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Using 2d3v code LCODE, the numerical simulation of nonlinear wakefield excitation in plasma by shaped relativistic electron bunch
with charge distribution, which increases according to Gaussian charge distribution up to the maximum value, and then decreases
sharply to zero, has been performed. Transformer ratio, as the ratio of the maximum accelerating field to the maximum decelerating
field inside the bunch, and accelerating the wakefield have been investigated taking into account nonlinearity of the wakefield. The
dependence of the transformer ratio and the maximum accelerating field on the length of the bunch was investigated with a constant
charge of the bunch. It was taken into account that the length of the nonlinear wakefield increases with increasing length of the
bunch. It is shown that the transformer ratio reaches its maximum value for a certain length of the bunch. The maximum value of the
transformer ratio reaches six as due to the profiling of the bunch, and due to the non-linearity of the wakefield.
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3AJIEXKHICTh KOE®IMIEHTA TPAHC®OPMAIIIL BIJI TOBXKWHHU 3T'YCTKA
3A 3BY/UKEHHSI HEJIIHIMHOI KIIbBATEPHOI XBHJII ¥ ILTIA3MI EJJEKTPOHHUM 3I'YCTKOM 3
YPAXYBAHHSIM TOTI'O, 1O 3APS /1 3POCTA€ 3A 3AKOHOM I'AYCA
I.C. Bonz[apz, LIL .JIquyKI, B.I. Maciios"?, .M. Ounmenxo’
! HHI] Xapriecokuii hisuko-mexuiunuii incmuniym
61108, Xapxie, Yrpaina
? Xapriscokuil nayionansuuii ynisepcumem iveni B.H. Kapasina

61022, Xapxis, Yxpaina
Bukopucrosytoun kon LCODE, mpoBeneHo 2d3v uucenpHe MOAENIOBaHHsS 30YIDKCHHS HETIHIHHOI KiTbBATEPHOI XBHWJII B IUIA3Mi
poGiTbOBaHUM PEIISITUBICTCHKUM CJICKTPOHHUM 3I'YCTKOM 3 IIBHICTIO 3apsiy, SKa HapoCTae 1o 3aKoHy ['ayca 10 MakCHMaJIbHOTo
3HAUCHHS, a TOTIM Pi3K0O 3MeHIIyeThest 1o Hyisd. KoedimieHT TpaHchopmanii, SIK BiJHONIEHHS MaKCHMaJIbHOTO IPUCKOPIOIOYOTO
IOJI 10 MaKCHMAJIBHOTO TajbMYIOYOTro IIOJISI BCEPEIUHI 3TyCTKY, 1 MPUCKOPIOI0YE IMOJIe JOCTIIKEH] 3 ypaxyBaHHSIM HeJIHIHHOCTI
KiJpBaTepHOi XBWIIi. JlOCIIKEHO 3aeXHICTh KoedilieHTa TpaHcdopmanii i MaKCUMaIbHOTO MPUCKOPIOIOYOTo IOJIS BiJ TOBKHHU
3rYCTKy HpU HE3MiHHOMY 3apsily 3rYCTKy. BpaxoByBayocs, IO JOBXHMHA HEJiHIMHOI KilbBaTepHOI XBHIJII 301IbLIyETHCS 3i
301IBIICHHSIM IOBXHHH 3rycTKy. [TokaszaHo, 1o koedilieHT Tpancdopmallii Jocsrae MaKCUMaIbHOTO 3HAYCHHS TIPH ACSKOI TOBXKHHI
3rycTKy. MakcumasibHe 3HaYeHHs KoedilieHTa TpaHcdopMaliil Jocirae MIECTH K 3a PaxyHOK NpoQiloBaHHI 3ryCTKy, Tak i 3a
PaxyHOK HeNiHIHOCTI KiTbBaTepHOT XBHUIIL.
KJIFOYOBI CJIOBA: koedinieHT TpaHcdopmamii, KidbBaTepHe IMONie B IUIa3Mi, HENiHIHE KiTbBaTepHE IOJE, MPUCKOPEHHS
KiIbBATEPHUM MOJIEM

