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Abstract: The methods for comparison integer data that are represented in the residue number system (RNS) are de-
scribed. The method of arithmetic comparison of integer data is developed, which improves the accuracy of pro-
cessing of information presented in the RNS. The developed mathematical model and the method of precise arithmetic
comparison of data in RNS, which are based on obtaining and using the positional feature of the non-position code,
provide maximum reliability of the result of comparing numbers with a minimum amount of equipment of the com-
parator. The use of the developed method makes it possible to increase the efficiency of the operation of specialized
computing devices in the RNS. Based on the developed method, a device was synthesized for the implementation of
the comparison process in the RNS to which the patent of Ukraine was obtained, which confirms the novelty of the
world and the practical significance of the results of this article.

Keywords: data processing system; residue number system; arithmetic integer comparison of data; accuracy
processing of data; nulevization of number.

1 Introduction

As is well known, the prime advantage of a position-independent residue number system (RNS)
is the possibility to organize the process of fast processing of integers. The use of RNSs makes it
possible to create methods and digital hardware of computer systems that improve user efficiency in
solving definite classes of problems in which the operations of integer arithmetic addition, subtrac-
tion, and multiplication are applied. This is reached owing to the use of RNS properties such as in-

dependence, equality, and small length of residues whose totality {ai} represents a number

Ans =@ lla, ll...1la, lla lla,ll...1la,) in terms of n bases (moduli) of a given position-
independent number system [1,2].

The need for solving a wide class of problems containing logical operations (for example,
the operation of comparison Ans =@ llay ... lla, lla |, Il 11a,) and

Bans = (0B 110, [ 11 B, 1B ||, 1] ... 1IB,), which often occurs in control problems) along with arith-

metic integer operations by a computer system that processes integer data (CSPID) and perform op-
erations on RNS numbers reduces the overall efficiency of using a position-independent number
system. This is stipulated by a considerable (in comparison with the execution of the above-
mentioned arithmetic modular operations) time of execution of the data comparison operation in
RNS. Therefore, the investigation and improvement of the existing methods and algorithms for
hardware implementation of the operation of arithmetic comparison of data in RNS and also the
development of new ones is an important and topical scientific and applied problem of crea-
tion of CSPIDs.
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2 Methods for comparing numbers in a residue number system

As is well known, there are three groups of methods for comparing numbers in RNS [3,4]. The
methods of direct comparison belong to the first group. They are based on the transformation of
numbers A, and Bg from an RNS code into the positional binary number system (PNS)

Aps =0, ..y and Bu =f,. B, ... B (p is the digit capacity of the numbers A, and
Beys ) and their further comparison using binary positional adders. The methods based on the prin-
ciple of nulevization belong to the second group. The procedure of the process of nulevization con-
sists of the passage from the initial number A, =(a,lla,|l...1la,, 1la lla.,Il...Ila,) represented in
an RNS to a number of the form A®_ . =[0]|0]|...||0]| y*<']. With the help of the value of
ys) the numerical interval [ia, My (Ja,, +Dm,) is determined that contains the number Ag .
The nulevization of the number B =(b, IIb, ||...[I1b, 1B [IB,,Il...]Ib,) is similarly performed,
whence we obtain the values of »{*»). In this case, the value of »{*») determines the numerical
interval [jz _m,, (Jg, +1)m,) that contains the numbers Bg . The result of the operation of
arithmetic comparison of the numbers A, and B, in RNS is determined by comparing the ob-
tained values of (") and y{") or the values of the corresponding quantities j, 1 jo_ (s,

n-1
jBRNS = 0’ Hmi )
i=1

The methods based on the determination of existing features or additional formation and use of
special indicators of a number in RNS, i.e., the so-called position signs of a position-independent
code (PIPIC) in RNS belong to the third group. Such signs (for example, a rank r of a number) con-
tain information on the values of the numbers being compared and can be used for determining the
value of a number in RNS. The use of PIPICs makes it possible to reduce the time of execution of
the data comparison procedure in RNS in comparison with the first and second groups of methods.

