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The synchrotron radiation diagnostics allows a direct observation of the runaway electron beams and an analysis of their parameters.
Strong oscillations of the instantaneous curvature radii of electron orbits were a characteristic feature of recent EAST and KSTAR
tokamak runaway electron experiments. Incorrect analysis of synchrotron radiation spectra of runaway electrons was carried out by
EAST team. In presented paper the detail theoretical analysis of the synchrotron radiation spectra of the runaway electrons which
gyrate around their guiding centers in the curved magnetic field is presented for cases when the curvature radius of electron orbit
oscillates strongly. Key parameter of the analysis is the ratio of the cyclotron rotation velocity to the velocity of the vertical
centrifugal drift. This analysis is applied for correct calculations of synchrotron radiation spectra for EAST and KSTAR runaway
electron parameters.

KEYWORDS: synchrotron radiation; runaway electrons; tokamak; curved magnetic field

AHAJIN3 CUHXPOTPOHHOI'O U3JIYUEHUS YBETAIOIUX DJIEKTPOHOB B TOKAMAKAX
n.M. HaHKpaTOBl’Z, HN.B. Hasnemcoz, 0.A. Ilomazan'
"Hnemumym ¢usuru nnasme, HHI] “Xaporosckuti usuko- mexuuyeckuii uncmumym”
yi. Axaoemuueckas 1, 61108 Xapvros, Ykpauna
2@usuro- mexnuueckuii paxyiomem, Xapvrosckuii nayuonanbiblii ynusepcumem umenu B.H. Kapasuna
ni. Ceoboowl 4, 61022 Xapvkos, Yrpauna

JluarHocTuKa, OCHOBaHHAas Ha CHHXPOTPOHHOM M3IYYEHHH YOEralomMX 3JEKTPOHOB, IIO3BOJSET KaK HEMOCPEACTBEHHOE
HaOJIOEHNE, TaK W aHAJIHM3 MapaMeTPOB 3THUX IIEKTPOHOB. OCOOCHHOCTSIMH HENAaBHHX JKCIIEpUMEHTOB Ha Tokamakax EAST u
KSTAR c¢ yb0erarommmu 3eKTpOHaMH OBUIM CHJIBHBIE OCIIJUISIMA MTHOBEHHOTO pajnyca KPHUBU3HBI OpPOHT 3JeKTpoHOB. Ha
TokamMake EAST BHIONHEH HENpaBUIBHBIM AaHAIN3 CIEKTPOB CHHXPOTPOHHOTO U3IIydeHHs YOEralomux »3JIEKTPOHOB. B
MIPE/ICTaBICHHON pPaboTe MpPOBENEH JACTAIBHBIM TEOPETHYECKHH aHalINW3 CIEKTPOB CHHXPOTPOHHOTO H3IydYeHHUS YOeraromux
JIEKTPOHOB, KOTOPBIE BPAIAIOTCS B KPHBOM MarHWTHOM I10JI€, IMEHHO JUIS CIIydaeB, KOT/la paJuyc KPHUBH3HBI OPOHUT 3JIEKTPOHOB
CHJIBHO OocuMuIMpyeT. KifoueBBIM mapamMeTpoM TaKoro aHajiu3a SIBISIETCS OTHOLICHHE CKOPOCTH IMKJIOTPOHHOTO BpAICHHS K
CKOPOCTH BEpTHKAaIbHOTO LeHTpoOexHoro apeiida. IlomyueHHble pe3ynbTaThl MPUMEHEHBI AJIs MPAaBHJIBHOIO pacyera CHEKTPOB
CHHXPOTPOHHOTO U3Ty4eHUs yOeraromux 3IeKTPOHOB ¢ MapamMeTpaMu skcrepruMeHToB Ha Tokamakax EAST u KSTAR.
KJUIHKOUYEBBIE CJIOBA: cHHXpOTpOHHOE M3JTyYeHHE; YOETaroie dIeKTPOHBL; TOKaMaK; KpHBOE MarHUTHOE TOJIe

