) = (4,R) T, (K, R) ®)

for b= +1 and using (5)-(7), for waves with />0 we reduce the fields (1), (2) in the case of |Q4 / X4| <<1 to the form

4 (kY

E. (r)zﬂ(ﬂ A4, (k). )

E,(r)=—1 4 (EJI ot B (1) SR K +A.[oc, krd) (k) =B sl (k.r)} (10)
0 ek.r |(1+b)11\ 2 . 2A(1+1) K A A |
and the dispersion equation (4) to the form
(C4)1/2 ( 4)1/2 l 2k2 c XZRZ
— _ 0 3 _

D((D,kz)=WDH(CD,ICZ)—W{iajoijJHl(ij)(1+b)—5|:X—2—m(l+b):|J,(ij)}—0, (11)

or
8D, (w,k.)=0, [p—1]=[5]<<1

87D (0,k,) =0, [p+1]=[8|<<1" (12

D(w,k.) ={

where D, (w,k_) are the functions that do not contain any singular points. As is evident from (12), their zeros are the
solutions of the dispersion equation (4), when b=+1+6 and o is small but nonzero.

Let us consider the case of b=1. As is evident from (10), (12), in this case functions £, and D(®,k.) do not
have singularities. In addition, for axisymmetric waves (/=0) it is an easy task to calculate the frequencies w(k,)
satisfying the condition b =1 (k, =0). They are discrete zeros of function D, (®,k_).

However, when / >0 the dispersion equation (12) is satisfied for all o related to &, by the equation b =1. At the
same time, a number of such ® and %, reduce the tangential fields (9) and (10) on the waveguide wall to zero only if
A; =0. Such solutions of the dispersion equation are unphysical and correspond to zero fields. They should be

excluded from our consideration.
This can easily be done considering that each solution of the dispersion equation (4) allows to determine fields (1)
and (2) only with an arbitrary amplitude 4, (or 4, ). Therefore, one of two amplitudes can be redefined as

NG
A;=%(?j , (13)

without violating the validity of (1), (2), and (4).
Substituting (13) into (9) and (10) and using the boundary conditions (3) we find the physical solutions of the
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dispersion equation for b =1. They are zeros of the function D, (w,k, ). The fields associated with these solutions

satisfy the boundary conditions on the waveguide wall and have nonzero distributions.
This conclusion can also be obtained without use of (13). For this purpose one has to eliminate the constant A4,

from (9) and (10) with one of the boundary conditions (3). Using then the second boundary condition, one obtains an
equation of the form D,,(w,k, )=0. This equation determines the dispersion properties of the waves, for which 5 =1
(k; =0). Their fields have an arbitrary amplitude 4, .

With the new amplitude A, the fields (9) and (10) take the same form as those in [4]. Thus (13) establishes a
relation between the field representations in [4] and [2] when b =1.

Let us now consider the case of »=-1. Since a change b — —b does not modify equation (4) for /=0, the
dispersion equation of axisymmetric waves in this case will have the same form D, (w,k,)=0 as before. The
dispersion properties of the other waves with / >0 and b =—1 are determined by the second of equations (12).

As is clear from (12), this equation has a singularity 8 =0 (£* =0) when / =1. The same singularity is present in

expression (10). This singularity can be eliminated as before by redefining of the amplitude 4,

o2 Ak
A"_(1+b) 1!(2] ' 1

Obviously such form of relation (14) allows one also to use it in the case of » =1 when it reduces to the form (13).

With boundary conditions (3) and substitution of (14) into (9), (10) we find the solutions of the dispersion equation for
waves with />0 when b =1. They are zeros of the function D  (w,k,) . The fields related to these solutions have non-

zero distributions and satisfy the boundary conditions.
Hence the assumption made in [3, 4] about the singular nature of the transverse fields and the dispersion equation
of a plasma-filled waveguide [2] is valid only for waves with /=1 and b =—1. In other cases such singularity is not

occurring, if ¢* =0 . Moreover this singularity can be eliminated by using the redefinition of the amplitude (14) which
is not in contradiction to the eigenfrequency problem for the plasma-filled waveguide.