The main drawback of the existing fast methods of arithmetic data comparison in RNS that are
based on the use of PIPICs is the impossibility of ensuring the maximum accuracy in all cases

of comparison of two numbers (A, and Bg). This circumstance stipulates the obtainment
of an uncertain result of comparison of numbers. The objective of this article is the develop-
ment of a method for exact arithmetic comparison of two  numbers
As =@ 113l Nl 18 18, |l lla,) and Bgys = = (b IIb, II... [10_y 1B 1By, 11 ID,) in RNS
on the basis of using PIPICs. The use of the proposed method of exact comparison of data will
make it possible to reliably determine the result of the operation of arithmetic integer comparison
of two numbers in RNS.

3 Method and algorithm for arithmetic comparison of numbers in RNS

We will briefly consider the essence of an existing method of arithmetic comparison of numbers
Ans =@ lla, ll..llalla lla,ll..lla,) and Bgs = IIb, [l...IIb 1B |lb,[l...Ilb,) in RNS on
the basis of using PIPICs. Let an RNS be specified by a collection {m}, i =1,n of pairwise primes.
The greatest common divisor (GCD) of any pair of bases m; and m; (i, j =1,n; i=j)isequal to
one, i.e., GCD (m;, m;) = 1. For the sake of generality, we will consider that the RNS is ordered,
i.e., m; <m,,. The essence of the well-known method consists of the formation and use of PIPICs
on the basis of constructing a special code (SC) for each of the numbers A and Bg, being com-
pared. In this case, for an arbitrary module m,, the RNS for the numbers A, and B, being com-
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pared is formed by a special code of the form K{'* ={Zs) Z{fws) | 7 )7 Ame) 7 (Ane)} - and
KI(\lnB) — {Z’(\‘BRNS:L) Z’(\IBRNSZ) ZéBRNS) Zl(BRNs) ZéBRNS)}.
The locations of zero bits K and K{) in the SC are determined by the PIPICs n, and n,

of the numbers A, and B, respectively. The procedure of determining an SC is described in [5]

in detail.

To understand the essence of the proposed comparison method, we will consider a geometrical
interpretation of the process of comparison of two numbers. Figure 1 presents the scheme of parti-
tioning a numerical interval [0, M) corresponding to the range of representation of the numbers

Ans =@ lla, ...l Il llag, ... 11a,) and Bgys = IIb, ... 1106, 1B |Ib., |I...[|b,) being com-

pared, where M =Hmi. This numerical interval [0, M) is divided into N, equal intervals
i=1
[jm,, (J+2)m;) of length m,. The operation of transformation of the numbers A, and B, being

compared by the use of the so-called nulevization constants KH;fRNs)z(ai'||a'2||...
~laslallag, lllla) and  KHZ™) = (b 115, |||y 15 116yl 11,)  to  the form

Ay = Ans —KHE™ = (@ [la, || [l 18 lla - l1a,) =@ l1a, Il lla 1a g, Il lla,) =
=[a® 1 ||...l1a% 10]|a® |I... llal"] and B,, = Bus — KHy™ = (115, ...
B B B e IDy) = (1B, I 1y 1 1B 1] 1Ty ) = [0 1B 1] TS 11011 B 1. 1]
is equivalent the shift of these numbers A, and B, to the left edges of the corresponding numer-
ical intervals [jm,, (j,+Dm,) and [j,m,, (j,+1m,) of their location, which corresponds to the re-
duction of them to numbers A, and B, that are multiple of the ith module m; of the RNS. Then
numbers j, =n, and j, =n, of these intervals are determined that, in this case, are position signs
of a position-independent code in the RNS.

| j=0 j=1 j=2 j=N-1 j=N—2L
’ e >e e . e . > >}
m; 2-my 3m L jm (j+D)m o (N =D)-m M=Np -m

Fig. 1 — Scheme of partitioning a numerical interval [0, M) into equal intervals
for an arbitrary base m. of RNS

4 An indicator of an estimate for the accuracy of comparing numbers in RNS

As is well known, the most important characteristic of the process of comparison of numbers is
the comparison accuracy W,, . In the general case, the accuracy W, of comparison of two numbers