3ABUCUMOCTDH KOOOOPUIIUEHTA TPAHC®OPMALIMU OT JJIMHBI CT'YCTKA ITPHU BO3BYXXIAEHUN
HEJWHEWHOMW KUJIbBATEPHOM BOJIHBI B IVTAZME JEKTPOHHBIM CT'YCTKOM
C HAPACTAIOIIIUM 3APAIOM IO TAYCCY
A.C. BOH}.‘lapLZ, W.II. .JIquyKI, B.W. Macaos"?, U.H. Ounuenko’
"HHI] Xapvrosckutl ousuxo-mexHuyecKy uHCmumym
61108, Xapvkos, Yrpauna
2 Xapvroeckuii Hayuonanonuil ynusepcumem umenu B.H. Kapasuna
61022, Xapvkos, Ykpauna
Ucnons3ys xoq LCODE, nposeneno 2d3v uncieHHoe MoaenupoBaHnue Bo30YKICHHS HEIUHEHHONW KHIGBAaTEPHOI BOJHBI B IIa3Me
MPOQMINPOBAHHBIM PEIATHBUCTCKMM 3JIEKTPOHHBIM CTYCTKOM C IUIOTHOCTBIO 3apsiia, Hapacraromieil mo 3akoHy [aycca mo
MaKCUMaJlbHOTO 3HAUeHHUs, a IOTOM pe3Ko oOpbiBatomerocss 10 Hymsi. Koadouuuent tpaHchopManuy, Kak OTHOIICHHUE
MaKCHMAJIbHOTO YCKOPSIOIIETO MOJIs K MAKCUMaNbHOMY TOPMO3SIIIIEMY MO0 BHYTPH CTYCTKa, U YCKOPAIOIIEE M0JIe UCCIEA0BAHBI C
y4eTOM HEIWHEHHOCTH KHUIbBaTepHOH BOMHBEL McciemoBaHa 3aBHCHMOCTE Ko3(dHIMEeHTa TpaHC()OpPMAMM ¥ MaKCHMATbHOTO
YCKOPSIIOIIETo TOJIS OT JUIMHBI CTYCTKa HPH HEM3MEHHOM 3apsifie CTYCTKA. YUHTHIBAJIOCH, YTO JUTMHA HEIMHEHHOH KHIbBAaTEPHOI
BOJIHBI YBEJIMUMBACTCS C YBEIMYEHHEM JUIHHBI cTycTKa. [lokazaHo, 4To K03 duIieHT TpaHchopMauy JOCTUTaeT MaKCHMAIBHOTO
3HAUCHUS IPH HEKOTOPOH JUTMHE crycTka. MakcuMalibHOe 3HaueHne Kod(uuuenTa TpanchopManiuy JOCTUTAET MIECTH KaK 3a CYeT
NIpoMIINPOBaHUS CIyCTKA, TAK M 32 CUET HEIIMHEHHOCTH KWIIbBATEPHOH BOJIHBIL.
KJIIOUEBBIE CJIOBA: xo3ddunuent TpanchopManuy, KHUIbBATEPHOE NOJE B IUIa3Me, KHIBBATEPHBIH Iy3bIpb, HEIMHEHHOE
KWJIbBAaTEpPHOE I10JI€, YCKOPEHUE KMIbBATEPHBIM I10JIEM
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The wakefield excitation in a plasma and its application for particle acceleration avoids the problem of breakdown
in the metal structures of accelerators when fields exceeded the value 100 MV/m and creates accelerating gradients
which are of considerably (three orders) higher intensity [1-6].

The efficiency of electron acceleration by a wakefield excited in a plasma by a sequence of electron bunches is
determined by the transformer ratio (TR) [7-29]. The transformer ratio is the ratio of energy acquired by the witness to
energy lost by the driver. Approximately, the transformer ratio can be defined as TR=E,/E4.. Where E,. is the
maximum accelerating field after the driver bunch (at the end of the first or second bubble). And E is the maximum
decelerating field inside driver bunch.