AHAJII3 CHHXPOTPOHHOI'O BUITPOMIHIOBAHHS BTIKAIOUUX EJIEKTPOHIB Y TOKAMAKAX
.M. HaHKpaTOBl’Z, L.B. l'[amlemcoz, 0.0. Ilomazan’
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HiarHoctrka, mo O0a3yeTbcss Ha CHHXPOTPOHHOMY BHUIIPOMIHIOBAHHI BTIKAaIOYHMX EJIEKTPOHIB, O3BOJIAE sK Oe3mocepenHe
CIIOCTEPESKCHHS, TaK 1 aHaNi3 MapaMeTpiB IHUX eNeKTpoHiB. OCOOIMBOCTAMHN HEOAaBHIX EKCIIEPUMEHTIB Ha Tokamakax EAST Tta
KSTAR 3 yrikarounMu eeKTpoHaMH OyIIU CHIIBHI OCHHJIALII MUTTEBOTO paliycy KpuBU3HH OpOiT enekTpoHiB. Ha Tokamaky EAST
BHUKOHAHO HENpPABWIBHUH aHAJ3 CHEKTPIB CHHXPOTPOHHOTO BUIIPOMIHIOBAHHS BTIKAIOUMX €JIEKTPOHIB. Y IpecTaBieHiil poOoTi
IIPOBEACHO AETaJbHUI TEOPETHYHHUI aHaNi3 CIIEKTPIB CHHXPOTPOHHOTO BUIPOMIHIOBAaHHS BTIKAIOUUX EJIEKTPOHIB, IKi 00EpTaIOThCs
y KpMBOMY MAarHiTHOMYy IIOJIi, came ISl BHMIAJKIiB, KOJHM paJiyC KPUBHU3HH OpOIT €IEeKTPOHIB CHibHO ocuwioe. KioyoBum
HapaMeTpoM y LbOMY aHali3i € BiIHOIICHH IIBUIKOCTI LIMKIOTPOHHOTO OOEPTaHHS JI0 LIBUAKOCTI BEPTHKAIBLHOTO BiJLIEHTPOBOIO
apeiidpy. OtpumaHi pe3ysnbTaTH 3acTOCOBAHO JUI MHPABWIBHOTO PO3PaxyHKY CIHEKTPIB CHHXPOTPOHHOIO BHIPOMIHIOBAHHS
BTIKAIOUMX EJIEKTPOHIB 3 HapaMeTpamu ekcrepuMenTiB Ha Tokamakax EAST ta KSTAR.
KJUIKOUYOBI CJIOBA: CcHHXpOTpOHHE BHITPOMIHIOBAaHHS; BTIKarOUi €IEKTPOHH; TOKAMaK; KPUBE MarHiTHE MOJIe

The runaway electrons can cause a serious damage of plasma-facing-component surfaces in large tokamaks like
ITER [1]. The strong electric fields induced during the tokamak disruption can generate a lot of these runaways [2].
Therefore an effective monitoring of the runaway electrons is an important task.

The synchrotron radiation is a powerful tool for direct observation and investigation of runaway electrons in large
tokamaks. The established methods of runaway electron monitoring (HXR, photoneutron emission) will be difficult to
apply at large machines like ITER because of the high gamma and neutron background and the very thick wall (vessel
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shielding). Only the diagnostic based on the runaway electron synchrotron radiation measurements will be possible at
ITER [3]. In [4] a synchrotron radiation diagnostic at ITER was discussed in wavelength range A= (1-5) g m and it

was shown how to deduce the runaway electron parameters, such as energy, pitch angle, number and beam radius.

For the first time this diagnostic was used at the TEXTOR tokamak [5]. The TEXTOR tokamak main parameters
are the major radius R = 1.75 m, the minor radius a = 0.46 m, the plasma current [, = 350 kA and the toroidal magnetic
field Br was changed in the range from 1.3 to 2.9T. The energy of runaway electrons was 25 MeV. It was found during

TEXTOR experiments that the runaways have the finite ratio v, / v~ 0.1 (v, —is the transverse and v, — is the

longitudinal velocities with respect to the tokamak confining curved magnetic field).