Aws =@ 1ay Il lla Il [Tag, Il 11a,) and By = (b [1b, II... 116 [1B 1B, 1. 11b,) in RNS de-
pends on locations of intervals [jm, (j,+1)m.) and [j,m,, (j, +1)m.) of these numbers on the nu-
merical axis 0+ M , i.e., on the numbers j, and j, of ranges of these intervals. If j, # j,, then the
accuracy W, of comparison of two numbers A, and Bgy, depends only on the locations of the
intervals [jm., (j,+1)m.) and [j,m, (j, +1)m.) on the numerical axis 0+ M . The process of com-
parison of two A, and B, is as follows. If A, >Bg, and if j, < j,, then Ay <Bgy- If
=, then Agg = Bgys . In this case, the comparison accuracy W, —depends only on the range of
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the interval [jm;, (j, +1)m,) of location of the numbers A, and B, i.e., on the value m, of an
RNS module. Proceeding from the aforesaid and also from the geometrical interpretation of the
comparison process, it is obvious that, in the above case, the comparison accuracy W,, in RNS can

be estimated using the relationship
W, = - &)

Note that, for an arbitrary value m; of an RNS module, the amount of equipment N, of the de-
vice for comparing two numbers A, and B, that mainly depends on the amount of the equip-
ment of two groups of adders entering in it and implementing the operations A, —K,-m; = Z,&iﬂ“s)

and B, —Kj-m, =Z) is defined as follows:

n-1
N, =T 1m.. @)
k=1;
ki.
n-1
For large sizes of digit grids of CSPIDs, the value of N, = l_lmk can be rather sizeable.
k=1;

k=i,

Let wus consider the process of comparison in the case when numbers
Ans =@ lla, ll..llalla lla,ll..lla,) and Bgs =@OIb,Il...I1b, b [[b,Il...I[b,) are in one
interval [jm;, (j+1)m,), ie., j,=j,=] (A, =B, =]-m,). Proceeding from the aforesaid, for this
case of comparison, the numbers A, and B, will always be equal to each other, which is contra-

ry to the facts in the majority of cases. To obtain a reliable result of comparison, the procedure of
comparison of the numbers A, and By should be additionally organized within the numerical

interval [jm,, (j+1)m.) itself to which they belong. To solve this problem (with allowance made
for the dependence on the magnitude of the module m,being used), we will consider variants of

arithmetic comparison of numbers in RNS specified by an ordered collection {m.} (i =1,n) of ba-

ses.
Variant 1. m, =m, =max. In this case, the accuracyW,, of comparison in RNS is determined

by the length m_ of the interval [jm_, (j+1)m,), and it this length that will be minimal (see rela-
tionship (1)). In this case, the amount N, of the equipment of the device for the comparison of two
Ans numbers is minimal and is defined by the following expression:

n-1
Nmn = Hmk ' (3)
k=1
Variant 2. Let m, =m, =min. In any RNS, we have the minimum possible value of the module
m; =m, =2. In this case, the maximum comparison accuracy W,, =1/2 in the RNS is provided

that is determined by the minimum value m, =2 of the length of the interval [jm, (j+1)m,). In
this variant, the amount of the equipment of the device for arithmetic comparison of two numbers

Acys @nd Bgyg in RNS is maximum, N, =] ]m,.
k=2

Since the minimal value of a module for RNS is defined as m, =m, =2, it is obvious that, for
both the first and second variants of comparison, the maximum accuracy W, ., =1 of comparison of
two numbers A, and B, cannot be reached. Hence, a method for arithmetic comparison should
be developed whose result would be determined with the maximum accuracy W, =1 and, at the

same time, a minimum amount N_. of the equipment of the comparing unit would be provided,

n
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i.e., the implementation of the functional F,, =W, (N,,) should be provided. For this method of
arithmetic comparison of two numbers in RNS, which provides the implementation of the function-

al F_ , two conditions (requirements) should be fulfilled. The first (main) condition consists of en-

opt. !
suring the maximum comparison accuracy. In this case, the amount of equipment of the device for
comparing two numbers ( Ay and Bg,s) will be maximum (formula (2)). The second (secondary)

condition consists of providing a minimum amount N . of the equipment of the comparing device,

whenever possible.

In the proposed new method of arithmetic data comparison, the above requirements are imple-
mented as follows. First, the implementation is performed by choosing the maximum RNS base
value m. =m_, =max. In this case, the numerical interval [0, M) contains the minimum number of

equal numerical intervals [jm_, (j+1)m, ) (see Fig. 1) and thereby provides the fulfillment of the

min

n-1
condition of the minimum amount N, = l_lmk =min of the equipment of the comparison device.
k=1

Second, the method for comparing two numbers A.,.=(a,lla,ll...lla,llalla,ll..lla) and
Bans =0 1B, []...11B 1B |l b, |] ... [|b,) that are represented in RNS and belong to one numerical
interval [jm,, (j+1)m, ) must contain an additional procedure of comparison of residues a, and b,
of these numbers to the maximum RNS module m, =m, = max. In this case, the maximum compar-

ison accuracy W, =1 is reached, namely, right up to unit length intervals, and the functional F,
n-1

reaches its optimum (W_, =1 and N, =1_[mk ). In this case, the residues a, and b, are com-
k=1

pared simultaneously with the process of formation of SCs.