Earlier in [13] it was shown that in the linear case, using an Gaussian bunch, the transformer ratio does not exceed
TR<2.

In this work, using a non-linear version of the 2d3v code Icode, numerical simulation of excitation of a non-linear
(blowout or bubble mode) wakefield in a plasma by a shaped relativistic electron bunch was performed. Also, the
transformer ratio was investigated. In a shaped electron bunch, the charge density along it in the longitudinal direction
increases approximately in Gaussian (by cosine) from a zero to maximum, and then abruptly breaks off. The
dependence of the accelerating field and TR on the length of the bunch &, is studied when the bunch length &, changes
from 0 to the length of the nonlinear wake (bubble), 0<€,<An =2A. Here A is the linear wavelength. It is taken into
account that the length of the nonlinear wakefield increases when the length of the bunch increases. In a strongly
nonlinear regime, this problem cannot be solved analytically. Therefore, it was investigated using a nonlinear version of
the code Icode with a constant charge of the bunch.

For numerical simulation parameters have been selected: relativistic factor of bunch equals y,=1000. The electron
plasma frequency is wpe:(4nnre2/me)” %, We consider the bunch, electrons in which are distributed according to Gaussian
in the transverse direction along the radius. §=V,t-z, Vj, is the bunch velocity. Time is normalized on wpe'l, distance - on
¢/, density - on n,, current I, - on I,=nmc’/4e, fields — on (4nnrczme)” 2,

We use the cylindrical coordinate system (r, z) and draw the plasma and beam densities and longitudinal electric
field at some z as a function of the dimensionless time t=w,t.

The longitudinal coordinate £=z-V,t is normalized on A/2n. The values of the E,, F; and Hy are normalized on
mco,/e. Where e, m are the charge and mass of the electron, c is the light velocity, o, is the electron plasma
frequency.

We do not take into account the longitudinal dynamics of the bunches, because at the times and energies of the
beam according to

o —
dr Vi dr Y,
radial relative shifts of beam particles predominate. V,, V, are the longitudinal and radial velocities of the electron
bunches, vy is the relativistic factor of the bunch.
The aim of the paper is the demonstration by the numerical simulation that the transformer ratio — an important
value in the wakefield method of acceleration of electron bunches, can be increased by a factor of three due to the
profiling of the electron-driver-bunch and due to the non-linearity of the excited wakefield.

INVESTIGATION OF THE TRANSFORMER RATIO

We consider wakefield excitation in the plasma by the bunch near the injection boundary, since the bunch is
deformed when the penetration into the plasma is deep. The main purpose of this work - to consider factors which can
increase the transformer ratio when the bunch excites wakefield in plasma. It is also an important task to search for the
optimal length of the bunch to obtain the highest transformer ratio.

In Fig. 1 the dependence of the value of the transformer ratio on the bunch length is shown for the case of the first
bubble.

The value of the transformer ratio increases almost linearly with increase of the length of the bunch, until the
length of the bunch reaches 1.125A. But then after a local maximum at a bunch length of 1.125) the transformer ratio
increases with bunch length increase. The largest value of the transformer ratio is achieved when the bunch length
equals 7A/4. Le. the largest transformer ratio is achieved through the interval of the length of the bunch, approximately
equal A/2. One can see in Fig. 1 that the transformer ratio reaches maximum value TR''~5.25 when the bunch length
equals to 7A/4 for the first bubble in the nonlinear regime for profiled bunch. Further increase of a bunch length leads to
a decrease of the transformer ratio.

Thus, we can state that the length of the bunch 7A/4 is the optimal length from the point of view of the efficiency
of electron acceleration by the excited wakefield, namely by the wakefield at the end of the first wake bubble. A is the
wavelength of the linear wakefield.