Recently the investigation of runaway electron generation was started at the EAST and KSTAR tokamaks [6-8] and
the synchrotron radiation diagnostic detecting the runaway electrons is used there. The energy of runaway electrons was
above 30 MeV in these experiments. The EAST tokamak main parameters are the major radius R = 1.7 m, the minor radius
a = 0.4 m, the plasma current /, = 1 MA and the maximum toroidal magnetic field By =3.5 T [6]. The KSTAR tokamak
main parameters are R=1.8 m, @ = 0.5 m, [, = 300 kA and the maximum toroidal magnetic field By was 3.5 T [8]. Strong
oscillation of the curvature radii of the electron orbits was a feature of these runaway experiments.

The theoretical bases of the analysis of synchrotron radiation spectra of runaway electrons in the curved magnetic
field with the finite value of the transverse velocity were considered in [9]. But incorrect calculations of synchrotron
radiation spectra of runaway electrons [7] (that were carried out by EAST team) show a necessity of more detailed
consideration of the case when the curvature radius of electron orbit oscillates strongly. In the paper an expression for
the spectral density of the power emitted by runaways is presented in a form which is more suitable for the correct
diagnostic application and the experiment interpretation when the curvature radius of electron orbit oscillate strongly.
The theoretical results are applied for synchrotron radiation spectra analysis of runaway electrons in recent EAST and
KSTAR experiments [7,8].

Note, asymptotic expressions for the analysis of synchrotron radiation spectra of runaway eclectrons from the
review paper [4] are not applied for experiment interpretations when the curvature radius of electron orbit oscillates
strongly. In this paper simple usability conditions of the asymptotes are obtained.

The aim of this paper is to demonstrate correct performing the theoretical analysis of the electron synchrotron
radiation spectra, especially for case when the instantaneous curvature radii of electron orbits oscillate strongly.

MONITORING OF RUNAWAY ELECTRONS
In this paragraph the theoretical background of synchrotron radiation spectra of runaway electrons is discussed in
details since it is integral part for the experimental analysis. The inaccuracies in [4] will be noted, also.
Recall that highly relativistic particles emit radiation in the direction of their velocity vector [10]. As first step of

the analysis, the ratio v / v, << 1 must be estimated from the shape of the synchrotron radiation spot. The detailed

analysis of the synchrotron radiation spot shape in the case of the finite ratio V| / V) << 1 was carried out in [11].

Usually a detector of synchrotron radiation is positioned in equatorial plane of tokamak looking tangentially to the
direction of runaway electron flow.
If for the runaway electrons

VL/ | Yi |<< TVoeam / q(rheam )RO > (1)

the detector records the radiation of electrons from small part of runaways beam poloidal cross section. This results in a
narrow pattern (strip) that has the angle £ with equator line in the poloidal plane of the discharge (D is a distance from

the detector to the observed runaways)
1gf~D/q(rR,. 2

In expression (1) rpeqn 1s the radius of electron beam, g(r) is the safety factor, R, is the major radius of the magnetic
surface.
When

VJ_/ | VH |Z ’?Jeum / q(rbeam )RO 4 (3)
the large (almost circular) spot or like inclined ellipse spot (with angle £ (2) between the equatorial plane and the

ellipse major axis) is observed by the detector. The expression (2) was applied for analysis of the synchrotron radiation
spot in the TEXTOR experiments [12]. Unfortunately, the incorrect expression for angle £ is presented in review paper