5 Algorithm for exact arithmetic comparison of two numbers in RNS

When the values of a,, b, n, and n, and also the procedure of comparison of two numbers
Arns =@ llay Il lla g 18 lla, Il |la,) and Bgys =(by [k, [l [1b_y 1By (1B, I 11b,) are known,

the algorithm of exact arithmetic comparison of two numbers in RNS can be represented in the form
of the analytical relationships

Apys = Beys o 1T [(N, =ng) A (8, =b,)]; (4)

Anys > Bgys o I
{(ny>ng) vI(n, =ng) A(a, >b)1}; ®)

Anys < Bgys o If
(N, <ng) vI(n, =ng) A(a, <b,)]. (6)

The algorithm of exact arithmetic comparison of numbers (4)—(6) is used in the method of exact
arithmetic comparison of two numbers ( A, and Bg,) in RNS. The essence of the method is as

follows.
1. Represent the numbers Ay =(a,lla, ... ...llallalla,ll...[la,) and Bgg =0 (Ib,]l...

LB b (b, |l...]|b,) being compared in RNS.

2. Based on the values of a, and b, , choose nulevization constants of the form KHrﬁq’:ﬂNs) =
=(@llall..lalalla, I 1a,) and KH= = (b [Ib, [|... by 1B by, II... [Ib,) . Simultaneous-
ly compare the values of the residues a, and b, of the numbers A, and Byg,.

3. Determine the values of 4, and B, multiple of the value of the RNS module m, as follows:
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An, = Ars —KH™ = (a,la, [l lla e, - lla,) — (a3, |l
e e la Il lay) =[a® lag” |I... [l la® flaga |l... 10T

i+1
By, = Brs — KHy™ = (B 10, |- By 1B 1By [ 116,) —
— (B 11, [ 1By I1B i - l10) = [0 1657 1. (1B 1B 1B II... 110

4. Using adders, the collection of constants 0, m_,..,(N-1)-m , and the formulas
A, —K,-m =2z and B, —Kg-m, =Z&>) determine the SC components Z{* and Z (%)
that are represented in the form KW ={Z{w) Z{e) . 7wz e) 70} gy
Ko =25 24 . 7500 2500 2450},

5. Based on the obtained values of the SCs KW ={Z{™s) Z{we) .. Z{He)z{) 7w}y
Ko = ={Z@™) Z\) .. 237 Z{P) Z;%<'}, determine the values of the SC bits for which the

conditions Z{") =0 and Z{* =0 are satisfied. Find the quantitative values of n, and n, of

PIPICs.
6. Determine the final result of arithmetic comparison of the numbers 4, and B, according to

relationships (4)—(6).

Based on the presented method, a device is developed that implements the process of comparison
in RNS, and the patent of Ukraine for this device is acquired [6]. This fact confirms the practical
importance of the results of this article.

6 Conclusions of research

In this work, a method is developed for exact arithmetic comparison of data represented in RNS.
The method is based on the obtainment and use of PIPICs and maximizes the validity of the result
of comparison of numbers in RNS. It is recommended to use it when the operation of arithmetic
comparison of data is implemented in hardware in CSPIDs operating in RNSs.
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KoHuenuisi nopiBHsAHHS Ii109MCIOBUX JaHHX, 110 NPEACTABJICHI Y CHCTeMi 3a/IMIIKOBUX KJIACiB.