2
el
]
Eoﬁ o w(ﬂﬁb{xﬂxﬂ”@“w" —————————————
— R
s — D(w,k )=0 (/>0)
3,0 - === D(0,k )=0 (/<0)
‘ « D (0k)=0
°© D, (0k)=0
2a5 v T T T T T T T
0,6 0,8 1,0 1,2 1,4

kz, 1/cm

Fig. 2. Solutions of the dispersion equation for different signs of the
azimuthal index and also zeros of functions D, (w,k,) in the neighborhood

of k=0 (®,=3x10" rad/s, ®, =4x10" radss, |[|=1).

The relation (14) allows one to define the transition from waves with finite transverse wavenumbers to those with
k., = 0. During such transition the electromagnetic properties of the plasma-filled waveguide change continuously. Thus

we have shown that the field expressions (1), (2) and the dispersion relation (4) presented in [2] remain also valid in the
case that k£, =0 (¢ =0).

It can be seen from the dispersion equation (4), that both the change of the form b — —b (&, — —¢, ) and that of
the form / — —/ in this equation are equivalent. Therefore, solutions of the dispersion equation for / <0 are zeros of
the function D_(w,k,) when b =1 and those of function D,,(w,k,) when b=-1. The following changes €, = —¢,

and / — |l| should be used in D, (w,k_) to find these solutions.
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The change of the form &, — —¢, does not affect the curve &, =0 in the (w,k, )-plane. As a result the solutions

of the dispersion equation (4) that belong to this curve are different for waves with />0 and / <0 (Fig. 2). This result
has not been mentioned before.

CONCLUSIONS
The paper studies the electromagnetic properties of waves in a waveguide completely filled with a magnetized
plasma with the transverse wavenumber &, (i =1 or 2) equal to zero. These waves satisfy the dispersion relations for

right-polarized (b =1) and left-polarized (5 = —1) waves in unbounded magnetized plasma.
For all o related to k, by the equations b=1 or b=-1, a division by zero of the well-known [2] field

expressions and the dispersion equation of a plasma-filled waveguide occurs. However, their validity is not always
violated when b =+1. It was shown that this fact depends on the value of the azimuthal index /. For example, for the
axially symmetric waves (/ = 0) the fields and dispersion equation tend to the limits without singularity as b — 1. For
b =41 the singularity is also absent for all / satisfying the condition sign(/) =F1. However, under this condition the
dispersion equation becomes zero for all ® and k, related to each other by the relation b =+1. At the same time, not
all such o(k,) are physical solutions of the dispersion equation.

Physical solutions are those which satisfy the boundary conditions and have non-zero field distributions. Such
solutions of the dispersion relation can be obtained with a redefinition of one of two amplitudes for the waveguide

eigenfields. As a result the fields and the dispersion equation can be reduced to a form feasible for direct numerical
analysis when b =+1. This form coincides with that of the expressions obtained in [4], if sign(/) = F1. Furthermore it

was shown that they are the limits of the original expressions [2] for the fields and the dispersion relation as b — £1 in
the case of sign(/)=7F1. When sign(/)=+1 these original expressions have other asymptotes as b — +1. These

asymptotes contain a singularity in the case of |l|:1. However, it has been shown that this singularity can be

eliminated. For this purpose one has again to redefine one of two amplitudes of the waveguide fields.

It should be noted that such redefinition does not affect the validity of the known [2] expressions for the fields and
the dispersion relation, since the fields of the plasma-filled waveguide have either of two amplitudes of arbitrary value.
Thus we have shown that the expressions for the fields and the dispersion equation [2] remain valid for b ==l
(k, =0). As aresult the field and frequency of a wave in the plasma-filled waveguide change continuously when one of

its transverse wavenumbers crosses zero.
The change of the form b — —b in the dispersion equation is equivalent to the change / — —/ and does not affect

the curve &, =0 in the (m, k, ) -plane. Therefore the solutions of the dispersion equation of magnetized plasma-filled

waveguide that belong to this curve are different for waves which differ in signs of the azimuthal index. This result has
not been mentioned before.
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