[4] instead of (2).
The theoretical analysis of the synchrotron radiation spectra of runaway electrons was carried out in [9]
(relativistic factor I >>1, Vv, >>V, ). The features of the relativistic electron motion in a tokamak (the motion along

the tokamak helical magnetic field, cyclotron gyration with frequency @, = eB/mcI and vertical centrifugal drift with
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velocity v, = vH2 / R, ) were taken into account. Here e and m are the charge and rest mass of electron, ¢ is the ligth

velocity.
Only a small part of the electron trajectory in a tokamak is effective to produce the radiation observed in the
detector. A key parameter of the radiation analysis is

n=v [V . 0
The instantaneous curvature radius of electron orbit depends on the phase of cyclotron gyration and oscillates
strongly, when parameter 77 is the order of a few units ([9])

1 1
——~—[l+n* +2psin($ +a)]. (%)
R R [L+7° +2nsin(3 +a)]
Hence the emission of a single electron reproduces this dependence also. The spectral density of the synchrotron
radiation P(A,«) depends on cyclotron gyration phase @ (& = —@, ) and oscillates strongly with & (9 is the

poloidal angle corresponding to the position of the electron guiding center). In tokamaks the radiation of many runaway
electrons is observed in the detector simultaneously. In this case it is possible to introduce an averaged spectral density
of the emitted power:

P(A) :% [ dara) ©)

It is convenient to present the result in the form of contour integral (compare with [9]):

P(/l)—lzﬂce {j—(1—2 ), [5_:71:7 ]exp[——g(u_u_J]_

3

4 Emi’ 3., uw 7
T .!duul{ L Jexp[ zg(u 3)]}, @)

where the integration path is taken along the line of steepest descent from a saddle point, /, ol (Z ) are the modified

Bessel functions,

47 R, 1
= R 8
T e p= @®)
There is a difference between (7) and Schwinger’s result [13]:
drce’ T
Py, ()= \/— s j 53 (x)dx > ©)
where
w=4zR /3. (10)

Ccurv
Equation (9) describes the emission of single electron, meanwhile (7) describes the radiation of many runaway electrons
whose distribution function is independent on the phase of cyclotron gyration « i.e., distribution function has the form

S(p,> p.»t) . Another question is: in which way (9) may be used in case of strong oscillations of the instantaneous
curvature radius R, from (5). It is necessary to apply (7) for spectra analysis instead of (9) in this case.
Correct estimation of the ratio Vv, /V, is important part of spectra analysis. Uncertainties during measurement of
yadl Y g
the ratio v / V|, may cause large errors during spectra analysis.

The asymptotic approximation of integral (7) simplifies the spectra analysis. Integral (7) can be easily integrated
by saddle point method (see, e.g. [14]) when

:(47r/3)(R0/}LF3)(1/(1+772)1/2)>>1. (11)
Two limit cases are possible (see [9]). In first case
[ 2
P(/l)zﬂ'ce2 Ti{lo (a)+ ai/ I( )}exp iz RO3; ,
A’R,T 1+7° 347 1+7°

a=(47r/3)(R0//1F3)(77/(1+772)3/2)S 1, (13)

(12)

when

here the saddle point is #, = (1,0).
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Expression (12) has a maximum at A = A, where A  is a solution of following equation:

L8 R 1| g (en) L@+t "
15 le? T 1407 (1477 )1, (a) + 451, (a)
where 1, ('),1 (a) are derivatives of modified Bessel functions with respect to an argument.
For 17 <<1 or 17 >>1 we have from (14) that
87 R 1
/S — 15
m 5 (1 + 772 1—~3 ( )
The asymptotic expression (12) for P(A) is valid for
n>>2.5 (16)
or
n<<04 (17)

as it follows from the inequalities (11) and (13). There are not the strong oscillations of R.,, in these cases,

R.,. ~R,/\1+n° . Note that the parameter 7 was large, 77 >>1, in well known TEXTOR experiments [4,5].
In second case

P(l)zﬁcer(l—i—i]) [_4_;IRO 1]7 (s

2 Ry U3 ar e

when
a=(4x/3)(R, /A0 )(n/(1+ 7)) >1, (19)
here the saddle point is u, = (/1 +7° / (1+7),0).