AHoTanisi. OnucaHo MeTOIH MOPIBHSIHHS [IIOYHNCIOBUX JaHUX, SIKi IpecTaBieH] y cuctemi 3anumkoBux knacis (C3K). Po3pobie-
HO METOAMKY apU(pMETHYHOro MOPIBHSAHHS IIJIOYHCIOBUX AaHHX, sKa MiJABUINYE TOYHICTH 00pOOKH iH(OpMaLii, mpencraBaeHoi y
C3K. Po3pobineni MareMaTn4Ha MOJENb i MeTO TOUHOTO apudmernyHoro mopiBHsHHs qanux y C3K, siki 3acHOBaHI Ha OTpUMaHHI
Ta BUKOPHCTAaHHI MO3UIIHHOTO O3HAKW HETO3MI[IHHOTO KOAy, 3a0e31edyloTh MaKCHUMAIbHY JOCTOBIPHICTh pe3yiabTaTy MOPIBHSHHS
YHceNl IpU MiHIMaIbHIA KIJIBKOCTI 00JagHAHHS NMPHCTPOIO, L0 MOPiBHIOE. BUKOpUCTaHHA PO3pOOIEHOr0 METOLY J03BOJISE MiABH-
IMATH e(QeKTHBHICTh (YHKIIOHYBaHHS cliemianizoBaHux obGumcimroBanbHUX npuctpoiB y C3K. Ha mincrasi po3pobieHoro Merony,
CHHTE30BaHO MPUCTPiil s peamnizauii nmpouecy nopiBHsHEA y COK, Ha sfiKke oTpUMaHO HaTeHT YKpaiHW, IO MiATBEPIKYE CBITOBY
HOBH3HY Ta MPAaKTHYHY 3HAYUMICTh PE3yNbTaTiB JaHOI CTATTI.

KuirouoBi ciioBa: crctema oOpoOKH JaHHX; CHCTEMa 3aJIMIIKOBUX KJIACIB; [IIOYHUCIIOBE apu(pMEeTHIHE TOPIBHAHHS JaHUX; TOUHICTh
00pOOKH JTaHUX; HYJCBI3allis YHCIA.
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Konuenuus cpaBHeHHS IeJI0YNCIEHHBIX TAHHBIX, MPEICTABIEHHBIX B CHCTEME 0CTATOYHBIX KJIACCOB.

AnHoTauusi. OnucaHbl METOIbI CPAaBHEHHS LIEIOYUCICHHBIX JTAHHBIX, KOTOPbIC MPEJICTAaBICHBl B CHCTEME OCTAaTOYHBIX KIIACCOB
(COK). Pa3paboTtana meToanka apu()METHIECKOTO CPABHEHUS LIEIOYNCICHHBIX TAaHHBIX, KOTOPas MOBBIIIAET TOYHOCTH 00PaOOTKH
nHpopmarmu, npencrasinenHoit B COK. PazpaboranHble MaTeMaTH4ecKass MOJETb M METOJ] TOYHOTO apU(METHYECKOTO CPaBHEHUS
naHabiX B COK, KOTOpBIC OCHOBaHBI Ha MOJIYYCHHH U MCIIOIb30BAHUH MMO3UIMOHHOTO MPU3HAKa HEMO3HIMOHHOTO KO/a, obecredn-
BaIOT MaKCHMAJILHYIO IOCTOBEPHOCTh pe3yJibTaTa CPABHEHUSI YHCEN IIPU MUHUMAITBEHOM KOJIMYECTBE 000PYA0BaHHs CPABHUBAIOILETO
yerpoiictBa. Vcnonb3oBaHus pa3pabOTaHHOTO METO/Aa MO3BOJISET HOBBICHTh 3(Q(EKTHBHOCTh (YHKIMOHUPOBAHHUS CIEIUATH3HPO-
BaHHBIX BeIYUCIUTENbHBIX yeTpoiicTB B COK. Ha ocHOBaHMHM pa3paOOTaHHOTO METO/A, CHHTE3MPOBAHO YCTPOHCTBO IS peaan3aiin
npouecca cpaBHeHus B COK, Ha koTOpoe moiyueH naTeHT YKpauHbl, YTO MOATBEPXKIAeT MUPOBYIO HOBH3HY U MPAKTUYECKYIO 3Ha-
YUMOCTb PE3yJIbTaTOB JAHHOI CTaThH.

KiawueBsble cioBa: cucrtema 00paOOTKH JaHHBIX; CHCTEMa OCTAaTOYHBIX KJIACCOB; LEIOYHCICHHOE apH(MeTHYecKoe CpaBHEHHE
JTAHHBIX; TOYHOCTh 00PabOTKH AaHHBIX; HYJICBH3AIMs YHCIIA.
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