Further, we consider the transformer ratio for the second bubble. One can see in Fig. 1 that in this case the
transformer ratio behaves in a similar way, as in the case of the first bubble. First, TR increases almost linearly with
increasing of the length of the bunch, until the bunch length reaches the value of 3A/4. After that one can see the
maximum when the length of the bunch reaches 7A/4 (the interval from the first maximum is A). When the length of the
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bunch reaches 1.125), in the both cases of the first and the second bubble, small (relative to the main maximum) jump
of the value of the transformer ratio is observed.
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Fig. 1. Dependence of the transformer ratio on the length of the bunch for the 1st and 2nd bubble (normalized by the wavelength of a
linear wakefield)

Further, after the TR maximal value at length of the bunch 7A/4 the transformer ratio decreases. For the second
bubble, the maximum transformer ratio for the bunch length 7A/4 is equal to TR*~6.00. For the subsequent (after the
first) bunches, the transformer ratio can increase at certain conditions. This can occur due to the accumulation
(summation) of the wakefield at approximately the same the decelerating field for all bunches.

Moreover, it is remarkable that the maximums of the transformer ratio are observed at the same length of the
bunch after the first and the second bubbles. This leads to the possibility to accelerate two bunches: one bunch at the
end of the first bubble, and the second bunch at the end of the second bubble, placing them to the maximum
accelerating fields at the bunch length equal to 7A/4.

INVESTIGATION OF THE ACCELERATING AND DECELERATING FIELDS
Further, the dependence of the accelerating field from the length of the bunch in the nonlinear regime was studied
for the shaped driver-bunch (Fig. 2). It is observed that the amplitude of the excited nonlinear wakefield decreases (in
absolute value) when the length of the bunch increases, similarly to the case of a linear wakefield with an unformed
bunch investigated by other authors [7].
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Fig. 2. Dependence of the accelerating field on the length of the bunch for the 1st bubble.
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This is determined by the finite length of the considered bunch. Indeed, each point of the bunch excites a field
whose distribution can be approximately described by a semi-cosine. However, since the fields are excited at different
points, some of them are in antiphase and suppress each other. Therefore, the amplitude of the accelerating field
decreases with increasing length of the bunch.

In the case of the second bubble (Fig. 3), a similar dependence is observed: in absolute value, the amplitude of the
accelerating field decreases. However, in the case of the second bubble, the amplitude of the accelerating field is
initially larger than the amplitude of the accelerating field in the case of the first bubble. Strictly speaking, this leads to
an increase of the maximum value of the transformer ratio in the case of the second bubble. The excess of the maximum
accelerating field after the second bubble over the accelerating field after the first bubble can be explained by the
inertness of the plasma electrons, which received a pulse from the driver bunch; and by influence of the space charge of
the driver bunch.
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Fig. 3. Dependence of the accelerating field on the length of the bunch for the 2nd bubble.

In our case, when the length of the bunch increases with a fixed charge of the bunch, i.e. with a fixed number of

electrons in the bunch, when electron density in the bunch n, decreases, the bubble lengthens Fig. 4. (a) (b)
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Fig. 4. Spatial distribution of the density of plasma electrons.
The figure above (a) is for a bunch length equal to 0.25*n. The figure below (b) is for the length of the bunch, equal to 3.75%x.

In addition, the dependence of the decelerating field on the length of the bunch was investigated (Fig. 5).
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One can see from Fig. 5 that the dependence of the decelerating field on the length of the bunch is a function that

decreases monotonically with increasing of the length of the bunch.
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Fig. 5 Dependence of the decelerating field on the length of the bunch

CONCLUSION
Thus, we can state the following. In this paper, it was demonstrated by numerical simulation that the transformer

ratio at the wakefield excitation by a bunch of relativistic electrons increases due to the profiling of the bunch, and also
due to the nonlinearity of the excited wakefield. The value of the transformer ratio after the second bubble exceeds the
transformer ratio after the first bubble. It is shown that for certain values of the length of the bunch, the transformer
ratio reaches a maximum value exceeding the transformer ratio in the linear case in the absence of shaping of the bunch.
The dependence of the accelerating and decelerating fields on the length of the bunch were also investigated and they
were established that the obtained dependences agree with the theoretical assumptions.
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