Expression (18) has a maximum at
2 R
e (20)
3 (1 + 77) r

When 77 is the order of several units (77 ~ (1 —2)), equation (18) has to be used instead of (12). The analysis of
experimental conditions shows that it is just a case of the EAST and KSTAR tokamaks. But the equation (12) is
discussed only in the review paper [4].

The application of asymptotic expressions (12) and (18) simplifies the spectrum analysis. Note that presentation of
parameter & (11) is convenient in following form:

f(ﬂ)=2.5(ﬂm//7,)>>l, 1)
for first limit case when ﬂm is defined by (15) (f(ﬂm) =2.5). For second limit case
f(ﬂ,)=2[(1+77)/ 1+772}(}Lm//1)>>1, 22)

when ﬂm is defined by (18) (max(&(4,)) = 2.8).

Hence the asymptotic expressions (12) and (18) describe correctly the features of the spectrum in the range
A <A, only, where & >>1.

The spectrum is shifted toward shorter wavelengths with increasing of parameter 77 . Recall that the experimental

measurement of the spectrum in the region A <A, , where P(4) decreases exponentially fast, is very important

because it allows estimating the maximum energy of runaways in the discharge [4].

The integral (7) can be taken numerically without additional simplifications. It has been taken numerically along
the contour C (a hyperbola x*-y*/3=1 passing through the saddle point (x=1, y=0), where x and y are real and imaginary
parts of the complex number respectively) in the complex plane to calculate accurately the spectrum near the maximum
position. This integration path provides the most rapid convergence of the integral.

APPLICATION OF THEORY IN EAST AND KSTAR EXPERIMENT INTERPRETATIONS
The synchrotron radiation spectra for the same (as in Fig.5 of Ref. [7]) runaway electron parameters of the EAST
tokamak are shown in Fig. 1. The spectra have been calculated numerically from (7) and they are different from the data

of [7]. A reason of these differences is explained below. Note when parameter v / v is constant the spectrum moves
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to smaller values of wavelength with runaway energy increasing.
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Fig.1. The synchrotron radiation spectra calculated on the base of (7) for experimental parameters of the EAST tokamak presented
in [7]. The wavelength range detected by the visible CMOS camera of the EAST tokamak is shaded.

As was claimed in [7] when pitch angle is small v, / v, =0.05 the runaway electron energy has to reach 40 MeV to
observe synchrotron radiation during EAST experiments as visible light. This conclusion was made on the base of (12).
Note parameter 77 is equal to 1.38 for 40 MeV in case v, /v, =0.05.

Data of synchrotron radiation spectra obtained from (7) and its comparison with data of the asymptotic expressions
(12) and (18) for the EAST tokamak in case 77 =1.38 is shown in Fig. 2. A visible CMOS camera of the EAST

tokamak operates in the narrow (0.38 — 0.75) um wavelength range [6] which is shaded in Figs.1-3. Note that the value
1n=1.38 is outside of application range (16,17) of asymptotic expression (12). Although the part of the spectrum

calculated by asymptotic equation (12) is inside (0.38 — 0.75) wm range but the correctly calculated spectrum is outside
of this range. Therefore the runaway electrons with v, /vH =0.05 and energy 40 MeV are invisible during EAST

experiments.
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Fig.2. The comparison of synchrotron radiation spectra Fig.3. The comparison of synchrotron radiation spectra
calculated on the base of (7) with data of the asymptotic calculated on the base of (7) with data of the asymptotic
expressions (12) and (18) for the EAST tokamak in case =138 expressions (12) and (18) for the EAST tokamak in case

(Br="2T, 40 MeV, v, /v = 0.05). n=111(By=2T, 50 MeV, v, /v, = 0.05).
The wavelength range detected by the visible CMOS camera of ~ The wavelength range detected by the visible CMOS camera of
the EAST tokamak is shaded. the EAST tokamak is shaded.

Data of the similar EAST spectrum calculations for parameters By = 2T, 50 MeV, v, / v, = 0.05 is presented in
Fig. 3. Here 7=1.11. In this case the part of the correctly calculated spectrum is inside of (0.38 — 0.75) um range.
Runaway electrons with v, /v, =0.05 and energy 50 MeV is visible during EAST experiment.

We also present a comparison of synchrotron radiation spectra of runaway electrons calculated numerically from
(7) with asymptotic expressions (12) and (18) in figure 4 for the KSTAR tokamak. An IR TV camera of KSTAR
tokamak operates in the wavelength range (3 — 5) um which is shaded in Fig. 4. The expression (18) approximates better
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the spectrum of (7) even for n =4.22 (By=2T, ' =50, VL/VH =0.1) as it can be seen from Fig.4.

The asymptotic expressions for the spectral density allow to define the maximum energy of the runaway electrons
[4]. The ratio P(4)/P(4,) is measured in the region 4 <A to determine the runaway energy using two different

interference filters in front of the IR or visible camera. In the first case (12)

47 R 1 1 1
P(4)/ P(A,) o exp| — 20— (———)|. (23)
3 J1+7° A A
In the second case (equation (18))
47 R, 1 1 1
P / P(A,) cexp| —— —=——(———) |. 24
(4)/ P(4) p[ 3 1ﬂlJr?](ﬂ] /12)} (24)
For 77 >>1 this ratio depends on toroidal magnetic field value B, ratio of v, / v, and I only,
47 1 & 1 1
P /P xcexp| ————(——— 25
(4)/ P(4,) p[ 3T vo, (/11 Aq)) (25)
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Fig. 4. The comparison of synchrotron radiation spectra calculated on the base of (7) with data of the asymptotic expressions (12) and
(18) for the KSTAR tokamak in case of the moderate values of 77.

Here =4.22 (Br=2T, I'=50, v, /v = 0.1). The asymptote of (18) approximates better the spectrum of (7) in the region 2 < 4, .
The wavelength range detected by the IR camera of the KSTAR tokamak is shaded.

The synchrotron radiation spectra of runaway electrons for typical values of toroidal magnetic field Br and
parameter 77 are presented in figure 5 for the experimental conditions at the KSTAR tokamak. It was used for estimates

of maximum runaway energy in KSTAR experiments [8]. The position of the spectrum maximum is defined not only by
the relativistic factor I' value but also by the parameter 77 which depends in turn on toroidal magnetic field value, ratio
of VL/VH and I'.

Spectra for magnetic fields 3T and 3.5 T (Fig.5) may be used during runaway experiments on any of the tokamaks
with v, / v, = 0.1 and the same magnetic field. Here 7 >>1 and ratio of spectra don’t depend on major radius R of

tokamak in the region 1< 4 (25).

CONCLUSIONS
The features of synchrotron radiation spectrum analysis of runaway electrons with the finite value of the transverse
velocity (with respect to the curved magnetic field) are discussed for the case when the instantaneous curvature radius
of electron orbit oscillates strongly. It takes place, when key parameter 7 (the ratio of transverse velocity of electron to

vertical centrifugal drift velocity)
77 = VL / vdr
is the order of several units (77 ~ (1-2)).

The asymptotic expressions for the spectral density of the power emitted by the runaways are presented in the
form which is convenient for the interpretation of the experiments. The usability conditions of the spectral density
asymptotes are obtained in term of parameter 77.

The obtained results are applied for calculations of synchrotron radiation spectra for recent EAST and KSTAR
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runaway electron experiments.

A peculiarity of the runaway experiments is a fact that an IR or visible camera operates in the narrow (a few wm)

wavelength range on any of the tokamaks.
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Fig. 5. Synchrotron spectra are calculated for the KSTAR typical magnetic fields: a) 1.5T, b) 2T, ¢) 3T and d) 3.5 T for the

different values of the relativistic factor when v / vH = 0.1. The wave length of the spectrum maximum is indicated for each curve.
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